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Abstract

Just as linear programs, a semidefinite program may have many solutions. In [Y.-B. Zhao
and D. Li SIAM J. Optim. 12(4):893-912, 2002], a path-following method was proposed to
project the origin onto the optimal solution set of a linear program, i.e., to find the least-2-norm
solution of the linear program. In this paper we generalize this method to project any vector

onto the optimal solution set of any semidefinite program.
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1 Introduction

Let S™ denote the space of symmetric real n by n matrices. Let S be the cone of positive

semidefinite symmetric matrices. Related to S”! we define the partial ordering = via

A-B&B2AsA-BecSY VA BcSY.
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We denote A = 0or 0 < Aif Ae ST, C 8", the set of symmetric positive definite matrices. For
any matrix/vector space, we use (,-) to denote the usual inner-product, i.e., (u,v) = tr(u’v). This
inner-product induces the Euclidean-2-norm as ||u|| = \/(u,u) on the corresponding space.

In this paper, we consider semidefinite program (SDP) in its standard primal-dual formulation:

Primal Problem:

Minimize (C, X)
(AL X) by
subject to A(X) = (AVX) | =1| b | =0
(1)
(4™, X) b
X € 5%,

Dual Problem:
Maximize (b, y)

subject to y € R™ A*(y) ="y, A' < C,

where C' € S, b € R™, A() is a linear operator from S™ to R™ defined by a linearly independent
set {Al, A% ..., A™} C S", and A*() is the adjoint operator of A(-).

It is well known that SDP is one of the most important generalization of linear programs (LP).
A linear program may have many solutions. Much research has been done to find the least-2-norm
solution of an LP, i.e., to project the origin onto the optimal solution set of the LP, see [Kanzow,
2003; Lucidi, 1987; Mangasarian, 1983; Mangasarian, 2004; Zhao and Li, 2002] for some algorithms
for this regard. The one that is most relevant to this paper is a nice path-following method
developed in [Zhao and Li, 2002].

Let S), and Sy denote the primal solution set and dual solution set of the SDP (1), respectively.
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If S, # 0 and Sy # 0, then we say that SDP (1) is solvable. We only deal with solvalbe SDP in
this paper. Just as LP, a solvable SDP may also have many solutions. For any (@, q) € S™ x R™,
we let (Xg,y,) denote the projection of (Q,q) onto S, x Sy, i.e., Xg = argminXeSpHX — Q|| and
Yq = argmin, g ||y — ql|. Notice that since S), and S, are both convex sets, X and y, are uniquely
defined. In particular, (Xo,yo) is just the least-2-norm primal-dual optimal solution pair. There
is currently little existent research on finding the least-2-norm solution of an SDP. The purpose of
this paper is fill this gap by generalizing the method of [Zhao and Li, 2002] to SDP. We will show
that our algorithm can actually find (Xq,y,) for any (Q,q) € S™ x R™.

Now we review some crucial concepts and facts about SDP.

The duality gap gappq is defined to be (C,X) — (b,y) = (X,C — A*(y)) where X € S, and
y € Sg. Clearly gap,q > 0 which is the weak-duality. When gap,q = 0, then we say that the strong
duality holds. If there are X € S7, and y € R™ such that A(X) =band S = C — A*(y) > 0, then
we say the SDP (1) is strictly feasible. It is well known that strict feasibility is a sufficient but not
necessary condition for strong duality to hold.

If strong duality holds, then for any (X,y) € Sy, x Sg and S = C — A*(y), we have

XS =0,
A(X) =0,
(2)
A*(y) + S =C,
X,SeSt,ye R™.

On the other hand, if (X, y, S) satisfies (2), then strong duality holds and (X,y) € S, x Sq. Most,
if not all, algorithms for SDP require the strong duality assumption and try to find (X,y,S) ap-
proximately satisfying (2). Many of them actually need the strict feasibility assumption, especially
those based on the central path.

The concept of central path lies at the heart of the study of semidefinite programs. This path
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is defined as the solution to the parametric nonlinear system:

XS =ul,

A(X) =0, 3
A*(y) +5=C,

X,SeSt, ,ye R™,

where p > 0 is the path parameter and [ is the identity matrix. It is well known that strict feasibility
holds if and only if for all > 0, system (3) has a unique solution (X (u),y(u), S(1)) [Wolkowicz,
Saigal and Vandenberghe, 2000]. As u varies in Ry 1, the solutions form the central path. The most
important property of the central path is that as u — 0+, (X (u),y(p)) converges to a primal-
dual solution pair. Based on this property, a lot of so-called path-following algorithms [Wolkowicz,
Saigal and Vandenberghe, 2000; Monteiro, 1997; Sturm and Zhang, 1998] have been developed to
follow the central path to a solution of the SDP (1).

We are going to follow a different path. Let (Q,q) € S™ x R™ be given. For any p > 0,

X,S5e€S5%, and y € R™, we define

S2XS% — pul
Fu(X,y,8) == | —p?(X - Q)+ A*(y) +S—C
AX) +wP(y—q) =0

Under the assumption of strong duality, it can be shown that for any p > 0, the system F, (X, y,S) =
0 has a unique solution (X (u),y(n), S(1)), and as p — 0+, (X (1), y(p)) — (Xq@,vq). Although
this property of the path motivates this research, its proof is not needed for our algorithm. We
refer interested readers to [Lin, 2006]. However, we do need the assumption of strong duality for
our analysis.

The paper is organized as follows. In Section 2 we describe the algorithm. In Section 3 we study

the feasibility of the algorithm. Then in Section 4 we prove the convergence of the algorithm.
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2 Algorithm

For any nonsingular matrix 7" € S”, we define Hr(-) : R"*" — S™ as

Hp(M) := 5 (TMT™' + T~ M'T),

N | =

where M denotes the transpose of M.

To measure the distance to the path, we define the “norm”of F,(X,y,S) as

HFM(Xa Y, S)H

= max{HS%XS% —pul

=P (X = Q) + A (y) + S = Ol AX) + P (y — a) = b}
All the iterates of the algorithm will be confined in a neighborhood of the path:

No(p) = {(X,y,8)|X € 8%,y € R™, S € SY, | Fu(X,y, 9)|| < Bull},
where (§ € (0,1) is a pre-picked constant.

Now we present the path-following method.

Algorithm 1 1. Pick four numbers p, 3, 6, and 6 from (0,1), set k = 0.

Find o >0, X° =0, y° € R™, S = 0 such that (X°,y°,5%) € Ns(uo).

2. At the k-th iteration, we have (X*,y*, S*) € Ng(uy).

For simplicity, let (X,y, S, ) = (X*,y*, S*, ur).
o If Fl,(X,y,S) =0, then set oy, = 0;

e otherwise, solve the Newton system of F,(X,y,S) =0 at (X,y,S) for (AX, Ay, AS):

S3(AX)S? + 182 X(AS)S 2 + L9 2(AS)XS2 = ul—S2X97,
—wP(AX) + A" (Ay) + AS = —(—pP(X - Q)+ A*(y) + 5 - C),
AAX) +pP(Ay) = —(AX) +uP(y—q) —b),
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which is equivalent to (by multiplying \/55% to the first equation from both sides)

2S(AX)S + SX(AS) + (AS)XS = 1,
- (AX) + A*(Ay) + AS = 1y, (4)
AAX) + P (Ay) = 1,

where e =2uS —25XS, rg=—(—pP(X — Q)+ A*(y) + S — C), and

rp = —(A(X) + pP(y — q) — b).

Let ay, = min { $=OEE9 5% 5 0 gnd (AXF, Ayk, ASF) = (AX, Ay, AS).
1,4 axas)

Set (XFH1 yF+l GhHL) — (XF, yF, SF) + o (AXF, AyF, ASF).

3. Let v* be the first one among 0, 02, 63,.. ., satisfying
(XPHL YR S5 € Np((1— 7" ),

i.e.,

F(1 i (XFFL 41, SR | < B(1— 9P

—'Yk)ﬂk(
Set prr1 = (1 =% .

4. Set k=k+ 1, and go back to step 2.

3 Feasibility of the algorithm

In this section we discuss how to perform every step of the algorithm. First we give a simple

technical lemma which will be used several times later.
Lemma 3.1 If M € S, 5 €(0,1), u >0, and |M — pI| < Bu, then M > 0.

Proof. Let {\;|i = 1,...,n} be the n real eigenvalues of M. We have

Bp = M — pl]

n

= D (i —p)?
=1

> |\ — ;| for each 4,

> p—A; foreach q.
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Therefore \; > (1 — 8)u > 0 for each i. Hence M > 0. Il

3.1 Step1

There are many ways to find po > 0, X = 0, 4 € R™, and S° > 0 such that (X, 4%, S%) € Ny(uo).
2 i} o 1-p
For example’ let o = maX{l, (w> 1+p , (w> 1-1’}7 XO — ,U’(]z _[7 yO = q,

14p
and S° = p1o® I. Clearly we have g >0, X° = 0, y° € R™, S° = 0, and

(593 X9(5%)% — poI 0
Fu (X097, 8% = | —pf(X° = Q)+ A (W) + S~ C | = | whQ+A(g)-C
AXO) + pg(y° —q) — b Ho® A(I) —b

1 —p p 1l—p

1-p —p 1-p 1tp 1-p
Ho® A(I)—b‘ < A +0] < mo® (JAMD[+0l) < Bro® 1o® = Bro-
Similarly, [#f@ + A*(q) — C|| < ub(IQ) + o P IlA*(9) = Cll) < ph(I QI+ [1A*(9) = CI|) < Bubug ” =
Bpo- Hence ||, (X°,5°,8%)[| < Bpo, so (X°,4°,5°) € Nj(uo).

Since pg > 1, then

3.2 Step 2
Let (X,y,S,,LL) = (kaykasknuk>’ (X+ay+7s+a/l+) = (Xk+1ayk+1ask+1aﬂk+l)a and H() =

Hey ()

We will use two matrix operators extensively in this section.

e vec(-): for any matrix M, vec(M) denotes the vector obtained from stacking the columns of
M one by one from the first to the last. Clearly, if the dimension of M is given, then it is

very easy to get M from vec(M), and vice versa.
e The Kronecker product ®: given A,B € R"*", A® B = [a;; B] € Rn*xn?

These two operators have many useful properties. We will need the following (see chapter 4

of [Horn and Johnson, 1994], or the appendix of [Zhang,1998]):
1. vec(AXB) = (B! ® A)vec(X),
2. (Ao B)t = A'®@ B!,
3. AeB)'=A"1® B,
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4. (A® B)(C ® D) = (AC) ® (BD).

5. If \;’s and ¢;’s are the eigenvalues of A and B, respectively, for 4,5 = 1,2,...,n, then the

eigenvalues of A ® B are all \;§;’s.

Let A = [vec(Ay),vec(As),. .., vec(An)]t, then the Newton system (4) is equivalent to

2uec(S(AX)S) + vec(SX(AS)) + vec((AS)XS) = vec(re),
—pPvec(AX) + AY(Ay) + vec(AS) = wvec(ry),
A(vec(AX)) + pP(Ay) = rp.

Using ®, we can further rewrite (5) as

(25 ® S)vec(AX) +(I® (SX)+ (SX) ® Ivec(AS) =wvec(r.),
—pPvec(AX) +A'Ay +vec(AS) = wec(rq),
Avec(AX) +pPAy =7p.

Let E =25® S and F = I ® (SX) + (SX) ® I, then we have E~! = 1971 ® §7! and

E7'F =3(S7'@ X+ X ®S™1). It is easy to check that both E and E~'F are symmetric, and all

their eigenvalues are positive, in other words, £~ = 0 and E~'F > 0.

E 0 F
Let Gk = —uPI At T |, then finally system (6) is equivalent to
A T 0
vec(AX) vec(re)
G" Ay = | wvec(rq)
vec(AS) Tp

The next lemma ensures that the Newton system is solvable.
Lemma 3.2 G* is nonsingular.

Proof.
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U Eu+ Fw
Suppose GF | o | = —pPu+ Atv 4w | =0, then Fu+ Fw =0= u = —E~'Fw, and

w Au + pPo
Au+ pPv = 0 = u' Al = —pPol.

Therefore from —pPu + Alv +w = 0 we have
ut(—pPu+ Ao +w) = —pP||ul® — pP||v]|* — w' (BT F)w = 0,

hence u =0, v =0, and w = 0. So G* is nonsingular.

Now we know that the solution (AX, Ay, AS) to the system (6) (and (5)) exists and is unique.
On the other hand, it is straightward to check that ((AX)! Ay, (AS)!) is also a solution to sys-
tem (5), so we must have AX = (AX)! and AS = (AS)!. Therefore both AX and AS are
symmetric. So X () := X + aAX € S" and S(a) :== 5+ aAS € S™.

The following lemma is fundamental for our analysis.
Lemma 3.3 For all a € [0, a;), | H(X(a)S(v)) — pl|| < (1 = da)||Fu(X,y, S|

Proof. We have

H(X(a)S(a)) — pl

= H((X + aAX)(S + aAS)) — ul

= H(XS+aXAS+aAXS +a’?AXAS) — ul

= H((1—-a)XS+ a(XS+XAS+AXS)+a’?AXAS) — ul

= (1-a)H(XS)+aH(XS+ XAS +AXS) +a*?H(AXAS) — ul

— (1-a)SPXS% +a (séxsé 4 %S%X(AS)S‘% + %S_%(AS)XS% + Sé(AX)sé)
+o?H(AXAS) — ul

= (1—a)S2XS? +apl — ul + a*H(AXAS)

= (1-a)S7XS7 — pu(l—a)l +a2H(AXAS)

= (1-a)(92X8% — pul) + a*H(AXAS).
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Therefore

[H(X()S(e)) = pI|

< (1-a)|s2x8% — pI| + a?|H(AXAS)|

< (1 )|FlX.0.5)] +o? | HAXAS)|

= (1~ 00)|[Fu(X.5.9)]| + (50 — )| FulX. 3. 5)] +0? H(AXAS)|

= (1 00)[Fu(X,5,9)]| (1~ )| Eu(X,, )] o HAXAS)])
= (-0l EX )] - alaxas)| (Sl )
< (1-00)|Fu(X, 5, 9)]| ~ alay — o) |H(AXAS))|

< (130l B(X.0. )],

A simple but important consequence of Lemma 3.3 is the positive definiteness of X (a) and

S(a).

Theorem 3.4 For all o € [0, o], we have X(a) = 0, and S(a) = 0. In particular, X = 0 and

ST 0.

Proof. Using Lemma 3.3 and the fact that (X,y,S) € Ng(u) we have

[1H (X (a)S(a)) — plf| < (1 =da)[|Fu(X,y, S

IN

(1 —da)Bu

B

IN

Since H(X («)S(«)) € S™, then Lemma 3.1 gives H(X (a)S(a)) > 0.

Now using (15) from [Monteiro, 1997] we know that X («)S(«) is nonsingular for all « € [0, ay].
Hence X («) and S(«) are nonsingular symmetric matrices for all a € [0, ay].

Because X (0) > 0, S(0) > 0, and the eigenvalues for X (a) S(a) are continuous functions of «,
we must have X («) > 0 and S(a) > 0 for all a € [0, ay].

|
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Now we show that (X, y™,ST) is closer to (X (u),y(u), S(i)) than (X,y,S) is in the sense of

having a smaller ||F},]|.
Theorem 3.5 ||F,(X*,y", )| < (1= o) ||Fu(X,y, 9)].
Proof. By setting a = o in Lemma 3.3 we get
HH(X+S+) - MIH S (1 - 50‘1@)” FM(Xa Y, S)H
Letting D = (S*)2X*(S*)2 and W = S2(S¥)"2, we have

H(X*SY) = - (S3X*8%573 4+ 87257 X*7)

(52(5%)73(5)2XF(S1)3(51)2572 + 573(SH)2(5) X ()2 (5)253)

N =N =N =

(Wow=t 4+ (WDw 1)),

So H(X+ST) — ul = L (W(D — u )WL + (W(D — ul)W1)1).

Using (21) from [Monteiro, 1997] we have

1 1
|(sHExt(sT)2 —put| = D —p]
1
< SIW(D = uhWw =" + (W(D - uyw )|
= IH(X*ST) - pl|

< (I =dap)|[Fu(X,y, S
On the other hand, since

(X Q)+ A () + 5T -C
= — (X —Q+ pAX) + A*(y + arAy) + (S + o, AS) — C
= ("X -Q)+ A (y)+ 5 —C) + ap(—p’AX + A*(Ay) + AS)

= l-op)(—P(X-Q)+A*(y)+5-0C),

145



and

AXH) + 1Pyt —q)—b = AX +apAX) 4+ pP(y + apAy —q) — b
= (AX) + 1Py — q) = b) + a(A(AX) + pP Ay)

= (1 —ap)(AX) +pP(y —q) = b),

we have
[=P(XT Q)+ Ay ")+ 5" =C|| = (1—ap)l| (X -Q)+A(y) +5-C|
< (A =da)|| - (X -Q)+ A (y)+ S -C|
< (1—(50%)HF#(X,y,S)H,
and
JAXT) +1P(y" —q) =0l = (1 —ap)lAX) +pPly —q) = b
< (1= dap)||AX) + pP(y — q) — 0

S (1_604]6)”FM(X7y')S>H

Therefore || F,(X*,y", S| < (1 — dou) || Fu(X,y, 5)]|
[ |

3.3 Step 3

In step 3, we try to reduce p. Again, we let (X,y, S, n) = (X*,y*, 8%, pz) and (X T, y*, St ut) =
(XFHL P SR i), We also define d(v) == ||[Fy_) (X T, y", ST)|| = (1 —v)Bp. Clearly d(v)

is a continuous function. If oy, = 0, then ||F,(X,y,S)|| =0 and

d0) = [[Fu(X,y", 87— Bu
= |Fu.(X,y,9)| — B

= —Bu
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if a > 0, then

d(0) = [[F.(XT,y" 8T - Bu
< (1 =da)|[Fu(X,y,5)| — Bu
< (1 —dag)Bu — B
= —dapfp
< 0.

So when 7 is sufficiently close to 0 but stays positive, we must have d(vy) < 0, i.e., (XT,y",5T) €

N3((1 —v)p). Hence vy, is well defined, and we have 0 < v, <1, 0 < pt = (1 — y)p < pu.

4 Convergence

As mentioned in Section 1, we use (X¢,yy) to denote the projection of (Q,¢q) onto the optimal
solution set of the SDP (1). Because it is a feasible solution pair, so Xg = 0, A*(Xg) = b, and
Sq = C — A*(yq) = 0. Since we also assume strong duality, then (Sg, Xg) = 0. Our goal in this

section is to show that (X*,y*, S*) — (X0, 44, Sy)-

Let

ko_ L (rqkyk gk akyd

Ut = ((8MEXNEY - ),
1

VE o= (cpR(XF - Q)+ AN + S8 - 0),
223
1

wh = ﬁ(A(X'“)Jruﬁ(y’“—q)—b)-

For simplicity, we will surpress the index k when there is no confusion, in other words, we let
(X9, 8, p, U, V,w) = (XF, 58, S8, g, UF, VE wh).

Since (X,y,S) € Ng(u), then max {||U]|, |V, |lw|} < 8 and (S,X) = tr(S2XS52) < 2np.
From the definitions of V' and w we also have S = pP(X — Q) — A*(y) + C + pV, and A(X) =

—pP(y —q) + pw +b.
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First we show the boundedness of the iterates.
Lemma 4.1 (X,y,S) is bounded.

Proof. We have

(S — 8, X — X))
= (WX -Q)-A (W) +C+pV —C+ Ay, X — Xq)
= (A (y—yg), X — X@) + /(X - Q, X — Xg) + (V. X — Xq)
= (=g AXQ) — AX)) + 1" (X - Q, X — Xq) + (V. X — Xq)
= Y —Yg b+ p"(y—q) — pw —b) + PP (X — Q, X — Xg) + u(V, X — Xg)
= 1Py —vgpy—a) — 1y — yg w) + (X = Q, X — Xq) + (V. X — Xg)
= (y—a)—We— a0y —a) —1{ly—a) — (Y — @), w)
TP (X = Q. (X — Q) — (Xg — Q) + (V. (X — Q) — (Xq — Q))
= (Wlly = all” = {y = ¢, 1" (yg — @) + pw) + plyg — ¢, w)

H(P|X = QI — (X — Q1" (Xg — Q) — pV) — p(Xo — Q, V)

v

#lly = al® = 1Plly = all(llyg — all + 1P llwll) = ullyg — allllwl]

P | X = QI = i X = QI (IXq — QI + p PV — ulXo — QIIVII

v

Py = all* = Py — all(lyg — all + Bu' ") = Bullyg — 4l
+| X = QIP = 11X = QI (I1Xq — Qll + Bu' ) = Bl Xo - Q|
= 1 (ly = all” = lly — all Uy — all + 8" ") = Bu* P llyy — all)

+7 (1X = QI = 1X = QII(| Xq — QI + Bu' ") = Bu' 7| Xq - Q) -

On the other hand, we also have

(§ =55, X - Xq) = (5X)—(5Xq) — (55, X) + (54, Xq)

< (5,X) <2np.
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Therefore

i (Ily = all* = lly = all(lvg — all + B =) = Bu* gy — all)
+ 1" (IX = QI = I1X = QI Xq — QI + 81 ) = Bu' 7l Xo - Q)

< 2np,

SO
ly —all® = lly — all(lyg — all + Bu=P) — Bu ~Pllyg — 4
+ [ X =QIP - IX - QI Xq — Qll + Bu'~?) — Bu' P Xq — Q| (8)

< 2nutP.

Since pg > u, we have

1— 1—
ly —all> = ly — all(lvg — all + Bro ) = By llyg — 4l
1- 1-
+ X =QIP - IX - Qll(IXo — Qll + Bry ?) — Buy "1 Xg — Q|

< QnM(l)fp.

Notice that [ly — ql|* = ly — gl (llyg — all + Bro *) = Brg Fllyg — gl and | X — QI — | X — QI( Xq —
Qll —|—ﬂué_p) - ﬁ,u(l)_pHXQ — (|| are convex quadratic functions of ||y — ¢|| and || X — Q|| respectively,
they are both bounded from below, and will go to co when ||y — ¢|| and || X — Q]| go to co. Since
2n,u(1)_p is a constant, then (X, y) must be bounded, so is S = p?(X — Q) — A*(y) + C + uV.

[

Now we show that p decreases to 0.

Lemma 4.2
li =0.
i,

Proof. Since pg > 0, pg+1 = (1 — y)ux and v € (0,1), then py is strictly decreasing, so
wr — i > 0. Now we prove i = 0 by contradiction.
Assume [ > 0, then we must have v, — 0.

From Lemma 4.1 we know that {(X*,y"*, S¥)} is bounded, so there exists a convergent sub-
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and S = 0.
E 0 F
LetE:25’®§,FzI@(S’X)—i—(S'X)@I,andG: —PI A T |. Then similar to the
A aPIo 0

analysis of Lemma 3.2, we have E =0, E7'F = 0, and G is nonsingular. Let 7. = 2,&5' —25X8,
Tg=— (—/lp (X - Q) + A5 () + S — C), and 7 = — (A(X) + P (9 —q) — b). We have
(Ekn’ Fk?n, Gkn’ Gkn_l’ Tfn’,'asn?r];n) RN (E’ F’ GA!’ é—l’ T‘Ac, ,r;\d’ ,,,:\p) .

Let (AX, Ay, AS’) be the (unique) solution to

25(AX)S + SX(AS) 4+ (AS)XS = .,
—[iP(AX) + A*(A)) + AS = 7y,
A(AX) + P (Ag) = 7.

We then have

vec(AXFn) vec(rkn) vec(re) vec(AX)
-1 A
Aykn = G Uec(rgn) — G vec(fq) | = Ay
vec(ASk) rhn Tp vec(AS)

Hence (Axkn, Aykn, Askn) — (AX, Ag, AS).

Set
0, if HFH(X,;;, S)H — 0,

&= L
) A=) Fa(X,8,9)]] : o O
mln{ ||Hé%(AXAS‘)|| ,1}, if HFH(X,y,S)H > 0,
and (X*,y*,5%) = (X,4,5) + &(AX, Aj, AS).

Now we show that (Xk““, yfntl, Sk”H) — (X*,y*,S*) by considering two cases.

If | Fa(X,,9)| = 0, then (e, 74, 7) = 0and (AX, Ag, AS) = 0. Thus (AX", Ayke, Agkn) —
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0. Using the fact that the ay’s are bounded, we have
(agkett et ghntt) — (ke yhn, ghn) oy, (AxEn Aykn ASP) — (X,5,8) = (X", 5%, 57).

If HFﬂ(X,Q, S’)H > 0, then HFMn (XFEn gfn Skl > 0 when k, is sufficiently large, hence

(1-90) HFM" (anayk",sk”>

’71 — Q,

o, = min
kn kn
HH(Skn)%(AX ASFn)
by continuity, then
kn+1 | kn+1l gkn+1 _ kn ,kn Qkn kn kn kn
(X Y ;S ) = (X ,y, S )+o¢kn(AX , Ay AS )

. (Xys) +a (AX,AQ,AS’)

- (X*7 y*7 S*)'
From Section 3.3, we know that there exists a positive integer [ such that

| Facona (X5, 87| = B - 0ha <.

Since

| Facgnyen (Pt et bty | 31— 1)k — || By (X7, 57, 89)|| = 81— 6

as k, approaches oo, then we must have
HF(kel)ukn (an+1’ykn+1’ Skn+1)H —B(1— Gl)ukn < 0.

when £k, is sufficiently large. Hence according to the definition of 7y, we have ~; > 6! > 0 which
is a contradiction to r; — 0.

So up — 0 as k approaches co.
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Finally we can prove the main convergence theorem.

Theorem 4.3

lim (Xk,yk,Sk) = (X0, Yq,Sq)-

k—so00

Proof. Assume (X, U, 5’) is a limiting point (on subsequence {k,}) of (Xk,yk, Sk).

Because pp — 0 and (X*,y* S*) € N(ux), so (X,g}, 5’) € Nj3(0). Since §3X85 =0 «—
XS = 0, then <X ,g),é') satisfies the optimality condition (2). Hence (X ,y) is a primal-dual
optimal solution pair. Since (Xq,y,) is the projection of (@, ¢) onto the optimal solution set, we

have [[Xq — Q| < HX - QH and |lyg; —qll < |9 —4ll-

Using (8) we get

v —a||" [ — o (g — all + Buts) — Brske? g — al
e R N TR

< 2n/¢,1€;p .
Letting k,, go to oo in the previous inequality, we have

15— all® = 19 = allllyg —all + 1X = QI* — | X = QllIXq — @
= 19— alllg —all = lyg — al) + 1X = QX — @l — | Xq - QlI)

< 0.

Therefore || — q|| = [lys — q|| and | X — Q| = [ Xq — Q||. So (X, ) is also the projection of (Q, q)
onto S, X Sg. But such a pair is unique, then (X,9,8) = (XQ,vq:5q)-
Since {(Xk, Yk, S’k)} is a bounded sequence with (Xq,y,,Sy) as the only limiting point, then

we must have (X%, y*, S*) — (XQ,vq,5¢) as k approaches oco.
[ |
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