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Abstract

In this paper we are considering a scaled linear system and presenting a result of
equivalence between Broyden’s Method and Block ABS Method applied to this sys-
tem. As consequence, we have an alternative proof of finite termination for Broyden’s
method [6].
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1 Introduction

The study about methods for solving linear systems is not new, but the growing emergence
of real-world problems formulated under this optics has made these studies focused on
practical efficacy and theoretical development of these methods. There are several work
about this subject and we recommend [7, 5, 10, 8] and the references therein.

In this paper we are approaching one generalization of ABS methods. This class was
proposed to solve determined and undetermined linear systems by J. Abaffy, C. Broyden
and E. Spedicato [3], in 1984.

In [2], Abaffy and Spedicato proved that ABS methods (introduced in [3]) when used
for n-squared systems and by certain choices of parameters have the property that 2 steps
of Broyden’s method are equivalent to one step of ABS method. Since ABS methods have
finite termination, they showed an alternative proof of finite termination for Broyden’s
methods, complementing the early results proposed by Gay [6] in 1979.

Recently, Adib [4] by considering a scaled version of ABS methods for systems of type:

VT Az = V7T, (1)
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where V' = V,,xy, is nonsingular, proved that by certain choice of parameters this version of
ABS algorithm is related to Broyden’s method too. Scaled linear systems appears naturally
in ill-conditioned problems so it is a relevant topic in several practical algorithms.

Another important contribution given in [2] is the introduction of Block ABS methods
class for solving scaled linear systems. In i-step ABS method we find the solution for the
i — 1 first equations. The Block ABS method is more flexible than ABS method because
we can choose many equations to solve in each step. This flexible feature is obtained by
segmentation of certain matrix by certain submatrix.

The goal of this paper is to consider the scaled system 1 and show an equivalence be-
tween Broyden’s algorithm and Block ABS methods. Consequently we are complementing
the results given in [4].

2 Background Material

Consider the linear system of equation Az = b, where A € R"*", b € R"” and € R". Let
g : R"™ — R defined by g(x) = Az — b. We begin this section by describing the Broyden’s
method (Algorithm 1).

Algorithm 1 Broyden’s algorithm (see [6])

1: Choose a vector g € R" as an initial guess and Hy € R™*™ as nonsingular matrix
2: for £k =0,1,2,... do
3: Compute s, = —Hkg(ack)
Update xx11 =z + Sk
Compute ¢ = g(zr+1) — 9(zk)
if ¢, =0 then
Hyy1 = Hg
else
Choose z; € R™ such that 2, ¢, = 1 and 2! H 'sp, #0
10: Update Hyxyr1 = Hy + (s — Hkyk)sz
11: end if
12: end for

Note that Hj is a nonsingular matrix for all k. Furthermore, considering the difference
between g(xp41) and g(zx), we have:

¢k = g(@p+1) — g(zg) = Az — b — (Azg, — b) = As, = —AHyg(xy).
Consequently,
9(@rs1) = g(zr) + cx = gar) — AHypg(xr) = (I — AHg)g(xr).
Let us define F, = I — AH}, and to present an important property related to this sequence.

Lemma 1. Let us suppose k < 2n — 1 odd. Let ¢ # O,szcj_l #0,j=1,...,k, z9 €
Im(F)), Fy = I — AHy € R™ " is nonsingular and | < 2n— 1 are odd indices. Then there
exits a sequence {t;} of linearly independent vectors satisfying

t1F; =0,Vj > 1,
tTFy =t 5,1 =3,5,7,...,k,Vj > 1.
Moreover t] g(z;) = 0,j =i+ 1,i+2,..., k.
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Proof. We recommend [9] for a detailed proof. O

To elucidate the idea of Block scaled ABS method let us consider the Algorithm 2.

Algorithm 2 Block ABS algorithm (see [2])

1: Choose a vector yp € R™ as an initial guess, Ky € R™*" V = [V V1...V;] € R™" as
nonsingular matrix and V;, € R"*® k =1,..,r where s1 + ... + s, = n

2: for k=0,1,2,...,7 do

3: Choose Z;, € R™ ™ and ¢, € R** such that

Vil APy, = Vg, where
P, = K}'Z), and g, = Ay, — b € R"

4: Update yr+1 = yx — Prqr
: Choose W}, € R™**F satisfying [WkTKkATVk] =I5, x5,
Update K} by
Kiy1 = Ky — KR ATVWE K, € R

7. end for

By simplicity we are considering gr = g(xy). Related to Algorithm 2, we have impor-
tant properties.

Lemma 2. The following conditions hold:
i. K;ATV,, =0, Vk < j;
i, KK; = KK = K if i < j;
wi. If A is full rank then
rank(KyATVi| Kp AT Vi1 | . KR ATV, = n— (so + 51+ ... 56-1);
w. If A e R™" is nonsingular, then

Ky AMV;, 5 > k spans Im(Ky) and
ATV, j > k spans Kernel(K},).

Proof. We recommend [1]. O

3 Main Result
This section is devoted to show an important relation between Broyden’s Algorithm and
Block ABS Algorithm. This relationship is formalized by the following theorem.

Theorem 1. Consider Ax = b a linear system where A € R™ ™ is nonsingular. Let zx, and
¢k as defined in Broyden’s algorithm satisfying the Lemma 1. Let (xo, Hp) and (yo, Ko)
initial choices for Algorithm 1 and 2 respectively with xo = yo. Then, for 2m; steps of
Algorithm 1 it is possible to find Z;,W; and V; such that

L2m; = Yj+1
where m; is the number of columns of V; = [Vo Vi...V;]. Consequently,

Tom, = Yr4+1, where m, =n.
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Proof. Let V. = (t1 t3...tap—1) with vectors t;s linearly independent which satisfy the
Lemma 1. The proof will be made using induction arguments on indices of x and y. First,
we will show there exist some choices of parameters in Algorithm 2 that obtain:

T2mg = Y1, (2>

where mg represents the number of columns of V defined by Vg € R™*™0. Now, using
Algorithm 1 we have

Tp+1 = Tp + Sp with Sp = _Hpgp- (3)
Consequently
2mo—1
Tame = To — d1, Where di = Z H;g;. (4)
i=1

By step 2 of Algorithm 2 we have
y1 =0 — K4 Zogo.- (5)
So, we need to show that there exist choices for Zj, ¢y such that
K{ Zoqo = dy (6)
and
Vi AKoZogo = Vg 9o- (7)

The choices to satisfy (6) follow immediately from nonsingularity of K. Thus we need
to show that these choices satisfy (7). In this case, we need to prove that

Vi Ady = Vi g,.

In fact,

2mo—1 2mo—1
Vil Ady = VOTA< > HiQi) = > Vi AHyg (8)
=0 =0

or equivalently
2mo—1

> t{AHg;
=0
2mo—1

Z ts AH;g;

Vil Ady = pars

2mo—1

Z tng,1 AHzgz
L =0 _

Using Lemma 1 we have
th =T AH;, V) > 1, (9)

(7 — 4T ) = tTAH; Vj > k> 3, (10)
tFg; =0,¥j > k. (11)
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Consequently,

2mo—1

> t1AHigi = t{ AHogo + t] AHigr + Y ] AHg,

1=0

2mo—1

=2

2mo—1

=t AHogo + t{ AHhgi + Y g,

=2

= t1 AHogo + t1 AH, 1.

By Algorithm 1 we have that g1 =

2mo—1

Z t1 AH;g;
i=0

For the general case, let’s consider j < 2mg — 1 and odd. Therefore

2mo—1

D> 1 Aig,
=0

Using (9) and (10) we have

j—2

t{ AHogo +t{ AH1(I — AHy)go

t1 AHogo +t1 (I — AHq)go
t1 AHogo + t1{ go — t{ AHogo
tT

1 90-

2mo—1
ZtTAHzgz-i- > i AHg;
i= O =741

2mo—1

ZtTAHZgZ—i- St —tly)

i=j+1
Z t?Angz .
1=0

J
Zt?AHzgz = Zt?AHzgz +t}1Aijlgj71 +t?Angj

=0
j—2

= Z thAH,-gi + t?AHj—lgj—l + tJng - tzﬂfzgj

=0
j—2

= thTAHigi + thAHj_1gj_1 + tfgj

=0
j—2

= thAHigi +t] AHj 191+ 1] g1 —t; AH; 1gj 1

=0
j—2

= Z tTAH;g; +t] gj_1.

=0

With similar ideas of (17) we can show that:

l

-1

N tTAH;gi +t] g = > t] AHigi +1] gi,

=0

=0

(I — AHy)gx, for all £ > 0. Thus

(16)

(17)
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for all [ < j. In fact,

l -1
Y tIAHigi+tlgin = Yt AHigi +t] AHig +t] gipa
i=0 i=0
-1
= Y ] AHigi+t] AHig +t] (I — AH))g,
i=0
-1
= Y ] AHgi +t] AHg +t] g1 — t] AHyg
i=0
-1
= Y tIAHg; +1t] g1. (19)
=0

Now, using (18) recursively we obtain

2mo—1
Z t?AHigi = t?AHogo +t’fgl
i=0
= t; AHogo +t] (I — AHo)go
=t AHogo +t] go — t; AHogo
Consequently,
2mo—1 T
>t AHyg;
=0
2mo—1 t1 g0
t5 AHyg; t5 90
%TAd1 = ; = . = VE)TQO = V()Tg()v
: T
2mo—1 t2moflgo
Z tomo—1 AHigi
L =0 i

terminating the first part of the induction argument.
Let’s assume that
Tomy, = Yk+1,V 1 <k <,

where my, represents the number of columns of V = [Vo V4...Vi]. We will show z2,,, =

Yr+1-
Considering the Algorithm 1, we have

2my—1
Tom, = Tom,_,) — dr, where d, = Z Higi (21)
1=2m,_1)
and considering the Algorithm 2, we have
Yr+1 = Yr — KT,TquT. (22)
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We need to show that exist Z, and ¢, such that
K Zpqy = dy, (23)
with VI AKT Z,.q, = V1'g,. By Lemma 2, we have the equivalence:

K'Z.g =d, < d,cIm(KD)
& d L{ATVy, ATV, ATV, ) (24)
& dy LATV, forall 0 <k <r—1.

Consequently it is sufficient to show

VIAd, =0, forall 0 <k <7 — 1. (25)
Observe that
Vil Ad, t1 Ad,
Vi1 Ad, = Vleler = fg@ (26)
VT, Ad, tQTm(T_l;,lAdr

Using, again, (9)-(11) we can obtain

2m,—1 2my—1 2my—1
HAd, =t [ Y Hgl|= Y, tAHg= Y t{g=0 (27)
i=2m(r,1> ’L‘Z2m(,,.,1) 1;:27”(,,‘,1)

and with similar arguments, for j < 2m(,_;) — 1 odd we have

2my—1 2m,—1 2my—1
t?Adr = t? Z H;g; | = Z t?AHigi = Z t?gi = 0. (28)
Z':2m<7‘,1> 1;:277’1(,,‘,1) ’L':2m<7‘,1>

Thus, from (26), (27) and (28), we conclude (25). We need to prove that the choices
of Z, and ¢, satisfy VT AKY Z.q, = Vg, or equivalently, VI Ad, = Vg,
Considering V, = [tQm(T_U_H tomp_1y+3 - - .tom,—1] we have

T
t2m<T71>+1Ad7‘
T
¢ Ad
r—1)+349T
VTTAdr: ™ 1.) : (29)
T
t2mrflAd7’
2mqy—1
Since d, = Z H;g; we can obtain
1=2m(, 1)
2my—1
T _ 4T
bam oy +14dr = tomg, 414 > Hig
i:2m(r_1)
2my—1
T
= Z tom,_1y+1AHigi (30)
’L‘:27TL(7.71)
2m(r_1)+1 2my—1
T T
= Z t?m(rfl)+1AH’L‘gi + Z t2m<T71>+1AHigi'
i:2m(r_1) i:2m(r_1)+2
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Note that 2m_1) + 1 < 2m,_;) + 2 and using Lemma 1 we get from (30) that

2mr_1)+1 2m,—1
T _ T
tom,_yy+1Adr = Z tom,_yy+1AHigi + Z (tam(,_1y+1 — tam(,_1)—1)Gi
’i:2m<,ﬁ,1) iZQM(T,1)+2
2m(,ﬂ,1)+1
— T
- Z tQWL(,,._l)+1AHZgZ
1=2m,_1)

t2m<r,1>+1AH2m(T,1)g2m(r,1) + (t2m(,ﬂ,1)+1 - tQm(T,l)—l)g2m(T,1>+l
tQm(T,1)+1AH2m(r,1)g2m(,ﬂ,1) + tzm“71>+1(I - AHQm(T,l))92m<T,1>

T
t2m(7«,1)+1g2m(r—1) :

(31)
With similar argument given in (16)-(20) we can conclude
th Ady = t] gom,,_,,, for all 2m(,_1) +1 <k < 2m, — 1. (32)
Since 92m,_y, = gr» We obtain
T T
t2m(r,1)+1AdT tQm(r_l)-Flg?m(r—l)
T T
VTAd _ t2m(r—1)+3AdT _ 752"7'(?"—1)""392771“*1) (33)
r T . o :
' T
tgmrflAdT t2mT—192m(T_1)
O

4 Conclusion

This work has the same direction of [4]. However, we consider the Block ABS Method
instead of ABS method and we show that 2n steps of Broyden’s Method is equivalent to
one step of the ABS Block Method, when the block size is n. Since the ABS Block Method
has finite termination, we provide another proof for Gay’s theorem [6].
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