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The Energy of a Hypersurface

Ayse Altin*

Abstract

In this paper, we compute the energy of a unit normal vector field
on a hypersurface M in (n+1)-dimensional manifold M. We show
that the energy of a unit normal vector field may be expressed in
terms of the principal curvatures functions of M. To this end we
define the energy of the hypersurface.
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1 Introduction

In [1], we compute the energy of a Frenet vector field and the pseudo-angle
between Frenet vectors for a given non-null curve C' in semi Euclidien space
of signature (n,v). We observe that the energy and pseudo-angle may be
expressed in terms of the curvature functions of C. In [2], we calculated the
energy of a unit normal vector field on the surface M in R and we show
that the energy may be expressed in terms of the Gaussian curvature, mean
curvature and area of M. We achieved that energy of a unit normal vector
field is invariant on the orthonormal basis of the tangent space of M. We will
forget the constant term of area of M and we

define the energy of the surface. Using this definition we calculated the energy
of a domain on surface.

In this paper, we compute the energy of a unit normal vector field on a hy-
persurface M in (n+1)-dimensional manifold M with respect to the basis. We
show that the energy of a unit normal vector field may be expressed in terms
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of the principal curvatures functions of M. The principal curvatures functions
on M are independent from the choice of the basis. To this end we define the
energy of the hypersurface. Using this definition we calculated the energy of
a hypersurface.

2 Preliminaries

Definition 2.1. Let (M, g) be a hypersurface of a (m + 1)-dimensional Rie-
mannian manifold (M,g) and V be the Levi-Civita connection on M with
respect to g, let

Ay :T(TM) = T(TM), Ay(¢)=—VN (1)

where N is a unit normal vector field on M and I'(T'M) is set of tangent vector
fields. Ay is called Weingarter funtamental tenser.
If Ay = Athen M is called totally umbilical hypersurface where A € C*°(M; R).

For a unit normal vector N of M at a point p, Ay is self-adjoint. Hence there
exist orthonormal vectors {ei, ...,e,} of M at p which are the eigenvectors of
Ap , that is,

ANe,- = kiei (2)

for real numbers k;. We call the eigenvalues k; are call the principal curvatures
and the eigenvectors e; the principal directions of M at p [5].

Definition 2.2. The energy of a differentiable map
f:(M,<,>) = (N,h) between Riemannian manifolds is given by

&) = [ (S hidstea) drteaye ®)

where v is the canonical volume form in M and {e,} is a local basis of the
tangent space (see for example [3], [6]).

In [6], the energy of a unit vector field on a Riemannian manifold M is defined
as the energy of the mapping X : M — T'M, where 7 : T'M — M is the
bundle projection and the unit tangent bundle T'M is equipped with the
restriction of the Sasaki metric.

Proposition 2.1. The connection map K : T(T*M) — T'M verifies the
following conditions.

1) moK = wodn and moK = mow , where 7 : T(T'M) — T'M is the tangent
bundle projection.

2) For weT, M and a section & : M — T M, we have
K(dé(w)) = Vg
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where V is the Levi-Civita covariant derivative (see [4]).

Definition 2.3. For 7y, no€T¢(T' M) define

gs(m,ne) =< dm(m),dr(n2) > + < K(m), K(n2) > . (4)

This gives a Riemannian metric on T'M. Recall that gs is called the Sasaki
metric. The metric g, makes the projection 7 : T'M — M a Riemannian
submersion (see [4]).

3 The energy of the unit normal vector
field of a hypersurface

Theorem 3.1. Let (M, <,>) be a hypersurface of a (n + 1)-dimensional
Riemannian manifold (M, <,>) and V be the Levi-Civita connection on M.
Let N be unit normal vector field of M. Then we have the energy of N.

/le U+V)

where a;; are real-valued functions v is the volume form in M, V(M) is volum
of M.

Proof. Let {ej,...,e,} be an local orthonormal basis of the tangent space,
N be unit normal vector field of M and NM be normal bundle. Thus we
have N : (M, <,>) — (NM,gs) where NM = Upcps NyM, NpyM denotes
generated by N and gg is the restriction of the Sasaki metric on the tangent
bundle T'M.

Now, let # : NM — M be the bundle projection and the Levi-Civita connec-
tion map K : T(NM) — NM. By using equation (3) we obtain the energy of
N is

) =5 [ (X gsldN(es), dN(ex))o. )
=1
From (4) we get

9s(dN(e;),dN(e;)) =< dm(dN(e;)),dn(dN(e;)) > + < K(dN(e;)), K(dN(e;)) >

Since N is a section we have d(m)od(N) = d(moN) = d(idpys) = idry. By
Proposition 2.1, we also have that K(dN(e;)) = Ve, N, giving

9s(dN(e;),dN(e;)) =< ei,e; > + < Ve, N,V N) >
For hypersurface V.,N = —Ape;, Vp € M, because of (1), we get,

gg(dN(ei),dN(ei)) =< ej,e >+ < ANei,ANei >
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Using these results in (5) we get

1 n
5(N)=*/ Z<AN€i,AN€i>U+ﬁV(M). (6)
2 /v 2
On the other hand, since Aye; € T'(T'M) we have that

n
ANCZ' = Z aijej
j=1

2

where a;; are real-valued functions and < Aye;, Aye; >= Z?ZI a;;

From (6) we get,
) =1 [ (3 o+ Bvimn
= — a:: - .
9 Jut &= )V
i,7=1
Corollary 3.1. If kq, ..., k, are principal curvatures functions on M, then we

have
1 ", n
E(N) = 2/M]§:1kjv+ 2V(M).

Proof. Using equations (2) in (6), we obtain result.

The principal curvatures functions on M are independent from the choice of
the basis {e1, ..., e, }, therefore the energy of a unit normal vector field invariant
on the each orthonormal basis of the tangent space of M. We may ignore the
constant term of V(M) and we can give the following definition.

Definition 3.1. The integral

1 n
5 [ >k
2 M5

is called the energy of surface M or the integral

1/ i
- Z<AN61',AN61' > v
2 /M i

is called the energy of surface M with respect to the basis {ei,...,e,} and is
denoted by E(M).

Example 1. Energy of hyperplain in Euclidian space is zero.
Example 2.Let M = S? = {(21,..,2n41) : S0 27 = r2,} be the Hyper-
shape in (n + 1)- dimensional Euclidian space and N be unit normal vector

field of M then

1
AvX =—=X, for any X e I'(TM).
T
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Using equation (5) we obtain the energy of M is

1 n
E(M) = §/MZ < Anej, Ane; > v = Q%V(M)-
=1

Example 3. Let M be the totally umbilical hypersurface and N be unit
normal vector field of M then Ay = A\ and

E(M) = g/M)\2U.
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