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ASSOCIATED CURVES OF NON-LIGHTLIKE CURVES DUE TO
THE BISHOP FRAME OF TYPE-1 IN MINKOWSKI 3-SPACE

YASIN UNLUTURK!?, SUHA YILMAZ2, MURADIYE GIMDIKERS, SINEM SIMSEK*

ABSTRACT. In this study, we define Mj, Ma-direction curves and Mj, Ma-
donor curves of non-lightlike curve « via the Bishop frame in E'iq’ We give
some relations about the forementioned curves via the link of the Frenet and
Bishop frames. We study the condition for associated curves to be slant helices
via the Bishop frame. After defining the spherical indicatrices of associated
curves, we obtain some relations between associated curves and their spherical
indicatrices in terms of the frames used in the present work.

1. INTRODUCTION

There are lots of interesting and important problems in the theory of curves at
differential geometry. One of the interesting problems is the problem of character-
ization of a regular curve in the theory of curves in the Euclidean and Minkowski
spaces, see, [9]. Also there are special curves which are obtained under some defi-
nitions such as Smarandache curves, spherical indicatrices, and curves of constant
breadth, and etc.

Special curves are classical differential geometric objects. These curves are ob-
tained by assuming a special property on the original regular curve. Some of
them are Smarandache curves, curves of constant breadth, Bertrand curves, and
Mannheim curves, etc. Studying curves can be differed according to frame used for
curve. Recently, in the studies of classical differential geometry of curves, one of the
most used frames is parallel transport frame, also called Bishop frame which is an
alternative frame needed for non-continously differentiable curves on which Bishop
(parallel transport frame) frame is well defined and constructed in Euclidean and
its ambient spaces [3].

The construction of the Bishop frame is due to L. R. Bishop in [3]. That is why
he defined this frame that curvature may vanish at some points on the curve. That
is, second derivative of the curve may be zero. In this situation, an alternative
frame is needed for non continously differentiable curves on which Bishop (parallel
transport frame) frame is well defined and constructed in Euclidean and its ambient
spaces [4, 5, 20]. The advantages of Bishop frame, and comparisons of Bishop frame
with the Frenet frame in Euclidean 3-space were given by Bishop [3]
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Choi and Kim introduced the notion of the principal (binormal)-direction curve
and principal (binormal)-donor curve of a Frenet curve in E? and gave the rela-
tionship of curvature and torsion of its mates [7]. Also Choi et al. introduced the
notion of the principal (binormal)-direction curve and principal (binormal)-donor
curve of a Frenet curve in E? and gave the relationship of curvature and torsion of
its mates [7]. Korpmar et al. obtained new associated curves by using the Bishop
frame in Euclidean 3-space E® [12]. There are also new approaches to the theory
of curves due to the Bishop frame in Heisenberg groups [13, 14].

Macit and Diildiil gave new associated curves by using the unit Darboux vector
field of the Frenet curve in E3 and E* [17]. Yilmaz investigated associated curves
according to the Bishop frame of type-2 in Euclidean 3-space E? [21]. Kiziltug and
Onder gave the general definition of associated curves of a Frenet curve in three
dimensional compact Lie group G, and also characterized these curves in that Lie
group [11].

Mak and Altinbag studied special associated curve of a non-degenerate Frenet
curve according to the Sabban frame in anti de Sitter 3-space, and then gave some
characterizations of these curves in the forementioned space [18].

In this study, we define My, Ms-direction curves and My, Ms-donor curves of
non-lightlike curve 7 via the Bishop frame in E. We give some relations about
the forementioned curves via the link of the Frenet and Bishop frames. We study
the condition for associated curves to be slant helices via the Bishop frame. After
defining the spherical indicatrices of associated curves, we obtain some relations
between associated curves and their spherical indicatrices in terms of the frames
used in the present work.

2. PRELIMINARIES

The Minkowski three dimensional space E} is a real vector space E3 endowed
with the standard flat Lorentzian metric given by

(2.1) (,) = —dx? + d2 + da?

where (71,9, 73) is rectangular coordinate system of E3. Since g is an indefinite
metric. Let u = (u1,us,u3) and v = (v1,v9,v3) be arbitrary an vectors in E}, the
Lorentzian cross product of v and v defined by
—i j k
UXv=— Uy U2 U3
U1 V2 U3

Recall that a vector v € E§ can have one of three Lorentzian characters: it can
be spacelike if g(v,v) > 0 or v = 0; timelike if g(v,v) < 0 and null(lightlike) if
g(v,v) = 0 for v # 0. Similarly, an arbitrary curve § = d(s) in E$ can locally be
spacelike, timelike or null (lightlike) if all of its velocity vector ¢' are respectively
spacelike, timelike, or null (lightlike), for every s € I C R. The pseudo-norm of an
arbitrary vector a € E} is given by

lall = v/{a, a)].

The curve § = d(s) is called a unit speed curve if velocity vector ¢' is unit i.e,
|6']] = 1. For vectors v,w € E? it is said to be orthogonal if and only if g(v,w) = 0.
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Denote by {T, N, B} the moving Serret-Frenet frame along the curve § = 4(s) in
the space E3 [16, 19].

For a unit speed spacelike curve with first and second curvature(torsion), x(s)
and 7(s) the following Serret-Frenet formulae in E3} are given as

T 0 & 0 T
(2.2) N =~ 0 7 |.| N
B 0 7 0 B

where v = F1 [16]. If v = 1, then d(s) is a spacelike curve with spacelike principal
normal N and timelike binormal B and define Serret-Frenet invariants, (see, [16])

T(s) = 0(s), ls) = IT@), Ny = =,

B(s) =T(s) x N(s) and 7(s) =< N'(s), B(s) > .

If v = —1, then 4(s) is a spacelike curve with timelike principal normal N and
spacelike binormal B then we write

T(s) =9'(s),k(s) = \/_ <T(5),T(s) >, N(s) = 1/:(;))7

B(s) =T(s) x N(s) and 7(s) =< N'(s), B(s) > .

The Lorentzian sphere S? of radius » > 0 and with the center in the origin of
the space E3 is defined by

S2(r) =A{p = (p1,p2,p3) € E? : (p,p) = r*}.

The pseudo-hyperbolic space HZ of radius r > 0 and with the center in the origin
of the space E3 is defined by

H¢(r) = {p = (p1,p2.p3) € E} : (p,p) = —1?}.

The Bishop derivative formula of type-1 of a spacelike curve with spacelike prin-
cipal normal is given

T/(S) 0 Ifl ]{72 T(S)
(2.3) M) |=] kn 0 0 M (s)
Mé (S) —kg 0 0 Mg (8)
in E3. Also, the relation between Frenet and Bishop frame of type-1 is given as
T(s) 1 0 0 T(s)
(2.4) N(s) | = | 0 coshf sinh@ |.| Mi(s) |,
B(s) 0 sinhé coshd My (s)
where the angle
k
(2.5) 0 = arctan h—.

1
And also there are the following expressions

(2.6) k(s) = VK3 (s) — E2(s), T(S)Z‘dif)

where k(s) and 7(s) are the curvature and torsion functions of the curve a(s), see

[20].
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Proposition 2.1. Let ¢(s) be a spacelike curve with curvatures x and 7. The
curve ¢ lies on the Lorentzian sphere if and only if

2liad)=1,
see [9].

Proposition 2.2. Let ¢(s) be a spacelike curve with curvatures x and 7. The
curve ¢ is a general helix if and only if

K

(2.7) — = constant,
T

see [9].

Proposition 2.3. Let ¢(s) be a spacelike curve with curvatures  and 7. The
curve ¢ is a slant helix if and only if

K2

(2.8) o(s) =

73(1)‘ = constant,
(K2 +72)2 F

see [9].
Theorem 2.4. Let v : I — E} be a unit speed spacelike curve with a spacelike
binormal curve with nonzero natural curvatures. Then + is a slant helix if and only

k
if X is constant [4].
k2

3. MAIN RESULTS

In this section, we give some characterizations of associated curves of a spacelike
curve via the Bishop frame of type-1 in Minkowski 3-space.

3.1. Associated Curves of Spacelike Curves Due to the Bishop Frames of
Type-1. In this section, we define some associated curves of a spacelike curve

due to the Bishop frame of type-1 in E3. For a Frenet frame v : I — E3, consider
a vector field V' given by the Bishop frame o type-1 as follows:

(3.1) V(s) = u(s)T(s) + v(s)Mi(s) + w(s)Ma(s),
where u, v, and w are functions on I satisfying
(3.2) u?(s) —v%(s) + w?(s) = 1.

Then, an integral curve ¥(s) of V defined on I is a unit speed curve in Ef.

Definition 3.1. (M;—direction curve) Let v be a spacelike curve in Ef. An
integral curve of M; is called M;—direction curve of v due to the Bishop frame of

type-1.

Remark 3.2. A M;—direction curve is an integral curve of the equation (3.1)
with u(s) = w(s) = 0,v(s) = 1.
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Definition 3.3. (Mz—direction curve) Let v be a spacelike curve in Ef. An
integral curve of M5 is called Ms—direction curve of v due to the Bishop frame of
type-1.

Remark 3.4. A M;—direction curve is an integral curve of the equation (3.1)
with u(s) = v(s) =0, w(s) = 1.

Theorem 3.5. Let 7 be a spacelike curve in E} with the curvature x and the
torsion 7, and 7 be the M;j—direction curve of v with the curvature & and the
torsion 7. Then we have

T=M, N=T, B=M,
R=ki, T=—ko.

Proof. First, from Definition 3.1, we write that

(3.3) ¥ =T = M,.
Differentiating (3.3) and then taking its norm, we find
(3.4) R=k
for k1 > 0. Differentiation of (3.3) with using of (3.4) gives us
(3.5) N=T.
The vectorial product of T and N is as follows:
(3.6) B=TxN.
Using (3.3), (3.5) in (3.6) we find that
(3.7) B = M.
Finally, differentiating (3.7) and using (3.5) in it, we have
(3.8) 7= —ks.

Corollary 3.6. Let v be a spacelike curve in E and 7 be the M;—direction
curve of . The Frenet frame of 7 is given in terms of the Bishop frame of type-1
as follows:

S|

(s) = Mi(s),
(5) = cosh( / koo (5)ds) T (s) + sinh( / oo (5)ds) TTa (s),
B(s) = sinh(/kg(s)ds)ﬂl (s) + COSh(/kQ(S)dS)Mg(S).

=

(3.9)

Proof. It is straightforwardly seen by substituting (3.4) and (3.8) into (2.4).

Corollary 3.7. If the curve v is a Mj—donor curve of the curve 7 with the
curvature £ and the torsion 7, then the curvature x and the torsion 7 of the curve
~ are given by

2
(3.10) R=VT2-R, 7= i

7 —F
Proof. Taking the squares of (3.4) and (3.8) , then subtracting them side by
side by using (2.6) gives us the equation (3.10).
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Corollary 3.8. Let v be a spacelike curve with the curvature x and the torsion
7in E and 7 be the M; —direction curve of v with the curvature % and the torsion
7. Then it satisfies
=2

T K
annvuv, I<.: 3(

(3.11) e ;

R R

Proof. It is straightforwardly seen by substituting (3.4), (3.8) and (3.10) into
(2.5).

Proposition 3.9. Let « be a spacelike curve in E and 7 be the M; —direction
curve of 7. Then the M;—direction curve of 7 equals to v up to translation if and
only if

u(s) = sin(f/kQ(s)ds), v(s)=0and w= Sil’l(*/kg(S)dS).

Proof. Differentiating (3.2) with respect to s gives
(3.12) wu' —vv' +ww' = 0.
Similarly differentiating (3.1) with respect to s, we obtain
(3.13) V' = (v + vky — wka)T + (uky + 0" )My + (uks + w') Mo,
since V'(s) =7"(s) =T =&N, 7 is the M;—direction curve of v, i.e., ¥/ (s) =T =
M if and only if

u + vk — wky =0,
(3.14) uky +v" # 0,
uko +w' = 0.

Multiplying the third equation in (3.14) with w and substituting it into (3.12), we
have

(3.15) uwky = uu’ —vv'.

Similarly multiplying the first equation with « and putting such an obtained equa-
tion into (3.15), we have v(uk; + v') = 0. Since uky + v’ # 0, it follows that v = 0.
Hence the solutions of (3.14) which hold (3.12) are given by

u(s) = sin(— / ka(s)ds), v=0, and 1w = cos(— / o (5)ds).

Definition 3.10. An integral curve of sin(f/kQ(s)ds)T(s)+cos(f/k2(s)ds)Mg(s)

in (3.1) is called a M;—donor curve of .

Theorem 3.11. Let v be a spacelike curve in E} with the curvature x and
the torsion 7, and 7 be the M;—direction curve of v with the curvature ¥ and the
torsion 7. Then we have

Proof. First, from Definition 3.3, we write that
(3.16) ¥ =T = M.
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Differentiating (3.16) and then taking its norm, we find

(3.17) k= —ko
for k1 > 0. Differentiation of (3.16) with using of (3.17) gives us
(3.18) N=T
The vectorial product of T and N is as follows:
(3.19) B=TxN.
Using (3.16), (3.18) in (3.19) we find that
(3.20) B =M.
Finally, differentiating (3.20) and using (3.18) in it, we have
(3.21) 7=k

Corollary 3.12. Let v be a spacelike curve in E? and 7 be the My—direction
curve of . The Frenet frame of 7 is given in terms of the Bishop frame of type-1
as follows:

Sl

(s) = Ma(s)
(s) = cosh(f/kl(s)ds)ﬂl (s)+ sinh(f/kl(s)ds)ﬁg(s),
(5) = sinh(— / ki (5)ds) 71 (s) + cosh(— / ot (5)ds) W (5).

=

(3.22)

il

Proof. It is straightforwardly seen by substituting (3.17) and (3.21) into (2.4).

Corollary 3.13. If the curve v is a Mj;—donor curve of the curve 7 with the
curvature £ and the torsion 7, then the curvature x and the torsion 7 of the curve
~ are given by

(3.23) k= \E—72, r:(7r<3X—;Y

Proof. Taking the squares of (3.17) and (3.21) , then subtracting them side by
side by using (2.6) gives us the equation (3.23).

Corollary 3.14. Let v be a spacelike curve with the curvature x and the torsion
7in E and 7 be the My—direction curve of v with the curvature % and the torsion

7. Then it satisfies
=2
T T
= —cothf, —=——-(—
. -

R
(R? —72)2 7

(3.24) )

R

Proof. It is straightforwardly seen by substituting (3.17), (3.21) and (3.23) into
(2.5).

Proposition 3.15. Let v be a spacelike curve in E? and 7 be the M, —direction
curve of 7. Then the My—direction curve of 7 equals to v up to translation if and
only if

u(s) = cosh(—/kl(s)ds), v(s) = sinh(—/kl(s)ds) and w=0.
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Proof. Differentiating (3.2) with respect to s gives
(3.25) wu' —vv' +ww' = 0.
Similarly differentiating (3.1) with respect to s, we obtain
(3.26) V' = (v + vky — wka)T + (uky + v") My + (uks + w') Mo,
since V'(s) =7"(s) =T =&N, 7 is the My—direction curve of v, i.e., ¥ (s) =T =
My if and only if

u + vky —wky = 0,
(3.27) uk +v' =0,
uky +w' # 0.

Multiplying the second equation in (3.27) with v and substituting it into (3.25), we
have

3.28 —uvk; = uwu' + ww'.
(

Similarly multiplying the first equation with u and putting such an obtained equa-
tion into (3.28), we have w(ukz +w’) = 0. Since uks +w’ # 0, it follows that w = 0.
Hence the solutions of (3.27) which hold (3.25) are given by

u(s) = cosh(—/kl(s)ds), v = sinh(—/kl(s)ds), and w=0.

Definition 3.16. An integral curve ofcosh(—/k1(s)ds)T(s)—i—sinh(—/kl(s)ds)Ml(s)

in (3.1) is called a My—donor curve of 7.

3.2. Associated Curves as Slant Helices Due to the Bishop Frame in Ej}.

Theorem 3.17. Let v be a spacelike curve in E3,

(i) 7 be the M;—direction curve of v, Then  is a slant helix due to the Bishop
frame in E} if and only if 7 is a general helix whose Bishop curvatures of type-1
satisfy

(3.29) (EQ(S),Q El(s))% El(s) )/ — const.
k1 (s) ka(s)

(i) 7 be the My—direction curve of v, Then v is a slant helix due to the Bishop
frame of type-1 in E3 if and only if 7 is a general helix whose Bishop curvatures of
type-1 satisfy

72 —
kq(s ka(s
(3.30) — 1(7)2 —(= (=)
(Fy(s) - () Fa(s)

)

Proof. (i) Since 7 is a slant helix due to the Bishop frame of type-1 in E3}, it
satisfies

(3.31)

= const.,
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using (3.4) and (3.8) in (3.31), we have

k1<8) R
3.32 =——.
( ) kQ(S) T
The expressions (3.31) and (3.32) together mean that 7 is a general helix. Using
the Bishop invariants of type-1 of the M;—direction curve 7 and making straight-
forward calculations in (3.32) gives the relation (3.29).
(ii) Since 7 is a slant helix due to the Bishop frame of type-1 in E}, it satisfies

Fls) _ cons
(3.33) Eale) = COnSt
using (3.17) and (3.21) in (3.33), we have
ki(s) T
(3.34) O

The expressions (3.33) and (3.34) together mean that the My—direction curve 7
is a general helix. Using the Bishop invariants of type-1 of the Ms—direction curve
7 and making straightforward calculations in (3.34) gives the relation (3.30).

Corollary 3.18. Let v be a spacelike curve in £}, (i) the M;—direction curve
7 is a timelike curve. (ii) the Ms—direction curve 7 is a spacelike curve.

Proof. It is straightforwardly seen from definitions of M; and Msdirection
curves that (i) the M;—direction curve 7 is a timelike curve since

<7/77/> = <TvT> = <M17M1> =-1,
(ii) the My—direction curve 7 is a spacelike curve since
7. 7)=(T,T) = (Mz, M) = 1.

3.3. Bishop Spherical Images of M;—Direction Curves in E.

3.3.1. Tangent Bishop Spherical Images of a Regular M,— Direction Curve
5 in E}. Definition 3.19. Let ¥ = 7(s) be a M;—direction curve of v in E3. If

we translate the tangent vector field of the Bishop frame of type—1 to the center
O of the unit Lorentzian sphere S?, we obtain a spherical image o = a(s,). This
curve is called the tangent Bishop spherical image of the curve 7 = 7(s).

Let @ = «a(s,) be the tangent Bishop spherical image of a regular curve ¥ = 7(s).
Differentiating of o with respect to s gives

o = di% = Elﬂl —‘r%gﬁg.
dss ds
Here, we denote derivative according to s by a dash, and to s, by a dot. In terms
of the Bishop frame of type-1 in (2.3), we obtain the tangent vector of the spherical
image as follows:
T kiMy + koMo ﬁﬂl . @Mm

(3.35) 0= —=
Vs 4+ Fa Fa
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where

dsg, [—2 2
%Z k1+k2:K/(5):k1(5).

In order to determine the first curvature of o, we write

_ — k k
Ta=—T+(k—1 2

i
22yT,.
kl) 2

)My + (

Thus we find

(3.36) Fa = HT _ \/1+[<’,2>'12+[<’;j>'12-

Therefore, we have the principal normal

iy
N = e N k7,
\/ 1t [(%)/12 + [(’;—jw ¢ 14 [(%)/P 4 [(Z—jw
%
(k2)
+ k1 M.

\/ LI+ (P

By the cross product of T, x N, we obtain the binormal vector field

ki kay, kR, ks
Ea: kl kl kl kl T+ kl Ml
Eiypo k2 Eiyno k2
\/1+[<k1>1 P P
k1
_ k1 .
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By means of the obtained equations, we express the torsion of the tangent Bishop
spherical image as follows:

o 1 v EBE b
\/1+[<’;1>/2 (2 \/1+[(:I)’P (2P
kl/ EQ
Y y h
% ko k1 ks
LG+ (P % GV + G272
(3.37) \/ kli g g B g
+ — 1 — ’ — 1 —
\/ LY+ (P \/ LG+ (G
Ry ey ke kg ke by ey R
I "k ki "Ry L ka ki ks ki k
LHGRHIEYE LR+ G

Consequently, we determined the Frenet-Serret invariants of the tangent Bishop
spherical image of M;—direction curve 7 in terms of the Bishop invariants of type-
1.

Corollary 3.20. Let @ = a(s,) be the tangent Bishop spherical image of a
regular M;—direction curve 7 = 7(s). If the curve ¥ = 7(s) is a slant helix due to
the Bishop frame, then the tangent spherical image « is a circle in the osculating
plane.

3.3.2. M, Bishop Spherical ITmages of a Regular M,— Direction Curve 7
in E3}. Definition 3.21. Let § = 7(s) be a M;—direction curve of v in E}. If we

translate the M, vector field of the Bishop frame of type—1 to the center O of the
unit Lorentzian sphere S?, we obtain a spherical image 3 = 3(sg). This curve is
called the M; Bishop spherical image of the curve 7 = 7(s).

Let B = B(sg) be the My Bishop spherical image of a regular curve § = 7(s).
Differentiating of 8 with respect to s gives

dg dsg +— =
= — 2 = T.
p dsg ds !
Thus we have
_ _ d _
(3.38) Ts=T = M, and % =%
s
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Since M is a timelike vector, (3 is also a timelike curve from (3.38). One calculate

or

Then we find the curvature of 3 as

(3.39) T ﬂ . kl + k2
kl

Therefore, we have the prlnClpal normal

_ k _ L _
Ny = =M+ ——= >
ki + ko ki + ko

By the cross product of T3 x N, we obtain the binormal vector field

_ 2 _ 2 _
b= M) — ———1M,
2 2 2 2
ki + ko \V k1 + ks
By means of the obtained equations, we express the torsion of the M; Bishop
spherical image of a regular curve 7 = 7(s) as follows:
= -
kiky — ki k
(3.40) 7= 2172

Consequently, we determined the Frenet-Serret invariants of the M Bishop spher-
ical image of M;—direction curve ¥ in terms of the Bishop invariants of type-1.

Considering the equations (3.39) and (3.40) by Theorem 2.4, we have

Corollary 3.22. Let 3 = 3(s3) be the M Bishop spherical image of a regular
M —direction curve 7 = 7(s). If the curve ¥ = F(s) is a slant helix due to the
Bishop frame, then the M, Bishop spherical image 8 is a circle in the osculating
plane.

In the light of Propositions 2.2, and 2.3, we give the following results without
proofs:

Corollary 3.23. Let 8 = 3(s3) be the M; Bishop spherical image of a regular
M;—direction curve 7 = F(s). If the curve ¥ = F(s) is a general helix due to the

Bishop frame, then the Bishop curvatures of S satisy
—2 2,3
ki+ky)2

ﬁ—,?,)i = constant.

Corollary 3.24. Let 8 = (sg) be the M; Bishop spherical image of a regular
M;—direction curve 7 = F(s). If the curve ¥ = 7(s) is a slant helix due to the
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Bishop frame, then the Bishop curvatures of § satisy
Fy + Ky Foky — Fikaka,,
B (Rt F)?
By +Fky | Fiky —Eiks.,
(=%
kl ki + kg

= constant.

(

3.3.3. M, Bishop Spherical Images of a Regular M,— Direction Curve 7
in E}. Definition 3.25. Let ¥ = ¥(s) be a M;—direction curve of v in E}. If

we translate the My vector field of the Bishop frame of type—1 to the center O of
the unit Lorentzian sphere S2, we obtain a spherical image § = §(s;). This curve

is called the M Bishop spherical image of the curve 7 = 7(s).

Let 6 = §(ss) be the My Bishop spherical image of a regular curve § = 7(s).

Differentiating of  with respect to s gives

dé d85 - =
= —— = k,T.
dss ds 2
Thus we have
(3.41) Ty =T = M, and % — T,
Since M is a timelike vector, § is also a timelike curve from (3.36). One calculate
., d o
T, = Tz;% = %1 M, + koMo

or

Then we find the curvature of § as

(3.42) T6

]4}1 + k’2
kz

Therefore, we have the principal normal

_ k _ Lk _
i= 5t =

By the cross product of Ts x N, we obtain the binormal vector field

b= \/Ef+E§ \/kl—s—kQ

By means of the obtained equations, we express the torsion of the M, Bishop

spherical image of a regular curve ¥ = 7(s) as follows:
E1E; i ey
kl + k2
Considering the equations (3.42) and (3.43) by Theorem 2.4, we have

(3.43) Ts =
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Corollary 3.26. Let § = 6(ss) be the M, Bishop spherical image of a regular
M, —direction curve ¥ = F(s). If the curve 5 = %(s) is a slant helix due to the
Bishop frame, then the M, Bishop spherical image ¢ is a circle in the osculating
plane.

In the light of Propositions 2.2, and 2.3, we give the following results without
proofs:

Corollary 3.27. Let 3 = 3(s3) be the My Bishop spherical image of a regular
M —direction curve 7 = F(s). If the curve ¥ = F(s) is a general helix due to the
Bishop frame, then the Bishop curvatures of ¢ satisy

—2 2
(k) +k3)2
e R o

— = constant.
klekQ - kle

Corollary 3.28. Let 3 = 3(sg) be the My Bishop spherical image of a regular

My —direction curve 7 = 7(s). If the curve ¥ = F(s) is a slant helix due to the
Bishop frame, then the Bishop curvatures of § satisy

By + Fy Fikoky — iy,

—2 2 —2.:

ko (k1 + ko)2
Fy+ky | kiky — Kiko.,
2 + ( —2 —2 ) )
ko ky + ko

= constant.

(
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