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Abstract

In this paper, we propose a technique for solving a separable non linear
programming problem (SNPP) by approximating each separable function
by a piecewise linear function and then Modified Fourier Technique is
used. Earlier Gauss Elimination, Fourier Technique and Modified Fourier
Technique have already studied for linear programming problem. Here
we use Modified Fourier Technique in which the numbers of additional
constraints generated are reduced to a considerable extent by selecting
the appropriate variable for elimination. To explain our technique, few
numerical examples of different types are given at the end.
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1. Introduction
In nonlinear programming problem (NLPP) either objective function or

constraints or both may be non linear. Separable programming is a
particular class of NLPP which is important because it allows a non
linear program to be approximated with arbitrary accuracy with a linear
programming model. In this techniqgue each non linear function is
reframed with a piecewise linear approximation. Once a non linear
program is reduced to linear program then Modified Fourier Technique is

applied to obtain the solution.
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The problem of solving a system of linear inequalities dates back at least
as far as Fourier who in 1827 published a method for solving them and
after whom the method of Fourier-Motzkin elimination is named. A lot of
methods are available to solve linear as well as non linear programming
problems. In [3] Karmarkar gave a new polynomial time algorithm for
linear Programming problem. In [2] Williams gave a method to solve
linear programming problem by Fourier Technique. In [4] Kanniappan,
Thangavel studied Modified Fourier Technique of solving linear
programming problem. Jain and Mangal [6, 7, 8] studied various
elimination techniques for Fractional Programming Problem. In [9] Jain
studied Fourier elimination technique for multi-objective linear
programming problem. In [10] Jain proposed Modified Gauss Elimination
Technique for solving SNPP. Jain [11, 12] studied Fourier Elimination
and Gauss Elimination Technique for Multiobjective Fractional
Programming Problem. In [5] Bhargava and Sharma applied Extended
Modified Fourier method to solve integer programming problem. In [1]
Gaur and Arora studied Multi-level multi-objective integer linear
programming problem.

The main difference between Gauss Elimination Technique and Modified
Fourier Technique is that in Gauss Elimination Technique variable is
arbitrary selected for elimination while in Modified Fourier Technique
proper variable is selected for elimination using specific rule.

The purpose of this paper is to use modified Fourier technique for
solving a separable non linear programming problem by selecting a
variable for elimination, which will eliminate all variables step by step
until one variable left and finally by back substitution we will get the

value of variables and get optimal solution.
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2. The Problem

Let f(x) and g(x) be a real-valued functions on X. Let f(x) is function to be
optimized so non linear program can be represented as follows
Max./Min. z = f(x)

subject to, gi(x) < b,
x=0
for 1,2, ,m and x € X (2.1)

Because we are considering separable non linear programming
problems so f(x) and g(x) can be expressed as
f(x) = Xz fi(%)

gi(x) = Xz 9ii(x) (2.2)

Using equation (2.2) in (2.1) the above problem is written as
Max./Min. z = ', fi(x)
subject to, =1 gi(X)< b forj=1,2,......... , m
Xi=0 for i=1,2,............ n (2.3)

3. Methodology

Let us consider the following nonlinear programming problem
Max./Min. z = Y7, fi(x)
subject to, 1 gi(X) < b forj=1,2,........... ,m
X, =0 fori=1,2,..cc....... n (3.1)

To solve this problem, we first find range of x; corresponding to non
linear terms. We partition each x; of non linear term into (ri+1) grid points.
As the number of grid points increases, the accuracy also increases.
Suppose x; ranges from lito u; and also let

[ = XK1 e, Xr1<X; = U;
Suppose (k+1)" sub interval is [Xy, Xxs1] SO
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X = Axk+ (1-1) X1 (3.2)
where, 0<1<1
Now writing A as A,and (1-1) as Ax.1.We get from equation (3.2)

X = AXct A Xie1 Akt A1 = 1
where 0< AAki1 <1 (3.3)
In general if Xo<xi<x, then
Xi = Xk=0 Xk

and Y=ot =1 (3.4)
Now at most two A, are positive and if two A, are positive then they must
be consecutive.

Let (X, f(Xx)) and (Xk+1,f(Xk+1)) be two points. Then equation of this line is

as follows
f(X) = 060 + ————(0X41)-F0)) = A4 H(L-2)f(X4e1)
Xk+1"Xk
where  (1-1) = —*%— (3.5)
Xk+1"Xk

From equation (3.5), f(x) will reduce to

f(X) = Af(Xk) + Akerf(Xir1)
where, A+ A1 =1 (3.6)
In general fi(x;) and gj(x;) is represented as

fi(x) = X_o Aif(Xc)

gi(%) = Xplo MiikXi)  with ¥ 4 =1 (3.7)
Here also atmost two A, are greater than zero and they must be

consecutive. Using equation (3.1) and (3.7) the problem becomes as

follows

Max./Min. z =Y, 3 Auf(Xi)
subject to, Y, ML, AGik(Xi)< by forj=1,2....... m

Xi= 0 fori=1,2....... n (3.8)
where, rodik =1 and 0< A< 1
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4. Modified Fourier Technique

In the problem defined by (3.8), we assume objective function as

constraints so linear program becomes as follow
Z-Yi ZZ‘;O Aif(xi) <0
m Yo AGik(Xi) — b < 0

X< 0 fori=1,2....... n (4.1)
Now above inequalities is represented as follows
Ax-b <0
Now construct I;'l;” and I,~0 for each variable j (except z) as follow
" = {ii A>0}
7 = {ii A<O0 }
1 = {ir Aj=0}

If any one of the sets I;" or |, is empty for a variable then the given linear
problem is unbounded. Otherwise find minimum { [I;" | * | I; | } where |C|
denotes the number of constraints in the set C. Let | be the index
corresponding to the minimum then eliminates this variable using Fourier
variable elimination method. Repeat above steps until one programming

variable is left and then by back substitution get optimum solution.

5. Numerical Examples

Here following three types of NLPP are considered in which
(a) Only objective function is non linear
(b) Only constraints is non linear

(c) Both objective function and constraints are non linear

(a) Let us consider NLPP in which objective function is non linear and

constraints are linear
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Max z = X;2-2X;+X,
subject to, X, +2X%X, <5
2X1+ X, <6
X1, X2 =0
From above constraints
0<x<?2
Let f1(X1) = X,%-2X,
fo(X2 = X2
J11(X1)= X1
021(X2) = 2%
O12(X1) = 2X3
022(X2) = X2
Here only fi(x;) is non linear so it is approximated as below.

Let there are 3 breaking points i.e. i=1 and ri=2 and x;, are

X10=0 X11=1 X12=2
= f1(X1) = Xr—o Aaxfi(Xak) = 0210+(-1)A11+021,
= f1(X1) = -A11
Here A0+A11+415 = 1, So above problem reduces

Z+A11-%< 0 (b1)

X1+2X%,<5 (b2)

2X1+X,<6 (b3)

X< 0 (b4)

X< 0 (b5)

-A10< 0 (b6)

-A1.<0 (b7)

-112< 0 (b8)

Ao+ A+ Ap<1 (b9)

Now the problem becomes linear. We select the variable for elimination
using the Modified Fourier Techniqueby constructing I , 1" and I° for
each variable (except z) and selecting minimum of {| I"|* |1/ | }. We

have the following sets

. ={bl, b9}
b, ={07}
2 ={b2, b3, b4, b5, b6, b8}
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and o' ={b2, b3}
L, ={bl, b5}
,.° ={b4, b6, b7, b8, b9}
and e ={b2, b3}
L, ={b4}
,L,° ={bl, b5, b6, b7, b8, b9 }
and 5, ={b9}
., ={b6}
. ={bl, b2, b3, b4, b5, b7, b8}
and ,, ={b9}
., ={b8}
°  ={bl, b2, b3, b4, b5, b6, b7}
Now
{||j+|*||j_|}:2 for j= 211
{1+ 1r=4 for j=x,
{117 1y=2 for j=x4
{||j+|*||j_|}:1 for j= A10
{1+ y=1 for j= 212

Minimum of {2, 4, 2, 1, 1} is 1 which is for 1, and A, S0 selecting
arbitrary 1,, and eliminating 4., by (b8+b9) we get

Z+111-%,< 0 (cl1)

X1+2x,< 5 (c2)

2X1+X,< 6 (c3)

X< 0 (c4)

X< 0 (c5)

-110= 0 (c6)

A< 0 (C?)

AotAi= 1 (c8)

Now calculating { |l | * | I | } for other variables as earlier, we get
minimum for A;5. Therefore we get

Z+111- %<0 (d1)

X1+2%, < 5 (d2)

2X1+X, < 6 (d3)

X, <0 (d4)

X, <0 (d5)
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-1 <0 (d6)
<1 (d7)
Similarly calculating { |l;" | * | I | } for other variables as earlier, we get
minimum for x;. Therefore we get
Z+ 111X < 0 (el)
2%, < 5 (e2)
X, <6 (e3)
X2 <0 (e4)
-/111 <0 (95)
Ai<1 (e6)
Similarly calculating { |l;" | * | I | } for other variables as earlier, we get
minimum for A;,. Therefore we get
Z-X,<0 (f1)
2X,< 5 (f2)
X< 6 (f3)
X< 0 (f4)
0<1 (f5)
Similarly calculating { |I;" | * | I | } for other variables as earlier, we get
minimum for x,. Therefore we get
22<5
Z<6
0<5
0<6

So we get least upper bound for z which is equal to 2.5 and by solving
above equations we get final solution x,=2.5,x;=0andz=2.5

(b) Let us consider NLPP in which objective function is linear and
constraints are non linear.
Max. z = -3X; + 5X»
subject to, X12 + %< 8
X1 ,X2= 0

Let fi(Xy) =-3%;

fo(X2) = 5%,

O11(X1) = )(13

021(X2)= 7X2
Here only g11(X;) is non linear so it is approximated as below
It is observed from the constraints set that 0 < x;< 2.
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Let there are three breaking points i.e. X;0 = 0, X1 = 1 and X3, = 2

SO g:11(X1) can be written as
011(X1) = Z;Zczo AuQ11k(Xwk) = A10 « 911(X10) + A11 . G11(Xa1) + A12 . 911(X12)

= O./llo + 2.).11 + 16./112
So the above problem reduces

Z+3X; -5X,< 0 (g1)
2 A1+ 16455 + 7.%< 8 (92)
%<0 (93)

%<0 (94)

-A10= 0 (95)

-A11< 0 (96)

1120 (97)

Ao+ A1+ A< 1 (98)

Now the all constraints of problem become linear. We select the variable
for elimination using the Modified Fourier Techniqueby constructing I" , I
and 1° for each variable (except z) and selecting minimum of { | L *
|}

Now calculating { | | * | I] | } for other variables, we get minimum for x;.

Therefore we get

Zz-5%,<0 (h1)
2011 + 16410 + 7.X,< 8 (h2)
X< 0 (h3)
-A10< 0 (h4)
-A111<0 (h5)
-11,<0 (h6)
Ao+ A1 + 11,51 (h7)
Now again calculating { |I;" | * | I] | } for other variables as earlier, we get

minimum for A0. Therefore we get

Z -5%,< 0 (i1)
2411+ 1641, + 7.X,< 8 (i12)
X< 0 (i3)

A+ 41251 (i4)

-A11< 0 (i5)
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-A12< 0 (i6)
Now again calculating { |I;" | * | I] | } for other variables as earlier, we get

minimum for A,;. Therefore we get

Z-5%,<0 (j1)
16.112 + 7X,< 8 (2)
A< 1 (3)
X< 0 (44)
-A12< 0 (15)
Now again calculating { |l | * | I] | } for other variables as earlier, we get
minimum for A;,. Therefore we get
Z-5%,<0 (k1)
7X,< 8 (k2)
0<1 (k3)
-X,<0 (k4)
Now again calculating { |I;" | * | I] | } for other variables as earlier, we get
minimum for x,. Therefore we get
z< 40/7 (11)
0<8 (12)
0<1 (13)

So we get least upper bound for z which is equal to 40/7 and by solving
above equations we get final solution x,=8/7 , x; =0 and z=40/7.

(c) Let us consider NLPP in which both objective function and
constraints are non linear and having separable functions

Max. Z = X;2+x,
subject to, 2%, +4x,< 8
X1, Xo= 0
Let f1(X1) = X;°
fa(X2) = X2
011(%1) = 2%;°
021(X2) = 4X;
Here two terms are non linear.
It is observed from the constraints setthat 0 <x;< 2.
Let there are 3 breaking points i.e. X;0 = 0, X;; =1 and X3, = 2 s0 fi(Xy)

and gi11(x1) can be approximated as
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fi(x1) = ZIZ(ZO Aifik = 0410 + 1441 + 444
011(X1) = 0410 + 2441 + 8445

So above problem reduces to

Z-A11 4115 - X< 0 (ml)
2411 + 8410 +4X,< 8 (m2)
Ao+ A1 + 1< 1 (m3)
-A10< 0 (m4)
A< 0 (m5)
-11,< 0 (m6)
X< 0 (m7)
Now calculating { |I;" | * | I | } for other variables as earlier(in part a), we
get minimum for A,o. Therefore we get
Z-A11 445 - %<0 (nl)
2411 + 811, +4X%, <8 (n2)
A1+ 41,51 (n3)
A< 0 (n4)
-112<0 (n5)
-X,<0 (n6)
Now again calculating { |I;" | * | I | } for other variables as earlier, we get
minimum for x,. Therefore we get
47-2411 -811,< 8 (01)
2411 + 8 11,< 8 (02)
A+ 41,51 (03)
A< 0 (04)
-11,<0 (05)
Now again calculating { |I;" | * | I] | } for other variables as earlier, we get
minimum for A;,. Therefore we get
4z <16 (p1)
47 + 6411< 16 (p2)
211,< 8 (pP3)
A<l (p4)
-111<0 (P5)
Finally calculating { |I;" | * | I | } for other variables as earlier, we get

minimum for A;;. Therefore we get
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47 < 16 (ql)
4z <16 (92)
0<8 (a3)
0<1 (94)

So we get least upper bound for z which is equal to 4 and by solving

above equations we get final solution x,=0,x; =2andz =4

6. Conclusion
The proposed technique for solving Separable Non Linear Programming

Problem is much better than earlier existing techniques because in the
proposed Modified Fourier Technique additional constraints generated
are reduced to a considerable extent by selecting the appropriate
variable for elimination and separable property is used to approximate
non linear program into linear program. The procedure of solving NLPP
by different numerical techniques are still updating in our research work

like Relaxation Method etc.

References

[1] A. Gaur, and S. R. Arora, (2008) “Multi-level multi-objective integer
linear programming problem” Advance Modeling and optimization,
10, 298-322.

[2] H.P. Williams (1986), Fourier's Method of Linear Programming and its
Dual, American Mathematical Monthly 93, 681-695.

[3] N. Karmarker (1984), A New Polynomial Time Algorithm for linear
Programming, Combinatorica, 4, 141-158.

[4] P. Kanniappan, K. Thangavel, (1998) Modified Fourier method of
solving linear programming problem, Opsearch, 35, 45-56.

[5] S. Bhargava, and K. C. Sharma, (2002) “Extended modified Fourier
method to solve integer programming problem,” Pure and Applied
mathematika Sciences, Vol. LVI, 31-37.

276



Modeling of Modified Fourier Technique for Solving SNLPP

[6] S. Jain, A. Mangal (2004) Modified Fourier elimination technique for
Fractional Programming Problem, AcharyaNagarjuna Int. Journal of
Mathematics and IT, 1(2), 121-131.

[7] S. Jain, A. Mangal (2008), Gauss elimination technique for fractional
programming problem, J. Indian Soc. Stat. Opers. Res. 29, 35-40.

[8] S. Jain, A. Mangal (2008), Extended Gauss elimination technique for
integer solution of FPP, Journal of Indian Mathematical Society, 75,
37 — 46.

[9] S. Jain (2009), Modeling of Fourier elimination technique for multi-
objective linear programming problem, Advances in Modeling and
Analysis. A, General Maths and Computer Tools, 46,70-78.

[10] S. Jain (2012) Modified Gauss elimination technique for separable
non-linear programming problem, International Journal of Industrial
Mathematics, 4(3), 163-170.

[11] S. Jain (2013) Modeling of Fourier Elimination Technique for
Multiobjective  Fractional Programming Problem, Int J of
Development Res. & Quantitative Techniques 03, 30-36.

[12] S. Jain (2014) Modeling of Gauss Elimination Technique for
Multiobjective Fractional Programming Problem, South Asian Journal
of Mathematics 04, 148-153.

277



