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5HVHDUFK ,QVWLWXWH IRU ,QIRUPDWLFV�

&HQWHU IRU $GYDQFHG 0RGHOLQJ DQG 2SWLPL]DWLRQ�

����� $YHUHVFX $YHQXH� %XFKDUHVW �� 5RPDQLD

(�PDLO� QDQGUHL#LFL�UR

$EVWUDFW� ,Q WKLV ZRUN ZH SUHVHQW D QHZ PHWKRG IRU VWHSOHQJWK VHOHFWLRQ LQ WKH IUDPH RI JUDGLHQW

GHVFHQW PHWKRGV IRU IXQFWLRQV PLQLPL]DWLRQ� 7KH FRUUHVSRQGLQJ DOJRULWKP VHOHFWV WKH VWHSOHQJWK�

DFFRUGLQJ WR D EDFNWUDFNLQJ SURFHGXUH� DORQJ WKH QHJDWLYH JUDGLHQW� LQ ZKLFK WKH LQLWLDO VWHSVL]H LV

GHWHUPLQHG XVLQJ D QHZ VFDODU DSSUR[LPDWLRQ RI WKH +HVVLDQ RI WKH PLQLPL]LQJ IXQFWLRQ� 7KLV

DSSUR[LPDWLRQ LV EDVHG RQO\ RQ WKH IXQFWLRQ YDOXHV DQG LWV JUDGLHQW LQ WZR VXFFHVVLYH SRLQWV DORQJ WKH

LWHUDWLRQV� /LNH RWKHU JUDGLHQW GHVFHQW DOJRULWKPV� WKLV RQH LV DOVR OLQHDU FRQYHUJHQW� 7KH PDLQ

DGYDQWDJH RI WKLV FRPSXWDWLRQDO VFKHPH LV WKDW DW HYHU\ LWHUDWLRQ ZH JHQHUDWH D SRVLWLYH� RFFDVLRQDO\

JUHDWHU WKDQ �� LQLWLDO VWHSVL]H LQ WKH EDFNWUDFNLQJ SURFHGXUH� WKLV JLYLQJ XV WKH SRVVLELOLW\ WR FRQWLQXH

DQG DFFHOHUDWH WKH FRQYHUJHQFH RI WKH DOJRULWKP� 7KH QXPHULFDO H[SHULHQFH VKRZV WKDW WKH DOJRULWKP

FRPSDUHV IDYRXUDEOH ZLWK WKH %DU]LODL�%RUZHLQ DSSURDFK�

.H\ZRUGV� 8QFRQVWUDLQHG RSWLPL]DWLRQ� JUDGLHQW GHVFHQW PHWKRGV� %DU]LODL�%RUZHLQ PHWKRG

$06 6XEMHFW &ODVVLILFDWLRQ� ��.��� ��&��

 !�"����	���
��
)RU WKH XQFRQVWUDLQHG RSWLPL]DWLRQ SUREOHP

���
� �

� �
Q∈

� � ���

ZKHUH � � �Q� → LV D FRQWLQXRXVO\ GLIIHUHQWLDEOH IXQFWLRQ� LQ ���� %DU]LODL DQG %RUZHLQ

>�@ SURSRVHG D JUDGLHQW GHVFHQW PHWKRG �%% PHWKRG� ZKLFK HVVHQWLDOO\ LV D VWHHSHVW GHVFHQW

PHWKRG� ZKHUH WKH FKRLFH RI WKH VWHSOHQJWK DORQJ WKH QHJDWLYH JUDGLHQW GLUHFWLRQ LV REWDLQHG

IURP D WZR�SRLQW DSSUR[LPDWLRQ WR WKH VHFDQW HTXDWLRQ XQGHUO\LQJ TXDVL�1HZWRQ PHWKRGV�

0RUH VSHFLILFDOO\� FRQVLGHULQJ � �
N N

= γ DV DQ DSSUR[LPDWLRQ WR WKH +HVVLDQ RI � DW �
N
�

WKH\ FKRRVH γ
N
VXFK WKDW

� 	
���� �� 

N N N

= −
�
�

ZKHUH � � �
N N N

= − −� DQG 
 � � � �
N N N

= ∇ − ∇ −� � � ��
�

\LHOGLQJ

γ
N

%% N

7

N

N

7

N

� 


� �
= � ���

:LWK WKHVH� WKH PHWKRG RI %DU]LODL DQG %RUZHLQ LV JLYHQ E\ WKH IROORZLQJ LWHUDWLYH VFKHPH�

� � � �
N N

N

%% N+ = − ∇
�

�

γ
� �� ���

7KH TXDQWLW\ γ
N

%%

JLYHQ LQ ��� LV IUHTXHQWO\ UHIHUUHG DV D 5D\OHLJK TXRWLHQW� ,QGHHG� LI � LV

WZLFH FRQWLQXRXVO\ GLIIHUHQWLDEOH� ZH KDYH
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 � � � � �
N N N N

= ∇ +






∫ �

�

�

� � �τ τ

7KHUHIRUH�

γ τ τ
N

%%

N

7

N N N N

7

N
� � � � � � � �= ∇ +







∫ �

�

�

� � � � ���

ZKLFK OLHV EHWZHHQ WKH ODUJHVW DQG WKH VPDOOHVW HLJHQYDOXH RI WKH +HVVLDQ DYHUDJH

∇ +∫ �

�

�

� � � �
N N

� �τ τ .

7KH VFDODU γ
N

%%
KDV EHHQ DOUHDG\ XVHG DV VFDOLQJ IDFWRU LQ WKH FRQWH[W RI OLPLWHG PHPRU\

TXDVL�1HZWRQ DOJRULWKPV �VHH� IRU H[DPSOH *LOEHUW DQG /HPDUpFKDO >�@� /LX DQG 1RFHGDO

>��@� RU FRQMXJDWH JUDGLHQW DOJRULWKPV �6KDQQR DQG 3KXD >��@� $QGUHL >�@��

+DYLQJ LQ YLHZ LWV VLPSOLFLW\ DQG QXPHULFDO HIILFLHQF\ IRU ZHOO�FRQGLWLRQHG

SUREOHPV� WKH %% JUDGLHQW PHWKRG KDV UHFHLYHG D JUHDW GHDO RI DWWHQWLRQ� ,Q >�@ %DU]LODL DQG

%RUZHLQ SURYHG WKDW IRU WKH WZR�GLPHQVLRQDO TXDGUDWLF FDVH WKH %% PHWKRG LV 5�VXSHUOLQHDU

FRQYHUJHQW� 7KH\ SUHVHQW VRPH QXPHULFDO HYLGHQFH VKRZLQJ WKDW WKHLU PHWKRG LV UHPDUNDEO\

VXSHULRU WR WKH FODVVLFDO JUDGLHQW GHVFHQW PHWKRG IRU D TXDGUDWLF IXQFWLRQ ZLWK IRXU YDULDEOHV�

5D\GDQ >��@ SURYHG WKDW IRU VWULFWO\ FRQYH[ TXDGUDWLF FDVH ZLWK DQ\ QXPEHU RI YDULDEOHV WKH

%% PHWKRG LV JOREDOO\ FRQYHUJHQW� 8VLQJ D JOREDOL]DWLRQ VWUDWHJ\� EDVHG RQ WKH QRQ�

PRQRWRQH OLQH VHDUFK WHFKQLTXH LQWURGXFHG E\ *ULSSR� /DPSDULHOOR DQG /XFLGL >��@� 5D\GDQ

>��@ SURYHG WKH JOREDO FRQYHUJHQFH RI WKH %% PHWKRG IRU QRQ�TXDGUDWLF IXQFWLRQV DQG UHSRUWV

VRPH QXPHULFDO HYLGHQFH RQ SUREOHPV XS WR �� �
YDULDEOHV VKRZLQJ WKDW WKH %% PHWKRG LV

FRPSHWLWLYH ZLWK WKH FRQMXJDWH JUDGLHQW 3RODN�5LELqUH >��@ DQG &210,1 RI 6KDQQR DQG

3KXD >��@ PHWKRGV� $ SUHFRQGLWLRQLQJ WHFKQLTXH IRU WKH %% PHWKRG KDV EHHQ FRQVLGHUHG E\

0ROLQD DQG 5D\GDQ >��@� 8QGHU D YHU\ UHVWULFWLYH DVVXPSWLRQ WKH\ HVWDEOLVKHG WKH 4�OLQHDU

UDWH RI FRQYHUJHQFH RI WKH SUHFRQGLWLRQHG %% PHWKRG� 6RPH DSSOLFDWLRQV RI SUHFRQGLWLRQHG

%% PHWKRG RQ D GLVWDQFH PDWUL[ SUREOHP DUH FRQVLGHUHG E\ *OXQW� +D\GHQ DQG 5D\GDQ

>�����@� ([WHQVLRQ RI WKH %% PHWKRG IRU ER[�FRQVWUDLQHG RSWLPL]DWLRQ SUREOHPV KDYH EHHQ

FRQVLGHUHG E\ )ULHGODQGHU� 0DUWLQH] DQG 5D\GDQ >�@ �IRU TXDGUDWLF IXQFWLRQ� DQG E\ %LUJLQ�

0DUWLQH] DQG 5D\GDQ >�@�

$Q DQDO\VLV RI WKH %% PHWKRG VWUHVVLQJ WKH LPSRUWDQFH RI QRQ�PRQRWRQH OLQH VHDUFK

DV ZHOO DV VRPH RSHQ SUREOHPV DUH SUHVHQWHG E\ )OHWFKHU >�@ DQG 'DL DQG )OHWFKHU >�@� 'DL

DQG /LDR >�@ UHILQHG WKH DQDO\VLV LQ 5D\GDQ >��@ DQG SURYHG WKDW WKH FRQYHUJHQFH UDWH LV 5�

OLQHDU� 1HZ JOREDOL]DWLRQ VWUDWHJLHV IRU %% PHWKRG� EDVHG RQ UHOD[DWLRQV RI WKH PRQRWRQLFLW\

UHTXLUHPHQWV� DUH FRQVLGHUHG E\ *ULSSR DQG 6FLDQGURQH >��@ ZKHUH WKH QRQPRQRWRQH

ZDWFKGRJ WHFKQLTXH ZLWK QRQPRQRWRQH OLQHVHDUFK UXOHV DUH FRPELQHG� 7KHLU DOJRULWKPV DUH

YHU\ VRSKLVWLFDWHG DQG GHSHQGHQW RI D QXPEHU RI SDUDPHWHUV� 1XPHULFDO H[SHULHQFH DQG

FRPSDULVRQV ZLWK (��'*) URXWLQH RI 1$* OLEUDU\ RQ VRPH FROOHFWLRQV RI SUREOHPV�

LQFOXGLQJ &87( >�@� VKRZV WKDW WKHLU JOREDOL]DWLRQ VWUDWHJ\ IRU WKH %% DOJRULWKP FRPSDUHV

IDYRUDEOHV ZLWK (��'*) DOJRULWKP� �+RZHYHU� IRU VRPH GLIILFXOW LOO�FRQGLWLRQHG SUREOHPV�

DOJRULWKP (��'*) LV PRUH HIILFLHQW��

7KH SXUSRVH RI WKLV SDSHU LV WR SUHVHQW D QHZ DOJRULWKP RI JUDGLHQW GHVFHQW W\SH� LQ

ZKLFK WKH LQLWLDO VWHS VL]H LQ D EDFNWUDFNLQJ SURFHGXUH LV FRPSXWHG E\ PHDQV RI D VLPSOH

DSSUR[LPDWLRQ WR WKH +HVVLDQ RI WKH PLQLPL]LQJ IXQFWLRQ� ,Q FRQWUDVW ZLWK WKH %DU]LODL DQG

%RUZHLQ DSSURDFK LQ ZKLFK WKH VWHSOHQJWK LV FRPSXWHG IURP D VLPSOH LQWHUSUHWDWLRQ RI WKH

VHFDQW HTXDWLRQ� WKH QHZ SURSRVHG DOJRULWKP FRQVLGHUV DQRWKHU DSSUR[LPDWLRQ RI WKH +HVVLDQ

EDVHG RQ WKH IXQFWLRQ YDOXHV DQG LWV JUDGLHQWV LQ WZR VXFFHVVLYH SRLQWV DORQJ WKH LWHUDWLRQV�

7KH FRUUHVSRQGLQJ DOJRULWKP EHORQJV WR WKH VDPH FODVV RI OLQHDU FRQYHUJHQW GHVFHQW PHWKRGV

DQG FRPSDUHV IDYRXUDEOH ZLWK WKH %DU]LODL�%RUZHLQ DSSURDFK� 7KH FRQFOXVLRQ LV WKDW XVLQJ

RQO\ WKH ORFDO LQIRUPDWLRQ JLYHQ E\ WKH JUDGLHQW� DQ\ SURFHGXUH IRU VWHS VL]H FRPSXWDWLRQ� RI

DQ\ VRSKLVWLFDWLRQ� GRHV QRW FKDQJH WKH OLQHDU FRQYHUJHQFH FODVV RI DOJRULWKPV�
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,Q WKH IROORZLQJ ZH VXJJHVW DQRWKHU SURFHGXUH IRU FRPSXWLQJ D VFDODU DSSUR[LPDWLRQ RI WKH

+HVVLDQ RI WKH IXQFWLRQ � DW �
N
ZKLFK FDQ EH XVHG WR JHW WKH VWHSVL]H DORQJ WKH QDJDWLYH

JUDGLHQW� /HW XV FRQVLGHU WKH LQLWLDO SRLQW �
�
ZKHUH � �� �

�
DQG � � �

� �
= ∇ � � FDQ

LPPHGLDWHO\ EH FRPSXWHG� 8VLQJ WKH EDFNWUDFNLQJ SURFHGXUH �LQLWLDOL]HG ZLWK W =� � ZH FDQ

FRPSXWH WKH VWHSOHQJWK � 	
����
�

� � ��
� � �

�
=

<
−� �� ZLWK ZKLFK WKH QH[W HVWLPDWH

� � � �
� � � �
= − LV FRPSXWHG� ZKHUH DJDLQ ZH FDQ GHWHUPLQH � �� �

�
DQG � � �

� �
= ∇ � �� 6R�

WKH ILUVW VWHS LV FRPSXWHG XVLQJ WKH EDFNWUDFNLQJ DORQJ WKH QHJDWLYH JUDGLHQW� 1RZ� DW SRLQW

� � � �
N N N N+ = −

�
� � = � �� ��ZH KDYH

� � � � � � � � � � � �
N N N N

7

N N N

7

N
� � � � � � �+ = − + ∇

�

� �
�



���

ZKHUH � LV RQ WKH OLQH VHJPHQW FRQQHFWLQJ �
N
DQG �

N+� � +DYLQJ LQ YLHZ WKH ORFDO FKDUDFWHU

RI WKH VHDUFKLQJ SURFHGXUH DQG WKDW WKH GLVWDQFH EHWZHHQ �
N

DQG �
N+� LV HQRXJK VPDOO ZH

FDQ FKRRVH � �
N

= +� DQG FRQVLGHU γ
N+� DV D VFDODU DSSUR[LPDWLRQ RI WKH ∇ +

�

�
� �

N
� �� ZKHUH

γ
N

�+ ∈
�

� 7KLV LV DQ DQWLFLSDWLYH YLHZ SRLQW� LQ ZKLFK D VFDODU DSSUR[LPDWLRQ WR WKH +HVVLDQ

DW SRLQW �
N+� LV FRPSXWHG XVLQJ RQO\ WKH ORFDO LQIRUPDWLRQ IURP WZR VXFFHVVLYH SRLQWV� �

N

DQG �
N+� � 7KHUHIRUH� ZH FDQ ZULWH�

[ ]γ
N

N

7

N N

N N N N

7

N� � �
� � � � � � �+ += − +

� � �
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� � � � � ���

2EVHUYH WKDW DW �
N+� � � = � �� �� ZH NQRZ � �

N
� ��+� �

N+� DQG DQ DSSUR[LPDWLRQ RI

∇ +
�

�
� �

N
� � DV γ

N
�+� � 1RZ� LQ RUGHU WR FRPSXWH WKH QH[W HVWLPDWLRQ

� � � �
N N N N+ + + += −

� � � �
ZH PXVW FRQVLGHU D SURFHGXUH WR GHWHUPLQH WKH VWHSOHQJWK �

N+� � )RU

WKLV OHW XV FRQVLGHU WKH IXQFWLRQ�

Φ
N N N

7

N N N

7

N
� � � �� � � � �+ + + + + + += − +

� � � �

�

� � �

�



� � � � �γ ���

2EVHUYH WKDW Φ
N N

� �+ +=
� �
�� � � �� Φ

N N N
� �+ + +=

� � �

� � � � �γ DQG ′ = − <+ + +Φ

N N

7

N
� �

� � �
� �� � �

7KHUHIRUH� Φ
N

�+� � � LV D FRQYH[ IXQFWLRQ IRU DOO W ≥ �� 7R KDYH D PLQLPXP IRU Φ
N

�+� � �ZH

PXVW KDYH γ
N+ >

�
�� &RQVLGHULQJ IRU WKH PRPHQW WKDW γ

N+ >
�

�� WKHQ IURP ′ =+Φ
N

�
�

�� � ZH

JHW

�
N

N

+
+

=
�

�

�

γ
� ���

DV WKH PLQLPXP SRLQW RI Φ
N

�+� � � � 2EVHUYH WKDW

Φ
N N N

N

N
� � � �+ + +

+
+= −

� � �

�

� �

��
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γ
���

VKRZLQJ WKDW� LI γ
N+ >

�
�� WKHQ DW HYHU\ LWHUDWLRQ WKH YDOXH RI IXQFWLRQ � LV UHGXFHG� 7KLV

VXJJHVWV XV WR GHWHUPLQH WKH VWHSVL]H �
N+� DV�

� 	
����
� �

� � ��
N

N

N N+

+

+ +=
≤

−
�

�

� �
� �� ����

XVLQJ IRU H[DPSOH D EDFNWUDFNLQJ SURFHGXUH DQG WR FRQVLGHU � � � �
N N N N+ + + += −

� � � �
� 7R

FRPSOHWH WKH DOJRULWKP ZH PXVW FRQVLGHU WKH VLWXDWLRQ ZKHQ γ
N+ <

�
� DQG WR GHWDLO WKH

EDFNWUDFNLQJ SURFHGXUH�
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&RQFHUQLQJ WKH EDFNWUDFNLQJ SURFHGXUH ZH FRQVLGHU WKH $UPLMR©V UXOH� 7KLV

SURFHGXUH VHOHFWV WZR VFDODUV � � �< ≤α � � � �< <β DQG WDNHV WKH IROORZLQJ VWHSV�

%DFNWUDFNLQJ SURFHGXUH

6WHS �� 6HW� � � N= +� DQG { }� ��� � � � �MPLQ
� �� � � � �= = +� � ��

6HWS �� :KLOH � � �� � �� �N N N

7

N� � �
PLQ+ + + +− > −

� � � �
α VHW � �= β �

6WHS �� 6HW � �N+ =
�

�

7KHUHIRUH� WKH LQLWLDOL]DWLRQ RI WKH EDFNWUDFNLQJ SURFHGXUH LV JLYHQ E\ � N+� DQG LQ $UPLMR UXOH

WKH IXQFWLRQ YDOXHV DUH FRPSDUHG ZLWK �
PLQ

� 7\SLFDOO\� α = 0 0001. DQG β = � �� � PHDQLQJ

WKDW ZH DFFHSW D VPDOO GHFUHDVH LQ f RI WKH SUHGLFWLRQ EDVHG RQ WKH OLQHDU H[WUDSRODWLRQ�

2EVHUYH WKDW IRU FRQYH[ IXQFWLRQV γ N+ >
�

�� ,I � � � � � � �N N N N

7

N� � � � �+ − + <
�

�

WKHQ WKH UHGXFWLRQ � � � �N N� � � �+ −
�

LQ IXQFWLRQ YDOXH LV VPDOOHU WKDQ − � � �N N

7

N � ,Q WKHVH

FDVHV WKH LGHD LV WR FKDQJH D OLWWOH WKH VWHSVL]H �N DV �N N+η � PDLQWDLQLQJ WKH RWKHU TXDQWLWLHV

DW WKHLU YDOXHV� LQ VXFK D PDQQHU WKDW γ N+� WR EH SRVLWLYH� 7R JHW D YDOXH IRU η N OHW XV VHOHFW D

UHDO δ > �� §HQRXJK VPDOO§� EXW FRPSDUDEOH ZLWK WKH FXUUHQW YDOXH RI WKH IXQFWLRQ�

�δ ε= +D N� �� � �
�

ε D = −�� �
� DQG FRQVLGHU

[ ]η δN

N

7

N

N N N N

7

N� �
� � � � � � �= − − ++

�
�

� � � � � ����

ZLWK ZKLFK D QHZ YDOXH IRU γ N+� FDQ EH FRPSXWHG DV�

[ ]γ
η

ηN

N

7

N N N

N N N N N

7

N� � �
� � � � � � �+ +=

+
− + +

� � �


 �

� �
� � � � � � � ����

:LWK WKHVH� WKH FRUUHVSRQGLQJ $QWLFLSDWLYH $OJRULWKP LV DV IROORZV�

7KH $QWLFLSDWLYH $OJRULWKP �$$�

6WHS �� 6HOHFW � ��� �
�
∈ DQG FRPSXWH �

�
� �

�
DQG � 	
����

�
� � ��

� � �

�
=

<
−� � � 6HW

� = � DQG � �
PLQ

�=
�

6WHS �� &RPSXWH � � � �N N N N+ = −
�

� � N+� DQG � N+� � ,I � �N+ <
� PLQ

� WKHQ � � NPLQ
�= +�

6WHS �� &RPSXWH γ N+� DV LQ ���� ,I γ N+ <
�

�� WKHQ VHOHFW δ > � DQG FRPSXWH D QHZ YDOXH IRU

γ N+� DV LQ ����� ZKHUH η N LV JLYHQ E\ �����

6WHS �� &RPSXWH WKH LQLWLDO VWHSVL]H �N N+ +=
� �

� � �γ
6WHS �� 8VLQJ WKH DERYH EDFNWUDFNLQJ SURFHGXUH GHWHUPLQH WKH VWHSOHQJWK � N+� �

6WHS �� 7HVW IRU FRQWLQXDWLRQ� ,I

� N J+ ∞
≤

�
ε RU � � � �

N N

7

N I N+ + + +≤
� � � �

ε � ����

WKHQ VWRS� RWKHUZLVH VHW � �= +�DQG FRQWLQXH ZLWK VWHS ��

,I LQ VWHS � RI DOJRULWKP $$ LQVWHDG RI γ
N+� ZH FRQVLGHU γ

N

%%

+� � WKHQ ZH JHW D YDULDQW

RI %DU]LODL�%RUZHLQ DOJRULWKP ZLWK OLQH VHDUFK� FDOOHG DOJRULWKP %%�

7KH DQDO\VLV RI FRQYHUJHQFH RI WKLV DOJRULWKP LV JLYHQ E\ WKH IROORZLQJ UHVXOWV�

3URSRVLWLRQ �� )RU HYHU\ � = ��� � ��� γ
N
JHQHUDWHG E\ WKH DOJRULWKP $$ LV ERXQGHG DZD\

IURP ]HUR�

3URRI� )RU HYHU\ � = ��� � ��� ZH NQRZ WKDW � � � � � � �
N N N N

7

N
� � � � �+ − + >

�
� 7KHUHIRUH�

� � � � � � �
N N N N

7

N
� � � � �− <+� :LWK WKLV ZH KDYH�
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N

N N

N N

7

N N

N N

7

N

N N

7

N
�

� � � �
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� � �
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+= −

−
> − =

�

�

� �


 
 
 

�

� � � � ��

� �

� �

� �
� �

7KHUHIRUH� WKH VWHS � RI $$ LV ZHOO GHILQHG� +RZHYHU� WRZDUGV WKH ILQDO LWHUDWLRQV RI WKH

DOJRULWKP� HVSHFLDOO\ ZKHQ WKH DFFXUDF\ UHTXLUHPHQWV DUH WRR KLJK� LW LV SRVVLEOH WKDW

� � � � � � �� � � � � � �
N N N

7

N N+ + − <
�

� EXW YHU\ FORVH WR ]HUR� 7KLV LV EHFDXVH � �
N

7

N
LV WRR VPDOO�

7KDW PHDQV WKH UHGXFWLRQ LQ IXQFWLRQ YDOXHV LV WRR VPDOO� 7KH UHPHG\� ZH KDYH VXJJHVWHG

KHUH LQ WKLV VLWXDWLRQV� LV WR LQFUHDVH D OLWWOH WKH VWHSOHQJWK LQ RUGHU WR FRPSHQVDWH WKH

DFFXUDF\ UHTXLUHPHQWV�

,Q WKH IROORZLQJ OHW XV DVVXPH WKDW � LV VWURQJO\ FRQYH[ DQG WKH VXEOHYHO VHW

{ }� � ��� � � � � �= ∈ ≤� � � � �
�

LV FORVHG� 6WURQJ FRQYH[LW\ RI � RQ � LQYROYHV WKDW WKHUH

H[LVWV WKH FRQVWDQWV � DQG 0 VXFK WKDW �� � � ��≤ ∇ ≤� � � � IRU DOO [ 6∈ � $

FRQVHTXHQFH RI VWURQJ FRQYH[LW\ RI � LV WKDW ZH FDQ ERXQG � 

� WKH YDOXH RI IXQFWLRQ � LQ

ORFDO PLQLPXP� DV�

� �
�

� � � � �
�

� �� � � � � � � � �
− ∇ ≤ ≤ − ∇
�




�


�

�

�

�

����

,Q WKLV FLUFXPVWDQFHV WKH IROORZLQJ WKHRUHP FDQ EH SURYHG�

7KHRUHP �� )RU VWURQJO\ FRQYH[ IXQFWLRQV WKH $$ DOJRULWKP ZLWK EDFNWUDFNLQJ LV OLQHDU

FRQYHUJHQW DQG

( )� � � � � � �N L
L

N

� � � � �
 
− ≤






 −

=

−

∏
�

�

�

ZKHUH { }� ��� � � � �L L L

S
L= − <+ +� 
 
 �

� �
α α β� DQG �L ≥ � LV DQ LQWHJHU

� �L = � � 
� � � ��� JLYHQ E\ WKH EDFNWUDFNLQJ SURFHGXUH��

3URRI� :H FDQ ZULWH�

� � � � � � �N N N N� � � � �+ += − −

 




�

�

� �

��



γ

%XW� � � N− +
�

�

γ � LV D FRQFDYH IXQFWLRQ� DQG IRU DOO � �

�
≤ ≤ +� N� �γ LW IROORZV WKDW

� � �N− ≥+
�

�

 
γ � � � +HQFH�

� � � �
�
� � � � �N N N N� � � � � � �+ ≤ − ≤ −

� �

�

�

�



α

VLQFH α ≤ � 
� � 7KH EDFNWUDFNLQJ OLQHVHDUFK SURFHGXUH WHUPLQDWHV HLWKHU ZLWK � � N= +�

� ��N = � RU D YDOXH � � N
S
N= +�β �ZKHUH �N >� LV DQ LQWHJHU JLYHQ E\ WKH EDFNWUDFNLQJ

SURFHGXUH� :LWK WKLV� DW VWHS � ZH FDQ JHW D ORZHU ERXQG RQ WKH GHFUHDVH RI WKH IXQFWLRQ� ,Q

WKH ILUVW FDVH ZH KDYH�

� � � � � �N N N N� � � � �+ +≤ −
� � �

�

α
DQG LQ WKH VHFRQG RQH

� � � � � �N N N

S

N
N� � � � �+ +≤ −

� � �

�

α β
7KHUHIRUH�

{ }� � � � ��� � � �N N N N

S

N
N� � � � � �+ + +≤ −

� � � �

�

α α β
+HQFH

{ }� � � � � � ��� � � �N N N N

S

N
N� � � � � �
 


+ + +− ≤ − −
� � � �

�

α α β
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+DYLQJ LQ YLHZ WKH VWURQJ FRQYH[LW\� IURP ����� ZH KDYH ( )� � � � �N N�

�


≥ −� � �

+HQFH�

( )� � � � � � �N N N� � � � �
 


+ − ≤ −
�

ZKHUH

{ }� ��� � � � �N N N

S
N= − + +� 
 


� �
α α β� �

6LQFH �N <�� WKH VHTXHQFH � �N� � LV OLQHDU FRQYHUJHQW� OLNH D JHRPHWULF VHULHV� WR � 
 � �

$!������
����%������
,Q WKLV VHFWLRQ ZH SUHVHQW WKH SHUIRUPDQFH RI D )RUWUDQ LPSOHPHQWDWLRQ RI WKHVH DOJRULWKPV�

$OO FRGHV DUH ZULWWHQ LQ VWDQGDUG )RUWUDQ DQG FRPSLOHG ZLWK I�� �GHIDXOW FRPSLOHU VHWWLQJV�

RQ D 3HQWLXP ���*K]� )RU WKH YHU\ EHJLQQLQJ� LQ RUGHU WR LOOXVWUDWH WKH EHKDYLRXU RI WKH

$QWLFLSDWLYH $OJRULWKP �$$� LQ FRPSDULVRQ ZLWK WKH %DU]LODL�%RUZHLQ DOJRULWKP �%%� LQ WKLV

IRUPXODWLRQ� OHW XV FRQVLGHU WKH )UHXGHQVWHLQ 	 5RWK IXQFWLRQ�

( )� � � � � �L L L L
L

Q

� � �� � �
�

= − + + − − +−
=
∑ �� 
 


� � � � �

�

�

�

( )− + + + −−
� � ��
� � � � �

�

� � � �L L L L�� � � �

&RQVLGHULQJ [ ]�
�

� 
 
 � 
 
= − −� � � � � � �� α = 0 0001. DQG β = � �� � LQ EDFNWUDFNLQJ

SURFHGXUH� DV ZHOO DV ε J = −
�� �

DQG ε I = −
�� ��

LQ WKH FULWHULD ���� IRU VWRSSLQJ WKH

LWHUDWLRQV� WKDQ IRU Q =���� � WKH HYROXWLRQ RI � � �N� � 
− JLYHQ E\ WKH $$ DQG %%

DOJRULWKPV DUH SUHVHQWHG LQ )LJXUH ��

)LJ� �� $$ YHUVXV %% DOJRULWKPV�

:H VHH WKDW� IRU WKLV H[DPSOH� VXEMHFW WR WKH QXPEHU RI LWHUDWLRQV� WKH $$ DOJRULWKP LV DERXW

��� WLPHV PRUH SHUIRUPDQW WKDQ %%� ,W ZRUWK VD\LQJ WKDW� IRU DOJRULWKP $$ ZH KDYH

� ���

�� � � ������ � � �≤ = ≤�
N N

γ IRU � =� 
 

� � � �� $W WKH VDPH WLPH IRU DOJRULWKP %%

� ���
��
� � � ������ � � �≤ = ≤�
N N

%%γ IRU � =� 
 
��� � � �� VKRZLQJ WKDW WKH LQLWLDO

VWHSOHQJWK XVHG LQ EDFNWUDFNLQJ SURFHGXUH KDV DQ DFFHSWDEOH YDOXH� +RZHYHU� IRU JHQHUDO

IXQFWLRQV WKH QXPEHUV γ
N
DQG γ

N

%%
FDQ EH XQDFFHSWDEOH ODUJH RU VPDOO� RU HYHQ γ

N

%% < � IRU

QRQFRQYH[ IXQFWLRQV� 7KHUHIRUH� ZH PXVW DVVXPH WKDW WKH LQLWLDO VWHSOHQJWK FRPSXWHG

WKURXJK �
N N

=� � γ RU �
N N

%%=� � γ LV PRGLILHG VR DV WR VDWLVI\ D ERXQGLQJ FRQGLWLRQ RI WKH
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IRUP � < ≤ ≤� � �
O N X

IRU DOO �� ZKHUH �
O
DQG �

X
DUH QXPEHUV VSHFLILHG E\ WKH XVHU� 7KH

$UPLMR OLQH VHDUFK� XVHG LQ WKH EDFNWUDFNLQJ� GRHV QRW SHUPLW DQ\ LQFUHDVH RI WKH VWHSVL]H�

7KHUHIRUH� LW LV QHFHVVDU\ WR LPSOHPHQW VRPH UXOHV WKDW RFFDVLRQDOO\ DGPLW LQFUHDVHV LQ WKH

VWHSVL]H� 6XFK D SURFHGXUH� IRU H[DPSOH� ZDV SURSRVHG E\ *ULSSR DQG 6FLDQGURQH >��@ EDVHG

RQ D FRPELQDWLRQ RI QRQPRQRWRQH ZDWFKGRJ WHFKQLTXHV ZLWK QRQPRQRWRQH OLQHVHDUFKHV�

+RZHYHU� LQ WKLV SDSHU ZH GLG QRW FRQVLGHU WKLV DSSURDFK RI OLQH VHDUFK EHFDXVH WKH PDLQ

LQWHUHVWV ZHUH GLUHFWHG WR VXJJHVW DQG WR SUHVHQW WKH QXPHULFDO HYLGHQFH RI DQ DOWHUQDWLYH

VFDODU DSSUR[LPDWLRQ RI WKH +HVVLDQ WR WKDW RI %DU]LODL DQG %RUZHLQ©V� LQ WKH IUDPH RI

JUDGLHQW GHVFHQW DOJRULWKP�

7KH QXPEHU RI LWHUDWLRQV �LWHU�� IXQFWLRQ DQG LWV JUDGLHQW HYDOXDWLRQV �IJ� DQG FSX

WLPH LQ FHQWHVHFRQGV �FSX�F�� IRU PLQLPL]LQJ WKLV IXQFWLRQ� IRU Q =���� ���� ������ � �� �

FRUUHVSRQGLQJ WR $$ DQG %% DOJRULWKPV DUH SUHVHQWHG LQ 7DEOH ��

7DEOH �� $$ YHUVXV %% DOJRULWKPV IRU IXQFWLRQ � �� �ZLWK Q =���� ���� ������ � � ��

$$ %%

� LWHU IJ FSX�F� LWHU IJ FSX�F�

���� �� ��� �� ��� ���� ���

���� �� ��� �� ��� ���� ���

���� �� ��� �� ��� ���� ���

���� �� ��� �� ��� ���� ���

���� �� ��� ��� ��� ���� ���

���� �� ��� ��� ��� ���� ����

���� �� ��� ��� ��� ���� ����

���� �� ��� ��� ��� ���� ����

���� �� ��� ��� ��� ���� ����

����� �� ��� ��� ��� ���� ����

727$/ ��� ���� ���� ���� ����� �����

,Q WKH IROORZLQJ ZH SUHVHQW WKH SHUIRUPDQFH RI WKHVH DOJRULWKPV� VXEMHFW WR FSX WLPH PHWULF�

RQ D QXPEHU RI ��� XQFRQVWUDLQHG RSWLPL]DWLRQ WHVW IXQFWLRQV� 7KH WHVW SUREOHPV DUH WKH

XQFRQVWUDLQHG SUREOHPV LQ WKH &87( OLEUDU\ >�@� DORQJ ZLWK RWKHU ODUJH�VFDOH RSWLPL]DWLRQ

WHVW SUREOHPV� :H VHOHFWHG �� ODUJH�VFDOH XQFRQVWUDLQHG RSWLPL]DWLRQ WHVW SUREOHPV� LQ

H[WHQGHG RU JHQHUDOL]HG IRUP� DQG IRU HDFK WHVW IXQFWLRQ ZH KDYH FRQVLGHUHG �� QXPHULFDO

H[SHULPHQWV ZLWK QXPEHU RI YDULDEOHV Q =���� ���� ������ � � �� 7KH QXPHULFDO UHVXOWV

FRQFHUQLQJ WKH QXPEHU RI LWHUDWLRQV� QXPEHU RI IXQFWLRQ DQG JUDGLHQW HYDOXDWLRQV� FSX WLPH

LQ VHFRQGV� WKH PLQLPXP DQG PD[LPXP YDOXHV RI WKH LQLWLDO VWHSVL]H� IRU HDFK RI WKHVH

DOJRULWKPV DUH SRVWHG DW WKH IROORZLQJ ZHE VLWH�

KWWS���ZZZ�LFL�UR�FDPR�QHFXODL�DQVRIW�KWP�DVD� 7KH PDLQ LQGLFDWRU RI SHUIRUPDQFH LV WKH

UHODWLYH FSX WLPH RI DOJRULWKPV $$ DQG %% IRU VROYLQJ D SUREOHP� DV VXJHVWHG E\ 0RUDOHV

>��@� DQG PHDVXUHG E\

����
����

����L

$$

L

%%

L
= −









��� �

�

ZKHUH ����
$$

L
LV WKH FSX WLPH IRU VROYLQJ WKH L − WK SUREOHP E\ DOJRULWKP $$� 7KH VLJQ RI

����
L
LQGLFDWHV WKH ZLQHU� ,Q DOO FDVHV LQ ZKLFK $$ ZLQV ����

L
KDV D SRVLWLYH YDOXH� 7KH

QXPEHU RI WLPHV E\ ZKLFK WKH ZLQHU RXWSHUIRUPV WKH ORVHU LV 

WLPH

L �:H UHIHU WKLV QXPEHU DV

WKH RXWSHUIRUPLQJ IDFWRU� ,Q )LJXUH � ZH GLVSOD\ WKH YDOXHV RI ����
L
IRU WKH VHW RI SUREOHPV

FRQVLGHUHG LQ WKLV H[SHULPHQW� ZKHUH WKH SUREOHPV KDYH EHHQ SODFHG LQ GHFUHDVLQJ RUGHU ZLWK

UHVSHFW WR WKHLU YDOXHV RI ����
L
�
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)LJ��� &SX WLPH SHUIRUPDQFH SURILOH IRU ��� SUREOHPV� $$ YHUVXV %%�

:H REVHUYH WKDW IRU WKLV VHW RI H[SHULPHQWV WKH $$ DOJRULWKP RXWSHUIRUPV %%� RXW RI ���

SUREOHPV� IRU ��� WKH $$ DOJRULWKP ZDV IDVWHU WKDQ %%� +RZHYHU� WKH JDLQ LV RQO\ PDUJLQDO�

VKRZLQJ WKDW WKH DQWLFLSDWLYH SURFHGXUH IRU D VFDODU DSSUR[LPDWLRQ RI +HVVLDQ FRPSDUHV

IDYRXUDEOH WR WKDW RI %DU]LODL DQG %RUZHLQ©V�

&!�'������
��
7KH SDSHU SURSRVHV D QHZ VFDODU DSSUR[LPDWLRQ WR WKH +HVVLDQ RI D PLQLPL]LQJ IXQFWLRQ

ZKLFK LV EDVHG RQ WKH IXQFWLRQ YDOXHV DQG LWV JUDGLHQW LQ WZR VXFFHVVLYH SRLQWV DORQJ WKH

LWHUDWLRQV� 7KLV DSSUR[LPDWLRQ� FRPSXWHG DW VWHS � LV XVHG WR GHWHUPLQH WKH LQLWLDO VWHSVL]H

IRU D EDFNWUDFNLQJ SURFHGXUH ZKLFK FRPSXWH WKH VWHSOHQJWK IRU WKH QH[W LWHUDWLRQ � +� � 7KH
DQWLFLSDWLYH VFKHPH� VXJJHVWHG KHUH� LV PRUH UREXVW WKDQ WKDW RI %DU]LODL DQG %URZQ ZKLFK

RIWHQ KDSHQV WR JHQHUDWH WRR VPDOO RU HYHQ QHJDWLYH HVWLPDWHV IRU WKH LQLWLDO VWHSOHQJWK� 7KH

DGYDQWDJH RI WKLV FRPSXWDWLRQDO VFKHPH LV WKDW DW HYHU\ LWHUDWLRQ ZH JHQHUDWH D SRVLWLYH

VFDODU DSSUR[LPDWLRQ RI WKH +HVVLDQ� WKLV JLYLQJ XV WKH SRVVLELOLW\ WR FRQWLQXH WKH DOJRULWKP�

/LNH %% PHWKRG� WKH DQWLFLSDWLYH VWUDWHJ\ IRU VWHSOHQJWK FRPSXWDWLRQ KDV D OLPLWHG YDOXH LQ

WKH SUDFWLFH RI JUDGLHQW GHVFHQW DOJRULWKPV� 7KH FRQYHUJHQFH RI UHVXOWLQJ DOJRULWKPV� HYHQ

IRU VWURQJO\ FRQYH[ IXQFWLRQV� LV RQO\ OLQHDU� +RZHYHU� WKLV LGHD RI DQWLFLSDWLYH DSSURDFK IRU

VFDODU DSSUR[LPDWLRQ RI +HVVLDQ LV PRUH SURILWDEOH LQ WKH IUDPH RI VFDOHG FRQMXJDWH JUDGLHQW

FRPSXWDWLRQDO VFKHPH >�@�

5HIHUHQFHV

>�@ 1� $QGUHL� 6FDOHG &RQMXJDWH JUDGLHQW DOJRULWKPV IRU XQFRQVWUDLQHG RSWLPL]DWLRQ� ,&,

7HFKQLFDO 5HSRUW� 0DUFK ��� �����

>�@ -� %DU]LODL DQG -�0� %RUZHLQ� 7ZR SRLQW VWHS VL]H JUDGLHQW PHWKRG� ,0$ -� 1XPHU� $QDO��

� ������ SS���������

>�@ (�*� %LUJLQ� -�0� 0DUWLQH] DQG 0� 5D\GDQ� 1RQPRQRWRQH VSHFWUDO SURMHFWHG JUDGLHQW

PHWKRGV RQ FRQYH[ VHWV� 6,$0 -� 2SWLP�� �� ������ SS�����������

>�@ ,� %RQJDUW]� $�5� &RQQ� 1�,�0� *RXOG DQG 3�/� 7RLQW� &87(� FRQVWUDLQHG DQG

XQFRQVWUDLQHG WHVWLQJ HQYLURQPHQWV� $&0 7UDQV� 0DWK� 6RIWZDUH� �� ������ SS���������

>�@ <�+� 'DL DQG 5� )OHWFKHU� 2Q WKH DV\PSWRWLF EHKDYLRXU RI VRPH QHZ JUDGLHQW PHWKRGV�

0DWK� 3URJUDPPLQJ� 6HULHV $� 3XEOLVKHG RQOLQH� )HEUXDU\ �� �����



9

>�@ <�+� 'DL DQG /�=� /LDR� 5�OLQHDU FRQYHUJHQFH RI WKH %DU]LODL DQG %RUZHLQ JUDGLHQW

PHWKRG� ,0$ -� 1XPHU� $QDO�� �� ������ SS������

>�@ 5� )OHWFKHU� 2Q WKH %DU]LODL�%RUZHLQ PHWKRG� 1XPHULFDO $QDO\VLV 5HSRUW 1$����� �����

>�@ $� )ULHGODQGHU� -�0� 0DUWLQH] DQG 0� 5D\GDQ� $ QHZ PHWKRG IRU ODUJH�VFDOH ER[

FRQVWUDLQHG FRQYH[ TXDGUDWLF PLQLPL]DWLRQ SUREOHPV� 2SWLPL]DWLRQ 0HWKRGV DQG 6RIWZDUH� �

������ SS�������

>�@ -� *LOEHUW DQG &� /HPDUpFKDO� 6RPH QXPHULFDO H[SHULPHQWV ZLWK YDULDEOH�VWRUDJH TXDVL�

1HZWRQ DOJRULWKPV� 0DWK� 3URJUDPPLQJ� 6HULHV %� �� ������ SS���������

>��@ :� *OXQW� 7�/� +D\GHQ DQG 0� 5D\GDQ� 0ROHFXODU FRQIRUPDWLRQV IURP GLVWDQFH

PDWULFHV� -� &RPSXW� &KHP�� �� ������ SS���������

>��@ :� *OXQW� 7�/� +D\GHQ DQG 0� 5D\GDQ� 3UHFRQGLWLRQHUV IRU GLVWDQFH PDWUL[ DOJRULWKPV�

-� &RPSXW� &KHP�� �� ������ SS���������

>��@ /� *ULSSR� )� /DPSDULHOOR DQG 6� /XFLGL� $ QRQPRQRWRQH OLQH VHDUFK WHFKQLTXH IRU

1HZWRQV PHWKRG� 6,$0 -� 1XPHU� $QDO�� �� ������ SS���������

>��@ /� *ULSSR DQG 0� 6FLDQGURQH� 1RQPRQRWRQH JOREDOL]DWLRQ WHFKQLTXHV IRU WKH %DU]LODL�

%RUZHLQ JUDGLHQW PHWKRG� &RPSXWDWLRQDO 2SWLPL]DWLRQ DQG $SSOLFDWLRQV� �� ������ SS�����

����

>��@ '�&� /LX DQG -� 1RFHGDO� 2Q WKH OLPLWHG�PHPRU\ %)*6 PHWKRG IRU ODUJH VFDOH

RSWLPL]DWLRQ� 0DWK� 3URJUDPPLQJ� �� ������ SS���������

>��@ %� 0ROLQD DQG 0� 5D\GDQ� 3UHFRQGLWLRQHG %DU]LODL�%RUZHLQ PHWKRG IRU WKH QXPHULFDO

VROXWLRQ RI SDUWLDO GLIIHUHQWLDO HTXDWLRQV� 1XPHULFDO $OJRULWKPV� �� ������ SS�������

>��@ -�/� 0RUDOHV� $ QXPHULFDO VWXG\ RI OLPLWHG PHPRU\ %)*6 PHWKRGV� $SSOLHG

0DWKHPDWLFV /HWWHUV� �� ������ SS� ��������

>��@ (� 3RODN DQG *� 5LELqUH� 1RWH VXU OD FRQYHUJHQFH GH PHWKRGHV GH GLUHFWLRQV FRQMXJDW�

5HYXH )UDQFDLVH G©,QIRUPDWLTXH HW 5HFKHUFKH 2SHUDWLRQQHOOH� �� ������ SS�������

>��@ 0� 5D\GDQ� 2Q WKH %DU]LODL DQG %RUZHLQ FKRLFH RI WKH VWHSOHQJWK IRU WKH JUDGLHQW

PHWKRG� ,0$ -� 1XPHU� $QDO�� �� ������ SS���������

>��@ 0� 5D\GDQ� 7KH %DU]LODL DQG %RUZHLQ JUDGLHQW PHWKRG IRU WKH ODUJH VFDOH XQFRQVWUDLQHG

PLQLPL]DWLRQ SUREOHP� 6,$0 -� 2SWLP�� � ������ SS�������

>��@ '�)� 6KDQQR DQG .�+� 3KXD� 5HPDUN RQ $OJRULWKP ���� 0LQLPL]DWLRQ RI XQFRQVWUDLQHG

PXOWLYDULDWH IXQFWLRQV� $&0 7UDQV� 0DWK� 6RIWZDUH� � ������ SS���������

0DUFK ��� ����

�����RRRRR2RRRRR�����


