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LINEAR WEINGARTEN TYPE OF A PENCIL SURFACE IN
EUCLIDEAN 3-SPACE

MUHAMMED T. SARIAYDIN AND VEDAT ASIL

ABSTRACT. In this paper, we study linear and non linear W-surfaces in Euclid-
can 3-space. Firstly, we obtain W-surfaces of of a pencil surface. Then, curva-
tures of this surface is calculated. Finally, we give a new theorem to be linear
pencil W-surface of pencil W-surfaces in E3.

1. INTRODUCTION

A surface M(s,t) in E3 is called Weingarten surface if U(ky, ks) = 0 for princi-
pal curvatures of this surface or equivalently, if there exists a non-trivial functional
relation ¢(K, H) = 0 with respect to its Gaussian curvature K and its mean cur-
vature H. The existence of a non-trivial functional relation ¢(K,H) = 0 on the
surface M parametrized by X (s, t) is equivalent to the vanishing of the correspond-

ing Jacobian determinant, namely’ éﬁ’g) ‘ = 0. Also, if the surface satisfies a linear

equation with respect to K and H, that is, aK + bH = ¢, where (a,b,c) # (0,0,0)
and a, b, ¢ € R, [12]. Then, weingarten surface most extensively studied in research
articles. For example, Karacan studyed tubular W-surfaces in Euclidean 3-space in
[3], Sodsiri showed ruled surfaces of Weingarten type in Minkowski space and Yoon
studied polynomial translation surfaces of Weingarten type in Euclidean space, [9,
14].

To construct a surface pencil, they gave the parametric form of the surface
P(s,t) : [0, L] x [0,T] — R? as follows P(s,t) = a(s) + u(s,t)T(s) + v(s,t)N(s) +
w(s,t)B(s), where 0 < s < L, 0 <t < T and u(s,t), v(s,t) and w(s,t) are C* func-
tions. The values of the functions u(s,t), v(s,t) and w(s,t) indicate, respectively,
the extension-like, flexion-like, and retortion-like effects, by the point unit through
the time ¢, starting from «(s), in [11]. This surface has not been studied much re-
search articles. But in recent times Li, Zhao and Wang have been working on this
surface. Zhao obtained a new method for designing a developable surface pencil,
Li give parametric representation of a surface pencil and Wang studied parametric
representation of a surface pencil with spatial geodesic [9,11, 15].

In this paper, we study principal curvatures k; and ks of pencil surface in E?
and we obtain Weingarten surface of pencil surface P in E2 for suitable s and t.
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Additionally, we give new theorem for linear Weingarten surface of pencil surface
P in E3.

2. Background on curves and surfaces

In the space E3, if {e1, e2, e;} is denote by the moving Frenet-Serret frame along
the curve (, for this arbitrary curve ¢ the following Frenet—Serret formulae is given

€] = ke,
(21) €y = —Kej —|—7'€3,
€3 = —Tey,

where k, 7 are first and second curvature of curve (, respectively, and

(e1,e1) = (e, e2) = (e3,e3) = 1,
(e1,e2) = (e1,e3) = (ez, e3) = 0.
In addition, curvatures xk and 7 defined by x = k(s) = |€](s)] and 7(s) =
— (eq,€}). Moreover we give
(€:¢ ¢)
T=

In the rest of the paper, we suppose everywhere k % 0 and 7 # 0.

We denote a surface M in E? by

(2.2) M (s,t) = (mq (s,t), ma(s,t), ms(s,1)).
Let U be the standard unit normal vector field on a surface M defined by
Mg AN My
2.3 U= 5070t
23 M. A M

where My = OM (s,t) /0s, My = OM (s,t)/Ot, respectively. Then, the first
fundamental form I and the second fundamental form II of a surface M are defined
by, respectively,

(2.4) I = Eds® + 2Fdsdt + Gdt?,

(2.5) I = eds® + 2fdsdt + gdt?,

where

(2.6) E=MgMs), F=MsgM), G= (M My),

(2.7) e= (M, U), f=Ms,U), g=Mu,U).

On the other hand, the Gaussian curvature K and the mean curvature H are
eg — f? Eg—2F Ge

(2:8) K= Eg' —J;ﬂ’ B g(EG f};)

and principal curvatures k; and ko are

(2.9) ky=H+VH>— K, ky=H—/H? - K,

respectively, [12, 13].
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3. Pencil W-surfaces in E?

Let o : I — E3 be a regular curve with parametrized by arc-length. Then, we
can write pencil surface by

(3.1) P(s,t) = a(s) + u(s,t)er(s) + v(s,t)ea(s) +w(s,t)es(s),

where 0 < s < L, 0 <t < T and u(s,t), v(s,t) and w(s,t) are C! functions,
[6]. The derivative of pencil surface with respect to arc-length parameter s and the
point unit through the time ¢, respectively.

Lemma 3.1. Let P be a pencil surface around a reqular curve with parametrized
by arc-length in E3. Then, the coefficients of the first fundamental form of pencil
surface P (s,t) are given by

E= 1+u§+v§+w§+uzn2 + 0262 + 0272 + w?r? — 2uk
— 2UWKT — 20Kus + 2us + 2ukvs — 2WTVs + 20T W5,
(3.2) F = u + usup + vsvp + wswy — VKU + UKV — WTV; + VT Wy,

2, .2 2
G =u; +v; +wy.

Proof. We take the derivative of pencil surface with respect to arc-length
parameter s and the point unit through the time ¢ in (3.1), respectively. We have

(3.3) Ps = (1 +us — vk) e1+ (uk + vs — w7) ea+ (VT + w;) €3
and
(34) Pt = uUze1+Viey + Wre3.

From (2.6), (3.3) and (3.4), we can calculate the coefficients of the first fundamental
form at (3.2). Therefore, the proof is finished.

Lemma 3.2. Let P be a pencil surface around a reqular curve with parametrized
by arc-length in E3. The coefficients of the second fundamental form of pencil
surface P (s,t) are given by

1

e = —(UKUssWt + UssVsWy — WTUgsWy — VT UgsVp — UssVpWs — 2ukvwy
Y

— vafwt + 3WKTUs Wt + VETUsU; + 2KV VW — UVKK Wy — VgV Wy

+ VWTRsWE — VTsUVs + ’UQTHSUt + VRV W — u2f$3wt — u&gvswt

+ 2uwrTw; + wklTv + urivws — wAkT W, — VKTV, — WRETVW,
— KWy — KUusw; + vant + 3v/$2uswt + w273ut + VRTU: + KUt W

— 2Kusw; — 2mu§wt + 20KTUUt + 2KULUWs — VWT Tl + Vi Wy

+ vkw — V23w — 02 R2 Uy — VRPuws — UKWy — Uk UsW;

— UVKTgUt + VTVt + UVKKgW + UVTKgUE + URKgUWg — VWi — VggUgWy
+ VEUssWt + VT UssUL — w7‘2vt + VssUtWs + 2TW Wt + 2T U W W

— 2TUVRW Wy — Qszutws — QTutwg — 2VKTVsV; + WTsUsWy — VWKT Wy
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— VWT Ty — WTsUgWs + VT2Wy 4+ VT2 UsWy 4+ VTsUsVp — V273U — 0T 2Uws

2527ut — UKTUVg + WTsWy — umeQut

2

+ UKTV: + UKT UV — U’UHQT’Ut —Uu
+ 2WTTsTUV: + 2TUsV U — 27utv§ — 02k72Ww — QuKTULVs — V2 KTV
- 210721%1)S - ’U}TQ’U,S’Ut + ’U’w;‘iTQ’Ut + uw/ﬁ72ut + szutUS + UV Wes

— VRUtWss — URUtWss — UtVsWgs — wTutwss),

1
f = f(umustwt =+ UstVsWt — WTUst Wt — VT UVt — UstVWg — UHQUtwt
v
— KUV Wt + WKTUWe + vm’vf + m}fws — KUt Wt — KUgUpW
-+ v/<;2utwt + vm'u? -+ ﬁu?ws — VWt — UgVgtWt + VRUs Wt + VT Ut Vst
+ UVt Wg + wa + 7'uswt2 — vm'wf — 1)7'2utwt — TUWsWy + va
+ 7'usvt2 . v/fTvtz — URTUV — TUVsVy + wTQutvt + ViWst + UV Wt
— VRUtWst — URUtWst — UtVsWgst + ’lUT’LLt’U)St),
g = ;(Uﬂuttwt F Ut Vs Wy — WT U Wy — VT UV — Ut VpWs — Vgt Wy — UV Wy

+ VRV W + VT UV + UV Ws + VWit + UV Wit — VRV Wit — UKW Wit

— UtVsWt — wTutwtt).

Proof. The norm of mixed product of (3.3) and (3.4) is

1P AP =7 = (vsw; — viws — wTw; + ukw; — v7vg)>
(3.5) + (—wp — uswi + upws + VUL + VW)
+ (v¢ + usvy — upvs + WTUL — UKUL — vnvt)z)%.

On the other hand, unit normal vector field U is obtained by

1
U = —((vewy — vyws — wTwy + ukw, — vTv;)eq
(3.6) + (—wi — uswy + wpws + v7TUE + VEWE) ey

+ (ve + usvy — upvs + WTUE — URUL — VRVL)€3).

Also, we simple can calculate the coefficients of the second fundamental form from
(3.5) and (3.6).

The next part of the study, we show %, %, % instead of the coefficients of the
second fundamental form for simplicity of notation, respectively.

Theorem 3.3. Let P be a pencil surface around a regular curve with parame-
trized by arc-length in E3. Principal curvatures of pencil surface P (s,t) are given
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where

A
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1
T2
— 2Cvk — 2CuwkT + 2Cus — 2Cvkus + 2Curvs — 2CwTvs + 2(UTWS
— 2nup — 2Nusus — 2NVsVE — 2NWsWe + 2NVKUE — 2NUKV: + 20WT U,
= 20uTw, + pug + pof + pwf) + (¢ A+ Cug + (ol + Cwl
+ CuPk? + PR + 0?7 + (w?r? — 2Cuk — 2CuwkT + 2Cu,

— 2Cvkugs + 2Cukvs — 2CwTVs + 2CVTWs — 2NnUL — 2NUsU — 2NV

ky [(C+ Cu2 + ¢v2 + (w2 + CuPk? + (vk? + (P72 + (w?r?

— 2nwswy + 2nvKrus — 2nuKvy + 2nwTo — 2nuTws + uuf + ;wtz
1
+ pwi)? = 4x (u¢ —7°))2],

ke = 3 [ Qud o Qo Qo Qu? o Qo 4 Qo™ o QP
— 2Cvk — 2CuwkT + 2Cus — 2Cvkus + 2Cukvs — 2CwTVs + 2CUTWS
—2nup — 2NusUs — 205V — 2NWsWe + 2NVKUE — 2NUKVs + 20WT U,
— 2nuTw, + puf + poi + pwy) — (¢ Cul + ¢ + (wl

+ Cu?R? + PR + (0% + (w?r? — 2Cuk — 2CuwkT + 2Cu,

— 2Cukugs + 2Cukvs — 2CwTvs + 2CVTWs — 2NUp — 2NUsUL — 2NV Vg
— 2nwswy + 2nvKrus — 2nuKvy + 2nwTo — 2nvTws + uuf + pwtz

+ pw?)? — 4\ (u¢ —17))%],

2 2 2 2, 2 2 2 2, 2 22 2 2 2, 2 2
=u; +v; +w; +usup +uvs +ujws - ugvp +vv; + v ws — 2UWRKTU
2 2 2 2 2 2 2

+ 2uguy — 20KUsU; + 2UKU; Vs — 2WTUL Vs + 20TU Ws — 2UWKTV; + 2UgV;

— 20KV + 2uKrvvf — 2wTUvE + 20TV Ws — 2UWKTWE — 2UKULW?

2 2 2 2 2, 2 2,2 2,2
+ 2ukvswy — 2wTvswi + 20TWwswy + 2uswy + uzwy + v wiy + wiws
+ u21€2ut2 + vQﬁQUf + 11272u§ + w272uf + u2/<52vf + v2m2vt2 + vazth

+ w?T%0? + u2n2wt2 + v2/<52wt2 + ’U27‘2wt2 + szzwf — 2uku? — 211/-@1),52

— 20kw? — (Ug + Usty + VsV; + Wewy — VEU; + UKV — WTV; + vTw;)2

Proof. Firstly, we must find Gaussian curvature K and the mean curvature H.

From

(3.9)

(3.10)

equation (2.8), Lemma 3.1 and Lemma 3.2, we have

2
o k= ’
72A
1
H = o (G Cug + Quf o+ Cuf + Qui? + Co? o (o
8
+ Cw?r? — 2Cvk — 2CuwkT + 2Cus — 2Cvkus + 2CuKV,
— 2CwTvs — 2NnUt 4+ 2CUTWs — 2NUSsUL — 2NVVE — 2NW W4

+ 2nvkuy — 2nukvy + 2nwTY — 2nUVTWE + uutz + ,Lwtz + ,uwtz)
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From (2.9), (3.9) and (3.10), we get the proof of Theorem 3.3.

Theorem 3.4. Let P be a pencil surface around a regular curve with parame-
trized by arc-length in E3. If P is Weingarten pencil surface, then we have

ok ok Ok Oy _
Os Ot ot s

Theorem 3.5. Let P be a Weingarten pencil surface around a regular curve
with parametrized by arc-length in B3. If P is a linear Weingarten surface in E?,
then we write

a+b

29\
+2¢us — 2Cvkug + 2Curvs — 2CwTVs + 2CVTWs — 2NUL — 2NUsUE — 2NVsVy — 2NW Wy
T (a4 o2
—|—Cw§ + Culk? 4 (02K + (0?1 + Cw?r? — 2Cvk — 2CuwkT + 2Cus — 2CvKu, + uuf
+2Curvs — 2CwTVs + 2CVTWs — 2NUr — 2NUsUE — 2NUVE — 2NWWE + 2NVKUE — 2NUKV;

(€4 Cu? + (v + Cw? + CuPk? 4 C?K? + (v r? + Cw?r? — 2¢vk — 2CuwkT

+2nvkuy — 2nukve + 2nwTvy — 2nvTWw: + uuf + ,uvtz + ,uw?) +

+F2nwTv; — 2nuTWw; + Pt 4 pw?)? — 4\ (u( — 772))% —c=0.

Proof. If P Weingarten pencil surface is linear Weingarten surface, it ensures
that ¢ = aky + bko, which k; and ko are principal curvatures. From 3.7 and 3.8
equations, it is easily reached proof of the theorem.

Corollary 3.6. Let P be a pencil surface in E?. If Pencil surface P is minimal
surface, then we write

1
55«+@%«ﬁ+wﬂwﬁﬁ+w%+@%2

+ Cw?r? — 20k — 2CuwkT + 2Cus — 2Cvkus + 2CuKv,
— 2CwTvs — 2nus + 2CUTWs — 2NUsUr — 2NVsVy — 2NW Wy
+ 2nukuy — 2nukvy + 2nwTo — 2nvTw, + ,uuf + ,zwf + ,uwtz) =0.

Example 3.7. Let us consider an unit speed curve in E3 by
1
¢(s) = ﬁ(\/ 14 52,28, In(s + V14 s2)).

One can calculate its Frenet apparatus as the following
1

t(s) = m(sﬂ 1+ s2,1),
1
II(S) - \/ﬁ(lvoaf’s))

b(s) = ;(25,7\/1 +s2,2).

5(1 1 %)
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Then, we can write pencil W-surface by

1 1
P(s,t) = —=(v1+522s,In(s + /14 52) + —oxn
(5:6) = 5 (VIT 20 (ot VIH ) + ey

u(s,t)(s,2

14 s2,1)

L U(S7t) (1705 —S)+;’W(S,t) (257_\/ 1+S272)'

+—
V1+s? 5(1+ s2)

u(s,t) =t, v(s,t) = st
w(s,t)=1, —2<s<5, =5 <t <5,

u(s,t) = sint3, v (s,t) = costsint,
w(s,t) =sint, —2<s<2, —2<¢t <2,

Example 3.8. Let us consider a curve in E3 by

p(u) = (3u — u®, 3u?, 3u + u®).
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Then, we can write pencil W-surface by

P (u,v) = (3u —u®, 3u?, 3u + u®) +

(1]

1
V2(1 + u?)
b(u,v) (—2u,1 —u?,0) +

a(u,v) (1 —u?, 2u, 1+ u?)

1
_i'_i
V14 u?

1
V2 (14 u?)

c(u,v) (u® — 1, —2u, 1 4+ u?).

a(u,v) =u’, bu,v) = —uv, c(u,v) = v"sinu?

0<u<?2 —-1<v <3
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