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Abstract
In this paper we study a finite capacity Markovian queuing system with heterogeneous
service, encouraged arrivals, reneging and retention of reneged customers. The stationary
system size probabilities are obtained recursively. The important measures of performance
such as expected system size, the average rate of reneging and average rate of retention
are obtained. Numerical Illustrations are presented. Finally, the economic analysis of the
model is performed by introducing cost model.
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1

Introduction and Literature Survey

Globalization has introduced never ending competition in business. Customers have become more selective and as a result brand switching is more frequent. Understanding
customer behavior is essential for organizations in today’s competitive business environment. Generally following customer behaviors are studied in queuing theory: 1) Balking
2) Reneging 3) Jockeying 4) Collusion. First customer behavior in queues is observed
by [Barrer, 1957]. He mentioned that each customer is available for service only for a
fixed limited time.[Haight, 1957] considered an M/M/1 queue with balking and [Haight,
1959] also proposed an M/M/1 queue with reneging. The combined effects of balking and
reneging in an M/M/1/N queue have been studied by [Ancker and Gafarian, 1963a and
1963b]. In order to stay ahead in the competition, business organizations introduce various discounts and offers to attract customers. These attracted customers are termed as
encouraged arrivals in this paper. However [Jain, et. al., 2014] coined a term reverse balking. They mentioned that an arriving customer may get attracted towards a system by
looking in to large customer base. While reverse balking deals with probability of joining
or not joining the system, encouraged arrivals deal with percentage increase in customers’
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arrival due to offers and discounts. Encouraged arrivals often result in heavy rush. Due
to this customers have to wait longer in queues. Long waiting times, results in customer
impatience and a customer may decide to abandon the facility without completion of service, termed as reneging, as mentioned by [Ancher and Gafarian, 1963]. Reneging results
in loss of goodwill and revenue both. The phenomenon of encouraged arrivals can also
be understood as contrary to discouraged arrivals as discussed by [Kumar and Sharma,
2014a]. They considered a two heterogeneous server queuing system with discouraged
arrivals and retention of reneged customers. They derived the steady-state solution of
the model. [Raynolds, 1968] presented multi-server queuing model with discouragement.
He obtained equilibrium distribution of queue length and derived other performance measures from it. In this paper we consider that customers are served through two servers
with heterogeneous service rates. The pioneer work in queuing theory on heterogeneous
servers is done by [Morse, 1958]. [Krishnamoorthi, 1963] studied the Poisson queue with
two heterogeneous servers, where the stationary probabilities were solved via differential
difference equations. [Singh, 1970] studied two-server Markovian queues with balking and
heterogeneous vs. homogeneous servers. A cost model was discussed in his paper and he
studied average characteristics of both the homogeneous and heterogeneous systems.
To ensure smooth functioning of the system experiencing above mentioned phenomenons,
an effective strategy should be designed. If the performance of the system can be measured in advance with some probability, an effective management policy can be designed
and implemented.
Hence, In this paper we develop a stochastic queuing model addressing all practically
valid and contemporary challenges mentioned above. The model provides steady-state
solution and economic behavior of the system. Rest of the paper is arranged as follows:
in section 2, model is described, its mathematical formulation and steady state solution
are presented; section 3 deals with performance measures and in section 4, numerical illustrations are presented; economic analysis of the model is performed in section 5; the
paper is concluded in section 6.

2

Model Formulation and Steady State Solution

The arrivals in the model are termed as encouraged arrivals. The arrivals occur one
by one in accordance to Poisson process with parameter λ(1 + η), where η represents
the percentage increase in number of customers calculated from past or observed data.
For instance, if in past an organization offered discounts and the percentage increase
in number of customers was observed 50 percent or 150 percent then η=0.5 or η=1.5
respectively. Customers are serviced by two servers with different service rates µ1 and
µ2 respectively. The service times follow exponential distribution. An arriving customer
joins the system with probability π1 in front of server 1 and with π2 = 1 − π1 in front of
server 2. The capacity of the system is finite, say N. The queue discipline is first come,
first served. A customer waiting for his service in the queue may get impatient after some
time and reneges. The reneging times are exponentially distributed with parameter ξ.
The probability of retention of a reneged customer is q and the probability that customer
is not retained is p = 1 − q. In this section we present the mathematical model of the
system. First of all we define some notations:
Let Pn (t) = the probability that there are n customers in the system at time t.
P10 (t) = the probability that the first server is engaged and the second server is free with
no waiting line at time t.
P01 (t) =the probability that the first server is free and the second server is engaged with
no waiting line at time t.
P00 (t) = the probability that the system is empty at time t.
Also, P2 (t) = P11 (t) and P1 (t) = P10 (t) + P01 (t)
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The differential-difference equations of the model are:
d
P00 (t) = −λ(1 + η)P00 (t) + µ1 P10 (t) + µ2 P01 (t)
dt
d
P10 (t) = −(λ(1 + η) + µ1 )P10 (t) + µ2 P11 (t)
dt
+ λ(1 + η)π1 P00 (t)
d
P01 (t) = −(λ(1 + η) + µ2 )P01 (t) + µ1 P11 (t)
dt
+ λ(1 + η)π2 P00 (t)
d
P2 (t) = −(λ(1 + η) + µ1 + µ2 )P2 (t) + (µ1 + µ2 + ξp)P3 (t)
dt
+ λ(1 + η)P1 (t)
d
Pn (t) = −(λ(1 + η) + µ1 + µ2 + (n − 2)ξp)Pn (t)
dt
+ (µ1 + µ2 + (n − 1)ξp)Pn+1 (t) + λ(1 + η)Pn−1 (t)
d
PN (t) = λ(1 + η)PN −1 (t) − (µ1 + µ2 + (N − 2)ξp)PN (t)
dt

(1)

(2)

(3)

(4)

(5)
(6)

Steady-state solution of the model
In steady-state equations (1) to (6) become:
0 = −λ(1 + η)P00 + µ1 P10 + µ2 P01

(7)

0 = −(λ(1 + η) + µ1 )P10 + µ2 P11 + λ(1 + η)π1 P00

(8)

0 = −(λ(1 + η) + µ2 )P01 + µ1 P11 + λ(1 + η)π2 P00

(9)

0 = −(λ(1 + η) + µ1 + µ2 )P2 + (µ1 + µ2 + ξp)P3 + λ(1 + η)P1

(10)

0 = −(λ(1 + η) + µ1 + µ2 + (n − 2)ξp)Pn
+ (µ1 + µ2 + (n − 1)ξp)Pn+1 + λ(1 + η)Pn−1

(11)

0 = λ(1 + η)PN −1 − (µ1 + µ2 + (N − 2)ξp)PN

(12)

Solving equation (7) to (12), we obtain


(λ(1 + η)) + (µ1 + µ2 )π1 λ(1 + η)
P00
=
2λ(1 + η) + µ1 + µ2
µ1


(λ(1 + η)) + (µ1 + µ2 )π2 λ(1 + η)
=
P00
2λ(1 + η) + µ1 + µ2
µ2


P10
P01

(13)
(14)

Adding (13) and (14), we get

P1 =

λ(1 + η) + π1 µ2 + π2 µ1
2λ(1 + η) + µ1 + µ2



λ(1 + η)(µ1 + µ2 )
P00
µ1 µ2

(15)

Adding equation (8) and (9) and using (7) and (15), we get

P2 =

λ(1 + η) + π1 µ2 + π2 µ1
2λ(1 + η) + µ1 + µ2



λ(1 + η) (λ(1 + η))
P00
µ1
µ2

(16)

Using equation (11) and generalizing, we obtain

Pn =

λ(1 + η) + π1 µ2 + π2 µ1
2λ(1 + η) + µ1 + µ2




n 
λ(1 + η) λ(1 + η) Y
λ(1 + η)
P00 (17)
µ1
µ2
µ1 + µ2 + (k − 2)ξp
k=3
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Using (12) and (17), we obtain


PN =

λ(1 + η) + π1 µ2 + π2 µ1
2λ(1 + η) + µ1 + µ2

PN

Using condition of normality
"



P0 = 1 +




N 
λ(1 + η) λ(1 + η) Y
λ(1 + η)
P00 (18)
µ1
µ2
µ1 + µ2 + (k − 2)ξp

n=1 Pn

k=3

= 1, we get




λ(1 + η) + π1 µ2 + π2 µ1 [λ(1 + η)]2
λ(1 + η) + π1 µ2 + π2 µ1 λ(1 + η)(µ1 + µ2 )
+
2λ(1 + η) + µ1 + µ2
µ1 µ2
2λ(1 + η) + µ1 + µ2
µ 1 µ2


N
−1 
n 
X
λ(1 + η) + π1 µ2 + π2 µ1 [λ(1 + η)]2 Y
λ(1 + η)
+
2λ(1 + η) + µ1 + µ2
µ1 µ2
µ1 + µ2 + (k − 2)ξp
n=3
k=3


#−1
N 
λ(1 + η) + π1 µ2 + π2 µ1 [λ(1 + η)]2 Y
λ(1 + η)
+
(19)
2λ(1 + η) + µ1 + µ2
µ1 µ2
µ1 + µ2 + (k − 2)ξp
k=3

3

Measures of Performance

In this section we derive some important measures of performance:

3.1

Expected System Size (Ls ):
Ls =

N
X

nPn = P1 + 2P2 +

n=1

3.2

N
X

(n − 2)Pn =

n=3

N
X

(n − 2)ξpPn =

n=3

(n − 2)Pn + (N − 2)PN

n=3

N
−1
X

(n − 2)ξpPn + (N − 2)ξpPN

n=3

Average rate of retention (RR ):
RR =

N
X

(n − 2)ξqPn =

n=3

4

N
−1
X

Average rate of reneging (Rr ):
Rr =

3.4

nPn + N PN

n=3

Expected queue length (Lq ):
Lq =

3.3

N
−1
X

N
−1
X

(n − 2)ξqPn + (N − 2)ξqPN

n=3

Numerical Illustrations

In this section we present numerical illustrations of the model:
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Variation in measures of performance with respect to arrival rate.
Taking µ1 = 2, µ2 = 3, π1 = 0.4, q = 0.4, ξ = 0.2 and N = 10.

From table 1 we can see that as the arrival rate increases, the expected system size,
expected length of the queue, average rate of reneging as well as average retention rate
all increases.
Variation in measures of performance with respect to reneging rate.
Taking µ1 = 2, µ2 = 3, π1 = 0.4, q = 0.4, λ = 3 and N = 10.

From table 2 we can see that the expected system size decreases while the average rate of
reneging increases with the increase in reneging rate.
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Variation in measures of performance w.r.t. the prob. of retention.
Taking µ1 = 2, µ2 = 3, π1 = 0.4, ξ = 0.2, λ = 3 and N = 10.

From table 3 we can see that as the probability of retention increases, the expected system
size as well as average rate of retention increases.

5

Economic Analysis of the Model

In this section we develop cost model of the above queuing model to perform economic
analysis by developing the functions of Total Expected Cost (TEC), Total Expected Revenue (TER) and Total Expected Profit (TEP). Following notations are used in this cost
model:
Cs =Cost per service per unit time.
Ch =Holding cost per unit per unit time.
CL =Cost associated with each lost unit per unit time.
Cr =Cost associated with each reneged unit per unit time.
CR =Cost associated with each retained unit per unit time.
R = Revenue earned per unit per unit time.
Cost model functions are as follows:

T EC = Ch Ls + CL λ(1 + η)PN + Cr Rr + CR RR + Cs (µ1 + µ2 )
T ER = R × (µ1 + µ2 ) × (1 − P0 )
T EP = T ER − T EC
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From figure 1 we can see that as the arrival rate increases, Total Expected revenue increases and as a result total expected profit also increases but after certain level total
expected cost increases to a greater extent than revenue which results in slight decrease
in total expected profit after certain rate of arrival.

6

Conclusions and Future Scope

The results are of immense use for any business organization in order to manage operations
effectively. The model gives a clear insight of expected system size, length of the queue,
probability of any number of customers in the system, probability that the system is
vacant and any other related operational measures of performance under the assumptions.
Expected system size gives average load on the facility that has to be managed per unit
time. Average length of queue enables the system to keep queue under control as a longer
queue may result in to panic and the firm may lose their potential customers, which
inturn hampers the goodwill. Average rate of reneging shall be reduced once it is known.
Total expected cost, revenue and profit provides economical insight of the system. The
model can be adopted and implemented to measure overall performance of the system
numerically.
By implementing this model, efficiency of any business organization can be improved and
better service can be provided to the customers.
The model analysis is limited to finite capacity. The infinite capacity case of the model
can also be studied. The paper may be extended to more than two heterogeneous servers.
Further, the model can be solved in transient state to get time-dependent results.
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