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ON INEXTENSIBLE FLOWS OF NEW TYPE SURFACES
WHICH GENERATED BY FIRST PRINCIPLE DIRECTION

CURVE IN E3

VEDAT ASIL, GÜLDEN ALTAY AND TALAT KÖRPINAR

Abstract. In this paper, we study inextensible �ows of new type surfaces
which generated by �rst principle direction curve in Euclidean 3-space E3.
Finally, we obtain mean curvature and Gaussian curvature of these surfaces.

1. Introduction

The evolution of curves and surfaces has important applications in many �elds
such as computer vision, computer animation, and image processing. Also, many
nonlinear phenomena in physics, chemistry and biology are described by dynamics
of shapes, such as curves and surfaces. The time evolution of a curve or surface
generated by its corresponding �ow in E3: The �ow of a curve or surface is said
to be inextensible if, in the former case, the arclength is preserved, and in the
latter case, if the intrinsic curvature is preserved. Physically, inextensible curve and
surface �ows are characterized by the absence of any strain energy induced from the
motion. A piece of paper carried by the wind, can be described by inextensible curve
and surface �ows. Such motions arise quite naturally in a wide range of physical
applications. Also, inextensible curve and surface �ows arise in the context of many
problems in computer vision and computer animation, [8].
The Frenet frame is generally known an orthonormal vector frame for curves.

But, it does not always meet the needs of curve characterizations. In [9], there is
a alternative moving frame and the Sabban frame, respectively. Then, they gave
some new characterizations of the C-slant helix and prove that a curve of C-constant
precession is a C-slant helix.
In this paper, we study inextensible �ows of some types of the surfaces which

generated by �rst principle direction curve in Euclidean 3-space E3. Furthermore,
we give some new characterizations of this surfaces.
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2. Preminaries

Denote by fT;N;Bg the moving Frenet�Serret frame along the curve  in the
space E3. For an arbitrary curve  with �rst and second curvature, � and � in the
space E3, the following Frenet�Serret formulae is given

T0 = �N;

N0 = � �T+ �B;
B0 = � �N:

De�nition 2.1. Let  (s) be a regular unit-speed curve in terms of fT;N;Bg.
The integral curves of T(s), N(s) and B(s) are called the tangent direction curve,
principal direction curve and binormal direction curve of  (s) , respectively, [9] .
The principal direction curve of  (s) , � =

R
N(s)ds has a new frame as,

T1 = N;

N1 =
N0

kNk =
��T+ �Bp
�2 + �2

;

B1 = T1 �N1 =
�T+ �Bp
�2 + �2

;

where the tangent vector and the binormal vector of � are the principle normal
vector and the unit Darboux vector of  (s), respectively. Also curvatures of � are

�1 =
p
�2 + �2; �1 = ��1;

where � is the geodesic curvature of N1: The �rst principle direction curve,

� =

Z
N(s)ds with the frame fT1 = N; N1 =

N0

kNk ; B1 = T1 �N1g:

The Frenet equations are satis�ed

T01 = �1N1;

N0
1 = � �1T1+�1B1;

B01 = � �1N1:

De�nition 2.2. We can de�ne the following one-parameter family of new type
surface

X (s; v; t) = � (s; t) + f (v; t)T1 (s; t) ;

where T1 (s; t) is unit tangent vector �eld of  (s; t) :

De�nition 2.3. A surface evolution � (s; u; t) is its �ow
@�

@t
are said to be

inextensible if its �rst fundamental form fE;F;Gg satis�es
@E

@t
=
@F

@t
=
@G

@t
= 0:

This de�nition states that the surface � (s; u; t) is, for all time t, the isometric image
of the original surface � (s; u; t0) de�ned at some initial time t0. For a developable
surface, � (s; u; t) can be physically pictured as the parametrization of a waving �ag.
For a given surface that is rigid, there exists no nontrivial inextensible evolution.
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3. Inextensible Flows of Some Types of Surfaces Generated by First
Principle Direction Curve in E3

In this section, we characterize inextensible some types of surfces which is gen-
erated by �rst principal direction curve in Euclidean 3- space E3. Then, we obtain
mean curvature and Gaussian curvature of these surfaces.

Theorem 3.1. Let

(3.1) X (s; v; t) = � (s; t) + f (v; t)T1 (s; t)

in E3. If the surface family X (s; v; t) is inextensible, then

(3.2) � = 1; f (v; t) = h (v) + g (t) ;

where � =
�1
�1
is the geodesic curvature of N1.

Proof. If we take derivatives of the surface, which is given with the parame-
trization (3.1), we have

Xs = (1� f�1)T1 + f�1B1;(3.3)

Xv =
@f

@v
N1:

Then, components of the �rst fundamental form of the surface are

E = (1� f�1)2 + f2�21 ;
F = 0;(3.4)

G = f2v :

So, derivatives of the coe¢ cients of the �rst fundamental form are

1

2

@E

@t
= �(1� f�1)(�1

@f

@t
+ f

@�1
@t
)(3.5)

+ (f�21
@f

@t
+ f2�1

@�1
@t
);

@F

@t
= 0;(3.6)

@G

@t
= fvt:(3.7)

If the surface inextensible, we have

@E

@t
=
@F

@t
=
@G

@t
= 0:

Then, from equations (3.5) and (3.7)

f (v; t) = h (v) + g (t) ;

�1 = �1 =
g0 (t)

h (v) + g (t)
:

So, the proof is complete.

Corollary 3.2. The points of the surface family X (s; v; t) are hyperbolic points.
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Proof. The unit normal vector �eld of the surface is

(3.8) U =
1p

(1� f�1)2 + f2�21
(��1fT1 + (1� f�1)B1) :

Second derivatives of the surface are

Xss = �f�1sT1 + ((1� f�1)�1 � �21 f)N1 + f�1sB1

Xsv = fv(��1T1 + �1B1)
Xvv = fvvN1:

Then, components of the second fundamental form of the surface are

h11 =
f2�1s�1 + f�1s(1� f�1)p

(1� f�1)2 + f2�21
;(3.9)

h12 =
fv�1p

(1� f�1)2 + f2�21
;(3.10)

h22 = 0:(3.11)

Then, from (3.4) and (3.9)-(3.11) Gaussian curvature of the X (s; v; t) is

K = � f2v �
2
1

(1� f�1)2 + f2�21
:

Corollary 3.3. Let X (s; v; t) be a surface which is given by equation (3.8) in
E3: If

(3.12) �1 = const: and
�1
�1
= const:;

then, X (s; v; t) is a minimal surface.

Proof. From equations (3.4) and (3.6)-(3.8), the equation of mean curvature is

(3.13) H =
f(f�01�1 + �

0
1(1� f�1))

((1� f�1)2 + f2�21 )3=2
:

So, if the surface X (s; v) is minimal, then

�1 = const: and
�1
�1
= const:

Theorem 3.4. Let

(3.14)  (s; v; t) = � (s; t) + f (v; t)B1 (s; t)

in E3. If the surface family  (s; v; t) is inextensible, then

f (v; t) = h (v) + g (t)

and

�1 = cnst: or g0 (t) �1 + �1t(h (v) + g (t)) = 0;

where � =
�1
�1
is the geodesic curvature of N1.
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Proof. If we take derivatives of the surface, which is given with the parame-
trization (3.14), we have

 s = T1 � f�1N1;(3.15)

 v = fvB1:

Then, components of the �rst fundamental form of the surface are

E = 1 + f2�21 ;

F = 0;(3.16)

G = f2v :

So, derivatives of the coe¢ cients of the �rst fundamental form are

1

2

@E

@t
= (f�21

@f

@t
+ f2�1

@�1
@t
);(3.17)

@F

@t
= 0;(3.18)

@G

@t
= fvt:(3.19)

If the surface inextensible, we have

@E

@t
=
@F

@t
=
@G

@t
= 0:

Then, from equations (3.5) and (3.7)

f (v; t) = h (v) + g (t) ;

�1 = 0

or

g0 (t) �1 + �1t(h (v) + g (t)) = 0:

So, the proof is complete.

Corollary 3.5.  (s; v; t) which is given by equation (3.14) in E3: Then, the
Gaussian curvature of the surface  (s; v; t) is given by

K = � �21
(1 + f2�21 )

2
:

Proof. The unit normal vector �eld of the surface is

(3.20) U = � 1p
1 + f2�21

(�1fT1 +N1) :

Second derivatives of the surface are

 ss = �f�1�1T1 + (�1 � f�1s)N1 � f�21B1
 sv = �fv�1N1

 vv = fvvB1:
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Then, components of the second fundamental form of the surface are

h11 = �
f2�1�

2
1 + �1 � f�1sp
1 + f2�21

;(3.21)

h12 =
fv�1p
1 + f2�21

;(3.22)

h22 = 0:(3.23)

Corollary 3.6.  (s; v; t) which is given by equation (3.14) in E3: Then, the
mean curvature of the surface  (s; v; t) is given by

H = �f
2�1�

2
1 + �1 � f� 01

(1 + f2�21 )
3=2

:

Proof. It is obviousliy from equations (3.16), (3.21)- (3.23).
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