1

Zalmai and Zhang [5] introduced a global semi parametric sufficient efficiency conditions for
semiinfinite multiobjective fractional programming problems involving generalized («, 7, p)-
V-invex functions and then presented a global parametric sufficient efficiency conditions
introduced in [6] for semiinfinite multiobjective fractional programming problems containing
generalized («, 7, p)-V-invex functions. Moreover, he has formulated number of parametric
duality models and established numerous duality results under various generalized («, 7, p)-
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Introduction

V-invexity assumptions in [7].

Consider the following semiinfinite multiobjective fractional programming problem:
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(P) Minimize ¢ (z) = (1 (2),..., ¥p (7)) = <§1Eg yr gzgi;>
subject to
Gj(z,t) <0 forallt € T, j€q,

Hy(x,s) =0for all s € Sg, ker,
xr € R",

where p, ¢, and r are positive integers, R" is n-dimensional FEuclidean space for each j €
g=1{1,2,---,¢} and k € r = {1,2,- - -,r}, T; and Sy are compact subsets of complete
metric spaces, for each i € p, f; and g; are real-valued functions defined on R", for each
j€gq, Gj(,t)isa real-valued function defined on R™ for all t € Tj, for each k € r, Hi(.,s)
is a real-valued function defined on R™ for all s € Sy, for each j € ¢ and k € r, Gj(z,.)
and Hy(z,.) are continuous real-valued functions defined, respectively, on T; and Sy, for all
x € R™, and for each i € p, g;(x) > 0 for all = satisfying the constraints of (P).

The feasible set (assumed to be nonempty) of the above problem (P), is
F={zecR":Gjx,t) <0 forallt €T}, j € q, Hp(x,s) =0for all s € S, k € r}.

Bector et al. [1] introduced some classes of univex functions by relaxing the definition
of an invex function. Optimality and duality results are also obtained for a nonlinear mul-
tiobjective programming problem in [1].

In this paper, we extend the results of Zalmai and Zhang [7] to the classes of functions
introduced in Bector et al. [1]. This paper is organized as follows. In Section 2, we present
a few definitions and auxiliary results which will be needed in the sequel. In Section 3,
we consider two parametric duality models with somewhat limited constraint structures
and prove weak, strong, and strict converse duality theorems under appropriate generalized
(ar, M, p)-V-univexity hypotheses. In Section 4, we consider two other duality models with
more general constraint structures which allow for a greater variety of generalized (a7, p)-
V-univexity conditions under which duality can be established. We continue our discussion
of duality in Sections 5 and 6 where we use two partitioning schemes and consider four
generalized parametric duality models and obtain several duality results under various gen-
eralized («,n, p)-V-univexity assumptions. Finally, in Section 7 we summarize our main
results.

2 Preliminaries

In this section, we recall some definitions and results which will be used in the sequel.

Let the function F = (Fy, Fy,...,Fy) : R® — R¥ be differentiable at z*. Let X be
a nonempty open subset of R", f: X - R, n: X x X — R" ¢: R — R, and b :
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X x X x1[0,1] = Ry, b=>b(z,u,\). If the function f is differentiable, then b does not
depend on A.

Throughout the paper, we use the following conventions for vectors in R™. For a,b € R",
the following order notation will be used: a = b if and only if a; = b; for all i € m;a > b if
and only if a; = b; for all i € m, but a # b;a > b if and only if a; > b; for all i € m and
a # b is the negation of a > b.

Consider the multiobjective problem

(P*) Mim'%u'ze F(z) = (Fi(x), Fa(x),. .., Fy(x)),
re
where F,i € p, are real valued functions defined on R™.
Mishra and Porwal [3] introduced the following vector versions of the concepts of uni-
vexity.

Definition 2.1. The function F is said to be (strictly) (a,n, p)-V -univex at * with respect
to b,¢ and n if there exist functions b, ¢,n and o; : R x R — R \{0} = (0,+00), and
pi € R,i € N, such that for each x € R™(z # x*),

b(z,2°) ¢[Fi(z) - Fi(a")] (>) Z (ai(w, ")V Fi(2"),n(x,2")) + py | — 27|

Definition 2.2. The function F is said to be (strictly) (8,n, p)-V -pseudounivexr at x* with
respect to b, ¢ and n if there exist functions b, ¢,n and f; : R x R™ — R, \{0},i € N and
p € R such that for each v € R™(z # z*),

N
<Z VFi(ﬂf*)777($,:z:*)> > e — 2|

N
= b(z,z" [Zﬁz x, " Zﬁz(%x*)Fz(l‘*) (>) =20,
i=1
or equivalently,
[Z@xm Z/J’wa x*)| <0

N
— <ZVFi<x*>,n<x,x*>> < —plla—a"|.
i=1

Definition 2.3. The function F is said to be (prestrictly) (v, n, p)-V -quasiuniver at z* with
respect to b, ¢ and 1 if there exist functions b, ¢,n and v; : R™ x R"® — R, \{0},7 € N and
p € R such that for each x € R™,

lZ’yzzx Z’yzxm ")

(<)£0
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N
— <va<x*>,n(x,x*>> < —plla— 2|
i=1

Definition 2.4. An element x* € F is said to be an efficient solution of (P*) if there exists
no x € F such that F (z) < F (z*).

Zalmai and Zhang [5] derived the following necessary condition which will be used in the
sequel.

Theorem 2.1. Let z* € F, let \* = p(x*), for each i € p, let f; and g; be continuously
differentiable at =*, for each j € g, let the function G; (.,t) ‘be continuously differentiable at
x*, for allt € T}, and for each k € r, let the function Hy(.,s) be be continuously differentiable
at z* for all s € Si. If x* is an efficient solution of (P), if the generalized Guignard constraint
qualification holds at x*, and if for each iy € p, the set cone

({VGj(x*,t) teTi(ah),) e g} U{Vfi(@") = X Vgi(a*) i € p,i # io})
+ span ({VHg(xz",s) : s € Sp,k €r})

is closed, then there exist

P
u*EU:{ueRp:u>O,Zui:1},
i=1
and integers vy and v, with 0 < vy < v < n+1, such that there exist vy indices j,,, with 1 <
Jm < q, together with vy points t™ € T;, (¢*) = {t € Ty, : Gy, (x*,t) =0}, m € vy, v—1g
indices kp,, with 1 < ky, < r, together with v — vy points s™ € Sy, for m € v\, and v real
numbers vy, with v}, > 0 for m € vy, with the property that

m>

m

p Vo
Doui [Vfi(@) = AV (@) + Y 0p, VG, (a7,t7)
i=1

m=1

+ Z v VH, (2%,s™) = 0.

m=vg+1
For brevity, we shall henceforth refer to an efficient solution z* € F as a normal efficient
solution of (P) if the generalized Guignard constraint qualification is satisfied at x* and for
each iy € p,
set cone ({VGj(x*,t) teTy(x"),5 € g} U{Vfi(z*) = A\ Vgi(z*) :i € p,i # io})
+ span ({VH(z*,s) : s € Sy, k €r})

is closed, where

)\;‘:fi(x )7 i€ Dp.

g9i(x*) -
In the remaining paper, we assume that the functions f;, g;,7 € p,G; (.,t) and Hy (., s)
are continuously differentiable on R™ for all ¢t € T},5 € ¢, and s € Sk, k € r. Throughout
this paper, we also assume that ¢ is linear with ¢(z) > 0 = z > 0, unless otherwise stated.
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3 Duality Model I

In this section, we consider a dual problem with a relatively simple constraint structure
and prove weak, strong, and strict converse duality theorems under («,n, p)-V -univexity
conditions. Let

H= {(y,u,v,)\,v,VO,Jl,o,KZ,\VO,E,E): yeR" uelU; NeRP; 0S vy Svn+1;
v ERV,’UZ' > 071 g { g 0; Jl/o = (j17j27'~‘7juo)7 1 g]z g q; Ky\uo =

(kug+17"'7ku)71 ékz §7’; t= (tlatza"'atuo)v ti Eﬂi; 5:(5V0+1a"'asy)a Si € Slm}

Consider the two problems as follows:

(DI) sup A= (A1, 0)
(y5u,0, 00,00, Jug s K\ g 51, 5) EH
subject to
P Vo
Z wi[Vfi(y) — MiVai(y)] + Z om VG, (Y, t™)
i=1 m=1

+ Y omVHi, (y,s™) =0, (3.1)

m=vp+1

Vo 1%
wilfi(y) = AgiW)] + D vmGi, (W t™) + > vmHi, (y,s™) 2 0, i € p; (32)
m=1

m=vo+1
(DI) sup i A=Ay, A)
(y,u,0,0,0,00, T K\ 1 t,5) EH

subject to (3.2) and

p

(3 wlVAm) - AVa)] + 3 onVGs, (5,6")

i=1 m=1

+ Z vmVHkm(y,sm),n(x,y)> 20 forallx €F, (3.3)

m=vg+1

We observe that (DI) is relatively more general than (DI) in the sense that any feasible
solution to (DI) is also feasible to (DI), while the converse may not be true.

Furthermore, we observe that (3.1) is a system of n equations, whereas (3.3) is a single
inequality. Clearly, from a computational point of view, (DI) is preferable to (DI) because
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of the dependence of (3.3) on the feasible set of (P). Despite these apparent differences,
it turns out that the statements and proofs of all the duality theorems for (P)-(DI) and
(P)-(DI) are almost identical and, therefore, we shall consider only the pair (P)-(DI).

The next two theorems show that (DI) is a dual problem for (P).

Theorem 3.1. Let x and (y,u,v, \,v, v, Jyy, K\, 1, 5)) e arbitrary feasible solutions of
(P) and (DI), respectively, and assume that A 2 0 and that either one of the following two
sets of hypotheses is satisfied:

(a) (i) (f1,...,fp) is (8,m, p)-V-univex at y with respect to b, ¢ and n;
(11) (—g1,...,—9gp) is (&, m, p)-V-univex at y with respect to b,¢ and n;

(iti) (v1Gj, (7)o, Gy, (.,t0)) is (m,m, p)-V-univex at y with respect to b, ¢
and n;

(iv) (vl,0+1Hkuo+1 (., ) .. v Hy, (., 87)) is (8,n,p)-V-univez at y with respect
to b, ¢ and n;

(v) 0; =& =m, =0, =0 foralli,jepkeuv, andl € v\vy;

(vi) 25;1 u; (pi + Aipi) + ZZ(L)=1 pm + Zl;n=uo+1 pm = 0.

(b) The function (Ly (., u,v, A\, t,8), ..., Ly, (., u,v,\,t,38)) is (0,1,0)-V-pseudounivez at y
with respect to b, ¢ and n where

L; (z,u,v, A\, 1,8) = u; | fi (2) — Nigi (2) + Z v Gy, (2,t™)
m=1

+ Z vakm(z,sm)},iep.

m=vo+1

Then, @(x) £ .

Proof.
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(a) For w > 0 and A 2 0, we have

P

Zufb(m, y) ¢ 1fi (x) — Aigi (z)]

i=1

uib (z,y) o {[fi (x) — fi ()] = Ailgi (x) — gi ()]} (since A = ¢ ()

|
KM@

i=1

|
AME

ui {b(z,y) ¢ [fi (x) — fi (y)] — Nib (z,9) ¢ [9: (x) — gi (y)]} (by the linearity of ¢)

i=1

M-

wi | (2,) (Y (9) = A9 (9) 0 (@,9) + (s + i) llz = 9lIP] (by(i). (i) and(v))

i=1
= —o (z,9) <Z v VG, (Y, t™) + > vmVHy, (yvsm),n(aﬁ,y)>
m=1 m=vo+1
$ 2
+ ) i (o M) e —yll* (by(3.1))
i=1
2 Y oGy, (y,t™) = Gy, (™)) + Y v VHg, (y,5™)
m=1 m=vo+1
p vo v )
DA CERTAE P M ﬁm] |z —y]
i=1 m=1 m=vg+1
(by (ii7), (iv), (v) and the primal feasibility of x)
= UG, (Y, t™)+ Z UmHy,, (y,s™) (by (vi) and the primal feasibility of x).
m=1 m=vo+1

Therefore, in view of (3.2), we have
P
> uib (@) 6 [fi () = Aigs ()] 2 0. (3.4)

i=1

Since u* > 0, and by the assumption on ¢ the above inequality implies that

(f1(@) = Mg (@), fo2) = Agp(2)) £ (0,...,0),

which in turn implies that

_ fl(x) fp(if) * *\ .’E*
o) = (BB g () =),

This completes the proof.
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(b) By our (0, 7,0)-V-pseudounivexity assumption, (3.1) implies that

{Z {ul [fi(z) — Nigi(x)] + Z vm G, (2, t™) Z U Hy,, (z,sm)}

m=vo+1
v
{Uz fz - 191 JF va Jm yvtm)JF Z vy Hy,, (%Sm)}} 2 0.
m=vo+1

Because of (3.2), the right-hand side of this inequality is greater than or equal to zero,
and so we have that

P

i=1

+ Z v Hy,, (z,s™) } = 0.

m=vo+1

But x € F and v, > 0 for each m € vy, and hence the above inequality reduces to

Zuz i ,y) ¢ fi(x) = Xigs(2)] Z 0. (3.5)
Since u and 6; (x,y) > 0, and by the assumption on ¢, the above inequality implies

that
(fi(@) = Mg1(@), .., fp(@) = Apgp(@)) £ (0,...,0),

which in turn implies that

o (z) = (fl(“””),...,fp(“’”)) £ (Ao hp) = A

Hence, proved.
O

Theorem 3.2. (Strong Duality). Let x* be a normal efficient solution of (P). Assume that
for each feasible solution (y,u,v, \,v,vo, Jy,, K\y,»t,5)) of (DI), either one of the two sets
of conditions specified in Theorem 3.1 is satisfied. Then there exist

w* vt NSV g, Ty Ky, £, 5% such that (;v*,u*m*,)\*,z/*,ua‘,JV57K,,*\,,5,t_*,§*) is an
efficient solution of (DI) and p (x*) = \*.

Proof. Since z* is a normal efficient solution of (P), by Theorem 2.1, there exist

u*, vt N (= (x7)) v, g, Jug s Koy, £, 57 such that (z*,u*, v, X, v, 0, Jugs Ko 15 %)
is a feasible solution of (DI). Since ¢ (z*) = A*, the efficiency of

(xﬁu*,v*, A vt ug, JV6«7K,,*\,,5,t_*, E*) for (DI) follows from Theorem 3.1.

We also have the following converse duality result for (P)-(DI).
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Theorem 3.3. (Strict Converse Duality). Let x* and (5:,11,17,;\,5,170,J;O,Kl;\,;o,?, §) be
arbitrary feasible solutions of (P) and (DI), respectively, such that

idib(:c*j) 6 [fi(e") = Xigi(a)] = 0. (3.6)

Furthermore, assume that either one of the following two sets of hypotheses is satisfied:

(a) The assumptions of part (a) of Theorem 3.1 are satisfied for the feasible solution
(53,12,17,;\,17,&0,J;O,K;,\,;O,f, §> of (DI), (f1,...,[fp) is strictly (0,n,p)-V-univex at

Z with respect to b,¢ and n; or (—g1,...,—gp) is strictly (§,n,p)-V-univex at & with
respect to b, ¢ and n; or (ﬁlGjl (., tl) see s UGl (.7 tﬁo)) is strictly (w,n, p)-V -univex
at T with respect to b, ¢ and n; or (17,;0+1H;%+1 (., §DO+1) yee s UpHy, (., éﬂ)) 1s strictly

(6,m, p)-V -univex at T with respect to b, ¢ and n; or

i (ﬁi + Xiﬁi) + EO: Umpm+ Y pm > 0.
m=1

m=vp+1

-

i=1

(b) The function L (., i, D, S\,t:, §) is strictly (0,1n,0)-V -pseudouniver at & with respect to
b,® and 7.
Then, & = z* and ¢ (z*) = A.

Proof. (a) Suppose to the contrary that & # z*. Now proceeding as in the proof of
Theorem 3.1 (with z replaced by z* and (y,u, v, \, v, vo, Juy, K\, £, 5) by
(i", TR ;\, U, 00, Jog, Ky s t, §) ) and using any of the conditions set forth above, we arrive
at the strict inequality

@b (e*,2) 6 | £i(e") ~ Mg > 0,

-

i=1

which is contradiction to (3.6). Therefore, we conclude that & = z* and ¢ (z*) = A.

(b) The proof is similar to that of part (a).

4 Duality Model II

In this section, we consider certain variants of (DI) and (DI) that allow for a greater vari-
ety of generalized («, 7, p)-V -univexity conditions under which duality can be established.
These duality models have the following forms:

(DIT) sup A= (A1, A)

(Y,u,0,0,0,00,Jug . K\ g 51, 5) EH
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subject to (3.1) and

p
=1
Gj,.(y,t") 20, m € vy, (4.2)
Oy Hp,,, (y,8™) 20, m € v\vp; (4.3)
(DIT) sup A= (A1, A)

(Y5u,0, 00,00, 00 , K\ g 515 5) EH

subject to (3.3) and (4.1)-(4.3).

The remarks and observations made earlier about the relationships between (DI) and
(DI) are, of course, also valid for (DII) and (DII) Since the constraint inequalities of (DIT)
are formed by splitting the inequality (3.2) into three inequalities (4.1)-(4.3), it is clear that
Theorems 3.1-3.3 are valid for the pair (P)-(DII). Below, we shall establish some duality
results in which various generalized («, 7, p)-V-univexity requirements will be placed on the
vector function (e1 (., A, u),...,&p (., A, u)), where for each ¢ € p the component function
g; (-, A, u) is defined, for fixed A and u, on R™ by a

i (2, A u) = uib (2,y) ¢ [fi(2) — Nigi(2)] -

Theorem 4.1. Let x and (y,u,v, A\, v, VO,J,,O,K,,\VO,E, 3) be arbitrary feasible solutions of
(P) and (DII), respectively, and assume that any one of the following four sets of hypotheses
18 satisfied:

(a) (i) (e1(, A u),...,ep (A w)), is (8,n, p)-V-pseudounivex at y with respect to b,
and n;

(i1) (UlGjl (.,tl) s UGl (.,t”o)) is (m,m, p)-V-quasiuniver at y with respect to
b, ¢ and n;

1) (vy, o1 Hy L8 Lo v, Hy, (4, 8Y)) is (6,1, p)-V -quasiunivex at y with re-
ot 1HE, vo+1 Hy,, Y)Y is (6,m, p)-V uni t ith
spect to b, ¢ and mn;

(W) p+p+p20;
() (1) (e1 (A u),....ep (., A u)), is prestrictly (0,1, p)- V-quasiunivez at y with respect
to b,¢ and n;

(ii) (v1Gy, (., 1) pees Uy Gy (., 7)) is (m,n, p)-V -quasiuniver at y with respect to
b, ¢ and n;

(iii) (Vvos1Hryysr (5870FY) oo 0 Hy, (., 8Y)) is (6,1, p)-V -quasiunivez at y with re-
spect to b, ¢ and mn;

(i) p+p+p>0;

(¢c) (1) (e1 (A u),...,ep (., A\ u)), is prestrictly (0,1, p)- V-quasiunivez at y with respect
to b, ¢ and n;
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(i3) (lejl (.,tl) s Uy G (.,t”“)) is strictly (w,n,p)-V-pseudouniver at y with
respect to b, ¢ and n;

(i) (Uuo+1HkVU+1 (., s . v Hy, (., 87)) is (8,1, p)-V -quasiunivez at y with re-
spect to b, ¢ and 7n;

(W) p+p+p=0;

(d) (i) (e1 (A uw),...,ep (-, A ), is prestrictly (8,m, p)-V-quasiunivez at y with respect
to b, ¢ and n;

(i1) (UlGjl (.,tl) yoe s UGl (.,t”o)) is (m,m, p)-V-quasiuniver at y with respect to
b,¢ and n;

(ii3) (vyo+1Hkyo+1 (., s .. v Hy, (., 8)) is (8,m,p)-V-pseudounivex at y with
respect to b, ¢ and n;

(w) p+p+p20.
Then, ¢ (x) £ A.

Proof. (a) Because of (4.2) and the primal feasibility of =, we have G;,, (z,t™) < 0 =
G,,, (x*,t™), and hence

[zvmwm v - 3% v ()G 07| <0

which in view of (ii) implies that

<Z 0n VG, (.1 ,n<x,y>> < —pllz—yl?. (4.4)
m=1

Similarly, we can show that our assumptions in (iii) combined with the feasibility of x and
(4.3) lead to the following inequality:

< Z UmVHkm (yv sm,) » 1 (x,y)> é _[) ||'T - y”2 . (45)

m=vg+1

Now because of (4.4), (4.5) and (iv), (3.1) reduces to
- 2
<Z u; [Vfi(y) — AiVai(y)] aﬁ($»y)> S —pllz—yl”, (4.6)
i=1
which in view of (i) implies that

lzue xy fz - zgz Zuzzmy fz )_ zgz( )] 207 (47>

where the equality follows from (4.1). In the proof of part (b) of Theorem 3 1, it was shown
that this inequality leads to the desired conclusion that ¢(x) £ . The proofs are
similar to that of part (a).
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The proof of the following theorem follows along the line of the proof of Theorem 3.2.

Theorem 4.2. (Strong Duality). Let * be a normal efficient solution of (P). Assume that
for each feasible solution (y,u,v,\,v,v0, Jyy, Ki\uy,1,8) of (DII), any one of the four sets
of conditions specified in Theorem 4.1 is satisfied. Then there exist

w0t N v g, Ty K, £, 5" such that (m*,u*,v*,)\*,y*,ua‘,J,,U*,Kl,*\l,g,f*,§*) is an
efficient solution of (DII) and ¢ (x*) = \*.

We also have the following converse duality result for (P)-(DII).

Theorem 4.3. (Strict Converse Duality). Let z* and & = (50,11,17, \, 7, Do, JZ;O,K;,\,;D,I?, §>
be arbitrary feasible solutions of (P) and (DII), respectively, such that

idx‘b(iﬂ*,.’f) ) [fi(x*) — Lgi(m*)} =0. (4.8)

(a) The assumptions specified in part (a) of Theorem 4.1 are satisfied for the feasible so-
lution &, and the function (&1 (., \, @ ooy €p (o X,ﬂ)) , 1s strictly (60,n, p)-V -pseudo

univex at T with respect to b, ¢ and n;

(b) The assumptions specified in part (b) of Theorem 4.1 are satisfied for the feasible
solution @, and the function (51 (.7 5\,11) e s Ep (., 5\,&)) , 15 (0,m, p)-V -quasiunivezx
at T with respect to b, ¢ and n;

(¢) The assumptions specified in part (c¢) of Theorem 4.1 are satisfied for the feasible
solution @, and the function (51 (., 5\,11) yor s €p (., 5\,11)) , 15 (0,m, p)-V -quasiunivex
at T with respect to b, ¢ and n;

(d) The assumptions specified in part (d) of Theorem 4.1 are satisfied for the feasible
solution @, and the function (e (., \, @ R ;\,fL)) , s (0,m, p)-V -quasiunivex
at T with respect to b, ¢ and 7.

Then, & = z* and ¢ (z*) = M.

Proof. The proof is similar to that of Theorem 3.3.

5 Duality Model III

In this section, we discuss several families of duality results under various generalized
(a, m, p)-V-univexity hypotheses imposed on certain vector functions whose components are
formed by considering different combinations of the problem functions. This is accomplished
by employing a partitioning scheme which was originally proposed in [2] for the purpose of
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constructing generalized dual problems for nonlinear programming problems. For this we
need some additional notation.

Let v9 and v be integers, with 1 < vy £ v < n+ 1, and let {Jo, J1,...,Jn} and
{Ko, K1,..., K} be partitions of the sets vy and v\vy respectively; thus,J; C vy for each
i€ MU{0}, JiNJ; = ¢ for each 4,j € MJ{0} with i # j, and L, J; = vo. Obviously,
similar properties hold for {Ky, K1, ..., Ky} Moreover, if m; and my are the members of
the partitioning sets of vy and v\vy, respectively, then M = max{m,ms} and J; = ¢ or
K; = ¢ for i > min{my, ma}.

In addition, we use the real-valued functions ®; (., X\, u,v,t,5) , i € p,and A, (.,v,t,5), 7 €
M, defined for fixed u,v,\,t = (¢}, #%,...,t"), and 5 = (s*0*!, s70F2 .. s”), on R™ as
follows:

q)i (ZJ\,UMMZ §) = U; fl (Z) - zgz Z vm Z tm Z vakm (’szm) ) v S Ba

meJo mé€ko

A (z,0,1,5) = va (z,t™) vaHk z,8™), T€ M.
meJ, mek,

Making use of the sets and functions defined above, we can state our general duality
models as follows:

(DIIT) sup A= (A1, 0)
(Y,u,0, 00,00, 0 K\ g 5T, 5) EH

subject to (3.1) and

fi(y) — Agi(y Z vmGj,, (y, t™ Z Um Hy,, (y,5™) 2 0, L EDp, (5.1)

meJg meKoy
va (z,t™) vaHk (z,8™) 20, 7€ M. (5.2)
meJ, mek,
(DIII) sup A=(A10y)

(Y0 A0, Jug s K g oF,5) EHL

subject to (3.3), (5.1) and (5.2).

The remarks made earlier about the relationships between (D) and (DI) are, of course,
also valid for (DIII) and (DIII).

Theorem 5.1. Let x and (y,u,v, A, v, VO,JVO,KV\,,O,E, 3) be arbitrary feasible solutions of
(P) and (DIII), respectively, and assume that any one of the following three sets of hypotheses
18 satisfied:
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(a) (i) (®1 (. u,v,\E5),..., P, (., u,v,\t,38)) is (0,1, p)-V-pseudouniver at y with re-
spect to b, ¢ and 7n;

(i) (A1 (0, 8,8),...,Ap (0,8, 8)) is (m,m, p)-V -quasiuniver at y with respect to b, ¢
and n;

(iit) p+p 2 0;
(b) (i) (P1(,u,v,\1,8),...,9,(.,u,v,\t,3)) is prestrictly (0,n, p)-V -quasiunivez at y
with respect to b, ¢ and n;

(1) (A1 (., 0,6,8),..., A (., 0,8,8)) is (m,n, p)-V -quasiunivez at y with respect to b, ¢
and n;

(iii) p+p > 0;
(c) (i) (P1(,u,v,\t,58),...,Q,(.,u,v,\1,35)) is prestrictly (0, n, p)-V -quasiunivez at y
with respect to b, ¢ and n;

(ii) (A1 (., 0,8,8), ..., A (10,8, 8)) is strictly (m,n, p)-V -pseudouniver at y with re-
spect to b, ¢ and mn;

(i) p+p 2 0.
Then, ¢ (x) £ X .

Proof. (a) It is clear that (3.1) can be expressed as follows:

p
> ui | Vfi(y) = AV (y E:vmVGhA%fﬂ+-EjimVHmJ%smﬂ
=1

meJg meKo

M
YD VG, t™) + > omVH, (y,sm)l =0. (5.3)

7=1 LmeJ- meK,

Since z,2* € F and m € vy, and (5.2) hold, it follows that for each 7 € M,

A; (z,0,t,5) = Z v G, (2, ™) Z U Hy,, (2,5™) <0
meJ, meK
= > omGi, W t™) + D vmHy, (y,5™)
meJ, meK,
= A; (ya v, t: §) )

and hence

[mey ZWTxy y,vts)]go7

which because of (ii) implies that

M
<§:[§:vvam(%ﬂﬁ+ 2:vmVHmJ%§WLn0M0>S—NM—yW, (5.4)

7=1 LmeJ, meK,
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Combining (5.3) and (5.4), and using (iii) we get

<Z u; [Vfi( AV () + D v VG, (™) + D vnVHi, (y’sm)] 777(x,y)>
=1

meJy meKy
~ 2 — 2
Zplle—yl” 2 pllz—yl™, (5.5)

which by virtue of (i) implies that

b(IIZ,y) ¢ [Z ez(way)@z (x,u,v,)\,f, §) - Zoz(x’y)q)l (y,u,v,)\,f, E)] 2 0. (56)

i=1 i=1

Since z € F,v,, > 0,m € 1, and (5.2) holds, it follows that for each

ZUH ,9)b(2,9) 6 [fi(x) — \igi(2)] = 0.

Now using this inequality, as in the proof of Theorem 3.1, we obtain ¢ (z) £ A.

(b) Proceeding in exactly the same manner as in the proof of part (a), we obtain (5.5)
in which the second inequality is strict. By (i), this implies that (5.6) holds and, therefore,
the rest of the proof is identical to that of part (a).

(¢) The proof is similar to those of parts (a) and (b).

The proof of the following theorem follows along the line of the proof of Theorem 3.2.

Theorem 5.2. (Strong Duality). Let * be a normal efficient solution of (P). Assume that
for each feasible solution (y,u,v,\,v,vo, Jyy, Ki\uy,t,5) of (DIII), any one of the three sets
of conditions specified in Theorem 5.1 is satisfied. Then there exist

w0t NV g e K, £, 5 such that (x*,u*,v*,)\*,z/*,z/g,JVS,KV*\VS,f*,E*) is an
efficient solution of (DIII) and ¢ (z*) = \*.

We also have the following converse duality result for (P)-(DIII).

Theorem 5.3. (Strict Converse Duality). Let x* and & = (i“,ﬂ, B\, 7, Do, JDO,Kﬂ\ﬂo7t:, §)
be arbitrary feasible solutions of (P) and (DIII), respectively, such that

ij #) 6 [£i(@) = hgi(a")] = 0. (5.7)

Furthermore, assume that any one of the following three sets of hypotheses is satisfied:

(a) The assumptions specified in part (a) of Theorem 5.1 are satisfied for the feasible solu-
tion &, and the function (<I>1 (., @, 0, \, 1, §) e, @y (., @, 0,\, 1, 5)) is strictly (6,7, p)-

V-pseudounivex at T with respect to b, ¢ and 7.
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(b) The assumptions specified in part (b) of Theorem 5.1 are satisfied for the feasible
solution &, and the function (<I>1 (.,12,17, M1, §) e, @p (.,ﬂ,f), M, §)) is (0,m,p)-V-

quasiuniver at T with respect to b, ¢ and 7.

(¢) The assumptions specified in part (c) of Theorem 5.1 are satisfied for the feasible
solution @, and the function (<I>1 (.,ﬂ,f}, A1 §) e @p (.,&7177 A1, 5)) is (0,m,p)-V -

quasiuniver at T with respect to b, ¢ and 0.
Then, & = z* and ¢ (z*) = A.

Proof. The proof is similar to that of Theorem 3.3.

Each one of the three sets of results given in Theorem 5.1 can be viewed as a family
of duality results whose members can easily be identified by appropriate choices of the
partitioning sets and J,, and K, u € M J{0}.

6 Duality Model IV

In this section, we discuss another collection of duality results for (P) which are differ-
ent from those stated in Theorem 5.1. In the formulations of these duality results, we
utilize a partition of p in addition to those of vy and v\ry It appears that this partition-
ing scheme was first proposed in [4] for a multiobjective fractional programming prob-
lem with a finite number of constraints. In our theorems, we impose appropriate gen-
eralized (o, 7, p)-V-univexity requirements on certain vector functions whose components
comprise some combinations of the functions involving e, (., A\, u),i € p,G;,j € ¢ and
Hy k€. Let {Io, I1,...,Ia}, {Jo,J1,...,Je} and {Ky, K1, ..., K.}, be partitions of p, vy
and v\, respectively, such that D = {0,1,...,d} C E ={0,1,...,e}, and let the function
I, (., u,v, A\, t,5) : R — R be defined, for fixed u,v, A, and 5, by

I, (Z,U,’U, Aafv 5) = Z Uj [fl(z) - Algl(z)]

iel,
+ Z vm Gy, (2,t™) + Z v Hy, (2,8™), 7 € D.

medJ, meK .,

Making use of the sets and functions defined above, we consider the following problems:

(DIV) sup A=Ay, A)

(Y0, X000, g Ko g £.5) EH

subject to (3.1) and

Z Uj [fz(y> - )‘gz(y)] + Z UmGjm (y7tm) + Z UmHkm (y7 sm) 2 0, 7€ D, (61)

el medJ, meK

> omGy, (") + Y vmHy, (2,8™) 20, T € E\D. (6.2)

medJ, mek,



On Duality for Semiinfinite Multiobjective ... 207

(DIV) sup A= (A1, 0)
(Y5uw,0,0,0,00, 0 , K\ g 51,5) EH

subject to (3.3), (6.1) and (6.2).

_ The remarks and observations made earlier about the relationships between (D) and
(DI) are, of course, also valid for (DIV) and (DIV).

The next two theorems show that (DIV) is a dual problem for (P).

Theorem 6.1. Let x and (y,u,v, A\, v, VO,J,,O,KV\VWE, 3) be arbitrary feasible solutions of
(P) and (DIV), respectively, and assume that any one of the following three sets of hypotheses
1s satisfied:

(a) (i) (o (., u,v, N\ 8),...,1g (-, u, v, A, 1, 5)) 4s (0,1, p)-V -pseudounivez at y with re-
spect to b, ¢ and mn;

(1) (Ags1 (5, v,6,58),...,Ae (., v,1,5)) is (m,n, p)-V -quasiuniver at y with respect to
b, ¢ and n;
(iii) p+ 520,
(b) (i) (o (., u,v,M,1,8),...,10g (., u,v,\, €, 3)) is prestrictly (0,1, p)-V -quasiuniver at y
with respect to b, ¢ and n;

(1) (Ng1 (0, 8,8),...,Ae (1,0,1,5)) is strictly (7, n, p)-V -pseudounivex at y with re-
spect to b, ¢ and mn;

(iii) p+ 52 0;
(c) (i) (Tg (. u,v, A\ E,8),. .., g (., u,v,\, E, 8)) is prestrictly (0,1, p)-V -quasiuniver at y
with respect to b, ¢ and n;

(11) (Ags1 (., 0,8,8),...,Ac (., 0,1,5)) is (m,n, p)-V-quasiuniver at y with respect to
b, d and n;

(iii) 5+ p > 0.
Then, ¢ (z) £ A

Proof. (a) Suppose to the contrary that ¢ () < A. Then

with strict inequality holding for at least one index i € p. Since u > 0, we see that for each
TeD,

Z ui [fi(x) — Xigi(x)] £ 0, (6.3)

icl,

with strict inequality holding for at least one index 7 € D.
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Now using this inequality, we see that

HT (SC, U, v, Av t: 5)

= Zui [fz(x) - zgz Z Um Im l‘ tm Z UmHkm (x’sm)

i€lr meJ, meK,

< Z u; [fi(x) — Nigi()] (by the feasibility of x and positivity ofvm, m € 1)
i€l,

=0, (by(6.3))
= Zuz fz - zgz( )] + Z UmGjm (yvtm)"‘ Z UmHkm (y’sm)
eJ,

i€l m meK,
= HT (y7u7’U7 >\a t7 E) 9

with strict inequality holding for at least one index 7 € D, and hence

[ZH x, ) (z,u,v, \, 1, 5) 29 x, y)II y,uv)\ts)] 0,

TeD T€D

which in view of (i) implies that

<Zu V@) = AVe I+ > | D onVGy, (0t + Y vmVH, (y,sm)]

T€D LmeJ, meK,
— 1= 2
n(ey) ) < —ple—yl*. (6.4)

As shown in the proof of Theorem 5.1, for each 7 € E\D, A, (z,v,t,5) £ A; (y,v,1,5), and
hence

b(z,y) o Z o (z, y)Ar (z, 0,1, 8) — Z - (z,y)Ar (y,v,t,5)| £0,

TEE\D rE€E\D

which in view of (ii) implies that

<Z lZ vmVGy, ™)+ Y onVH, <y,sm>] 7n(w,y)> < —ple—yl*. (65)

T7€D LmeJ, meK

Now combining (6.4) and (6.5) and using (iii), we see that

P v
<Z ui [V fi (y) = XiVgi ()] + Z v VG, ™)+ > v VHg, (y,5™) ,n(x,y)>
=1

muo+1
. 2
—(p+p)llz—yl" =0,

which contradicts (3.1). Therefore, ¢ (z) £ A.
(b) and (c): The proofs are similar to that of part (a).
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O
The proof of the following theorem follows along the line of the proof of Theorem 3.2.

Theorem 6.2. (Strong Duality). Let * be a normal efficient solution of (P). Assume that
for each feasible solution (y,u,v, \,v, vy, Jyy, K\, t,5) of (DIV), any one of the three sets
of conditions specified in Theorem 6.1 is satisfied. Then there exist

w0t N v g, Ty Ko, £, 5 such that (a:*7u*,v*,)\*,1/*,u§,JZ,S,KU*\U(»;,LT*,E*) is an
efficient solution of (DIV) and ¢ (x*) = A\*.

7 Concluding Remarks

In this paper, we have established several weak, strong and converse duality results under
various generalized (o, 7, p)-V-univexity hypotheses for a semiinfinite multiobjective frac-
tional programming problem. It indicates that all these results are new in the area of
semiinfinite programming.
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