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Abstract.

A stock-review inventory model is developed for perishable items with
uniform replenishment rate and stock-dependent demand. The deterioration
function per unit time is a quadratic function of time. The associative cost
function under some constraints is optimized due to the limitation of storage
capacity.
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1. Introduction

The (S, Q) model with lost sales was first discussed by Hadley and Whitin
[1]. They derived an exact formulation of the average inventory cost for an
(S, Q) policy with poisson demand and constant deterministic lead times.
They also presented an easy approximation of the average cost and devel-
oped an iterative procedure to optimize the policy parameters which has
become the standard text book approach [2, 3]. Thereafter, Johansen and
Thorstenson|[4] formulated and solved the same model as a semi-Markov de-
cision model. The first contribution in a continuous review inventory model
was made by Nahamias and Demmy[5]. They analysed an (S, Q) inventory
model with two demand classes, poisson demand, backordering, a fixed lead
time and a critical level policy. The result of Nahamias and Demmy/[5] were
generalised by Moon and Kang[6]. They considered an (S, Q) model with
compound poisson demand, and derived (approximate) expression for the fill
rates of the two demand classes. Cohen et at.[7] consider a periodic review
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(s,S) inventory system where all demand in each period are collected and
by the end of each period the inventory is used to satisfy high-priority de-
mand first and the remaining inventory is then made available for low priority

demand. o
In formulating inventory models, two facets of the problem have been

of growing interest, one being the deterioration of items, the other being
the variation in the demand rate. Among researchers considering inventory
models for deteriorating items, Shah and Jaiswal [8] considred the rate of
deterioration to be uniform, Covert and Philip [9] formulated an EOQ model
for items with variable rate of deterioration, Misra [10] used a two-parameter
Weibull distribution to fit the deterioration rate, and Deb and Chaudhuri [11]
suggested a model with variable rate of deterioration allowing shortages to
occure. Gupta and Vrat [12] considered a model of stock-dependent con-
sumption rate.

In the proposed model , an inventory model is suggested for deteriorating
items with a function of time, quadratic deterioration rate. In the model the
rate of replenishment is uniform, the demand rate is varying with stock-level,
setup cost is considered, limitation of storage capacity is considered.

2. Fundamental Assumptions and Notations

Assumptions:
We adopt the following assumptions and notations for the models to be
discussed.

1. Replenishment rate is infinite but replenishment size is finite,
2. Lead time is zero,
3. No shortages are permitted,

4. The time-horizon is infinite.

Notations:
q(t) - On-hand inventory at time "¢ (> 0) ;
Sh - Starting and ending inventory level;
So - Pick of the inventory level;
P - Finite replenishment rate ;
Cy - Set up cost per cycle;
Ch, - Inventory holding cost per unit per unit time;
C, - Procurement cost per unit item ;
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T - Duration of the cycle;

3. Formulation of the Model

Here we consider the demand rate of perishable items depends upon on hand
inventory. The items undergoes decay at 6(t)I(t) at time t. Generally, dete-
rioration increases to increase of time ¢. Here

Ot) = a+bt+ct’
6'(t) = b+2ct
0"(t) = 2¢

where a = initial deterioration, b = intital rate of change of deterioration , ¢
= acceleration of deterioration.

In this model, uniform replenishment rate starts with inventory (5;) and
continues upto time ¢ = ¢;. The inventory piles up during [0, t;], after
meeting demands in the market. The inventory level at time ¢t = t; is S5.
The storage space is limited here. It can store maximum ( S,,,,) units. Again,
the inventory level reaches at S; at time ¢ = T'. Therefore, the governing
equations of this model are:

d(ii(;) = P—a¢’®—0(t)g, 0<t<t (1)
with q(0) =S and q(t1) = Ss

and
dzl(tt) = —af’ —0(t)qg , t;<t<T (2)

Since the equ.(1) and equ.(2) can not be solved by classical method. So
we can get an approximate solution by Taylor’s Series expansion . This
approximation is valid for short term review period. Now from equ.(1) , we
have

dq
S p_ag® ot
0 ag (t)q
d*q 5-1dq
ST _apg L g
prE afg” = (t)q
dgq
—H(t)—dt
d*q dgq
73 afB(B—1)q (*dt)
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—ozﬁqﬂ‘lM —0"(t)q

A2
N d*q
=20(t) 2 — () >

Now using the initial condition, we have

dq

[%]t:to P—aSP —aS; = My(Sy) (> 0) (say),

for feasibility of the model,

2
[(ét‘j]t:to —aBPSP 4 0?8527 + afaS?
—aP + aaSY + a8y — bSy = N1(S1) (say)
d’q 3 36—1 3 2 @38-2
[%]tﬂfo — 5(5 - 1)51 —a’f°S]

—(3aa’B® = 2Pa*B(8 — 1))S77" — 2a0”8(8 — 1)5}°
+a?32PSYP — alaB(6 — 1)S7H!

—{a*a + 2a%a83 — afb — 2aPaf(3 — 1) — 2ab}SY
+(2aPaf — af(B —1)P?)S/™

—(a® — 3ab + 2¢)S; + (a® — 20)P = R,(S1) (say).

Neglecting higher order of the expansion of ¢(t), we have

o) = 40+t

d>q, t dq,

=y T lgpleug
N
= Si+ M(S).t+ 1(251).# + Rlésl).t?’ ,0<t<t
Similarly, from equ.(2), we have
Ny (S,
q(t) = S+ Ms(Sy)(t —t1) + 2(5) (t —t;)>
+R2(S2)(t —t)?, L <t<T

6
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where

My(Sy) = —aSy — (a+ bty + ct?)S,

No(Sp) = a®485" " +a(B+ 1)(a+ bty + cf})S)
+{(a+ bty + ct3)? — (b + 2ct1)} S,

Ry(Sy) = —a’f(6—1)8"" — o837
—3aa®8253° 7 — 200%3(8 — 1)55°
—d®afB(B - 1)S5T — {d®a + 2a%ap
—afb — 2ab}Sy — (a® — 3ab + 2¢)S,

Using the condition ¢(t1) = S5 in equ.(3), we have
Ry(S1)t7 + 3Ny (S1)t7 + 6My(S1)t + (51— S5) = 0 (5)

Here S; — Sy < 0, as Sy > S; and M;(S;) > 0 . Therefore, by Descarte’s
rule, it may have at least one positive real root. This equation can be solved
by Cardon’s method. One real root of the above equation is (see Appendiz)

t, = {-3R3(S; — S9) + 3N\ M R, — N}

1
7l
+y/(BR}(S — S5) — NI My Ry + NP)2 + (2My Ry — N?)3 }5
+{—3R3¥(S; — S) + 3N, M R, — N}

—\/(33%(51 — S3) = 3NIMiR; + N§)2 + (2M Ry — N7)3 }3] — —*

Similarly, using the condition ¢(T") = S in equ.(4), we have
Ry(S2)(T — t1)° + 3No(So)(T — #1)?
FOMa(52)(T —t1) + (52 = 51) = 0 (6)

Here S; — Sy < 0, as Sy > S; and M3(S;) < 0 . Therefore, by Descarte’s
rule, it may have at least one positive real root. This equation can be solved
by Cardon’s method. One real root of the above equation is (see Appendiz)

1
T = ﬁ[{—ng(Sg — S1) + 3Ny MyRy — N3
2

ol

+/(3R3(S5 — S1) — 3BNoMaR, + N3)? + (2MaR, — N3P}
+{=3R5(S2 — S1) + 3Ny MyRy — Nj
—J(BR3(S; — $1) — 3Ny My Ry + N§)* + (2My R, — N3)P }]

N
R, !
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Therefore, the total average cost is
1 t1
AVO(S),8) = IOl / £)dt + / 1)dt} + C, + kPt)]

3 4
- [Ch{51t1 —|— Ml(Sl) —|— Nl(Sl) 6 —|— R1<Sl)24
t)?

+5,(T — 1) +M2(52><t2‘2 VTR At

6
@;h)}H7+CPm (7)

Na(S52)
+Ry(Ss)

Now we have to

Minimize — AV C(Sy,52)
such that S1 > 0,

P> oleﬁ + asSi,
SQ > SlJ
SQ S Smaw-

The above constrained minimization problem can be solved by Interior Penalty
Function Method or any other Software .

4.Conclusion

One of the important problems to a supply manager in modern organi-
zation is the control and maintenance of inventories of deteriorating items.
For some items, such as steel, hardware, toys, and glassware, the rate of
deterioration is so low that there is little need for considering deterioration
in the determination of the economic lot size. However, there are numerous
types of storage so that in time they become partially or unfit for consump-
tion. For example, lysis or the disintegration of red blood cells renders blood
unacceptable for transfusion twenty-one days after the blood is drawn. Fresh
produce, meats, and other foodstuffs becomes unusable after a certain time
has elapsed. Photographic film and drugs are further examples of items that
have a limited useful lifetime. It is now evident that in many systems, the
impact of deterioration or perishability cannot be neglected.

It is real fact that, in a supermarket, a large piles of goods motivated
the customer to by more. So the demand rate should be a function of the
stock-level. In the existing literature, deterioration rate is considered as
constant, linear function of time, and weibull distribution. But we have
considered the deterioration is a quadratic function of time. Because, when
deterioration starts then it is accelerated with time. So the purpose of our
model is to reduce the inventory cost and deterioration at optimal inventory-
level , production-run-time and inventory-review-level.
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Appendix:
Here Rl(Sl)t? -+ 3N1(Sl)t% + 6M1(S1)t1 + 6(51 — SQ) = 0,

or,

34+ 3B1t3 +3C1t,+D; = 0 (8)
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wher B, = % , 0 =20 Dy = w. Let the roots of equ.(8) are

diminished by h such thatl the 2nd degrele term is removed. Let «, 3,7 be
the roots of this equation . To diminish the roots of this equation by h , we
put t; = y + h and the transformed equation is

y> +3(h+ B1)y* + 3(h* + 2B1h + Cy)y
+(h* +3B1h* +3C1h+D;) = 0 (9)

Next we remove the second term by effecting h+ B; = 0, so that h = —B; =

— M and the equation becomes

R1
Y2 +3(Cy — By + (D, — 3B,C, +2B3) = 0 (10)
Using the symbols
H = C —-B?

Ml Nl 2

— ot (1
Ry (Rl)
1

= ﬁ%(QMlRl - NY),

G = D;—3B,C, +2B}
2
= Rf%{zaR%(sl — S) = 3N, MR, + N},

the transformed equation is
v +3Hy+G = 0 (11)

The roots of this equarion are thus a—h, 3—h,y—h , i.e., a+ By, 3+ B, v+ B;.
By cardon’s method, we have at least one real root of equ. (11) that is

[FGHVCRRAT) 5 [=G=VEPHHT]5  Therefore, the real root of equ.(8) is

—G+ VG2 + 4H3] -G —VG? + 403
2 2
1
= E[{—Z&Rf(& — Sy) 4+ 3N, MR, — N3

W=

to= | + |5 + B,

ol

+/(BRA(S) — S3) — BN{ My Ry + N})? + (M Ry — N2)3 }
+{-3R3(S; — S3) + 3N, MR, — N?
—JBR¥(S\ — S5) — BN My Ry + N?)2 + (2M; Ry — N2)3 }3]

~& (12)
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