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Abstract.In this paper, we apply the Peaceman-Rachford splitting method (PRSM) to
solve the problem of constrained image deblurring corrupted by Gaussian noise. To speed
up PRSM, we linearize its two subproblems and obtain the closed-form solutions. Compared
with PRSM, the resulting new method is matrix-inversion free. The global convergence of the
new algorithm is proved via the analytic framework of contractive type methods. Numerical
comparisons with alternating direction methods (ADMs) illustrate that our proposed algo-
rithm is efficient and promising.
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1 Introduction

In this paper, we consider the problem of deblurring digital images under Gaussian noise. Given original
image concatenated into an n-vector T € R™, and let A € R™*™ be a blurring operator (integral operator)
acting on the image. Let w € R™ be the Gaussian noise added onto the image. The observed image
¢ € R™ can be modeled by ¢ = AZ +w. The constrained image deblurring problem (CIDP)) is to recover
Z from ¢, which can be depicted as

min LAz — el + 5 | Ba|? (1)
1<z<u 2 2 ’
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where [,u € R"; B € R"*" is a regularization operator (differential operator); A2 € R is the regulariza-
tion parameter; x € R™ is the restored image; || - | denotes the 2-norm. The box constraints 0 < z < u
represent the dynamic range of the image (e.g., [; = 0 and u; = 255 for an 8-bit gray-scale image).
Throughout this paper, we assume that the solution set of (1) is nonempty.

By introducing an auxiliary variable y € R", we can change CIDP, to the equivalent form

o1 A2
min = [[Az —c|* + Z- || Byl®
2 2
st. —x4+y=0, (2)
re€R™ ye

where Q = {y|l <y <u}.

Obviously, (2) is a separable convex minimization model whose variables are subject to some linear
constraints and two addition simple constraints. Thus, all the numerical methods which can solve the
separable convex programming is applicable to (2), such as the alternating direction methods (ADMs)[1,2],
the Peaceman-Rachford splitting methods (PRSMs)[3,4], and the split Bregman methods [5,6], etc. In
this paper, we focus our attention on the Peaceman-Rachford splitting method. Let the augmented

Lagrangian function of (2) be
1 A2 B
La(,y:6) = 3l Az — > + 1By ~ (€5~ 2) + 5y — ol

where £ € R™ is the Lagrangian multiplier and 8 > 0 is a penalty parameter. Then the iterative scheme

of PRSM [3,4] for (2) reads as

k+1 argming crn» £A<$, ka fk>7

EE =gh —ap(yt — 2t

k+1

xT

3)
y

il = ghts — aB(yht! — ok,

. 1
= argmlnyeQﬁA(g]k+1a Y; £k+2 )a

where the parameter o € (0,1) is an underdetermined relaxation factor introduced by He et al.[4] to
ensure the global convergence of PRSM. Applying the Peaceman-Rachford splitting method (PRSM) to

(2), we can get the following iterative scheme

oM = (ATA+ BTN (ATe+ Byt — €Y),

€k+% _ Ek _ aﬁ(yk _ karl)’

k+1

k+3 4
y §+H2}7 (4)

= argmin )\723 2 é _ okl

§k+1 _ §k+% _ aﬁ(yk-u _ xk-&-l).
Obviously, the second subproblem in (4) does not have closed-form solution when B # I. Furthermore,
although the first subproblem of (4) admits the closed-form solution, it needs to compute the matrix
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inversion (AT A + BI)~!. As discussed in [7], the above matrix inversion can be solved exactly by two
FFTs (including one inverse FFT) when A is a spatially-invariant blur under circulant or reflective
boundary condition assumption. However, for some applications such as magnetic resonance imaging,
the matrix may be extremely difficult to invert.

To solve the above issues, we linearize the two subproblems of the classical PRSM (3), and propose
two linearized PRSMs for (2). All the subproblems of the proposed method have closed-form solutions
and are free from any matrix inversion.

The rest of this paper is organized as follows. In Section 2, we present a linearized Peaceman-Rachford
splitting method for solving (2). In Section 3, we prove the global convergence of the derived method. In
Section 4, numerical comparisons with ADMs are carried out to confirm the effectiveness of our method.

Finally, some concluding remarks are given in Section 5.

2 Linearized PRSM

In this section, we present a linearized PRSM for solving (2). Firstly, it is easy to see that, for fixed

y*, € the minimization of £ 4(x,y;£) with respect to # can be formulated by

argming cpn L a(z, l/k% fk)

: 1 B gk
= argmingegn § —||Az —¢||®> + S|z — v + =% ¢ -
g e { 314z el + Slle — o+ 5
Now we linearize the first quadratic term || Az — ¢||? at the current point z* and add a proximal term,
ie.,

1 1 T
Az — c|? ~ 5||A$k —c|® + (Az" — )T A(z — 2*) + 3llz = "2,

where 7 is the parameter of the proximal term and 7 > p(ATA). Here p(AT A) denotes the largest
eigenvalues of AT A. Then, the first subproblem of PRSM is transformed into

k
. T
argming cpn { (Azk — )T Az + Sl = |12 + ng —yF+ %IIQ} ~ (5)
Thus taking derivative on the above problem with respect to z, forcing the result to zero and letting the
stationary point be zFt1, we have

. ﬂiT[Txk + Byt — gk — AT (Az* — o). (6)

Secondly, for fixed z**1, f’”%, the minimization of £ 4(x,y; &) with respect to y can be formulated by

. k k+l
argmin, ¢ La(a", y; £42)

) )2 B é'k“r%
axgminco { 218y + Dy — ottt - 20
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Similarly, we linearize the first quadratic term of the above problem at the current point 4*, and get

k1 _ . v B ghts
y* ! = argmin, g { N[(By*) "By —y") + Sly = v 1P + Slly = Mt — 5 1% ¢

where v is also a proximal parameter. The optimality condition of the above problem leads to the

following variational inequality

k+3
(o — ) TORBTBY + oy — ) + By — o+ - & 5 )} 20, Wy eq.
Then, y**! can be given explicitly by
1 1
E+1 _ 2pT p k 2,k | ¢kt k+1
P4 = Po{ gl N B Xt g ) )

where Pq () denotes the projection operator onto €2 under the Euclidean norm. Based on (6) and (7), we

get a linearized PRSM for (2) with p=2, whose full steps can be described as follows.

Algorithm 1 A linearized PRSM for (2)
Input A, B,c,\,«, 8 and 7 > p(AT A),v > p(B" B). Initialize (z,y; &) = (2°,4°, %),k = 0.

while “not converged”, do

(1) Compute x**1 according to (6).

(2) Compute ¥z = £k — aB(yk — 2F+1).
(3) Compute y**+1 according to (7).
(4) Compute ¢F+1 = §k+% — aB(yFtt — gkt
(5) k=k+1.
end while
Output zF+1,

Remark 2.1 Setting R = 71, — AT A, we have
. k. ey L k)2
argming, c . {La(z,y";£%) + 5”95 — 2[R}

. 1 3 ek o1

— angmin,cr. { 4~ el + Slle -+ SIB+ Sl - 241

k

. ) T

= argmingcgn { (Axk — C)TA$ + §||ac — kag + §||w -y + gﬂ”g} ’

and the last expression is just (5). Therefore, linearizing the z’s quadratic terms in L£.4(z,y"; &%) is
equivalent to adding a proximal term 3 ||z—z*||% on it. Similarly, we have that linearizing the y’s quadratic
terms in £4(a* 1, y%; €572 is equivalent to adding a proximal term 3lly — y*[|% with S = vl — B"B on

it.
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3 Global convergence

In this section, we establish the global convergence of our proposed linearized PRSM. Firstly, we give a

general model which includes (2) as a special case.
min{6; (z1) + O2(x2)|A121 + Aoxe = d, 21 € X1, 22 € Ao}, (8)

where A; € R>*"i(i = 1,2), d € R' and X; C R™ (i = 1,2) are nonempty closed convex sets, 6; : R™ —
R(i =1,2) are convex but not necessarily smooth functions.

In fact, (2) is a special case of (8) by setting x1 = z, 22 =y, 61(21) = 5||Az — |3, O2(22) = )‘;HByH%,
Ay =1, Ay =1I,,d =0, and X; = R", Xp = Q.

Now, we present a proximal PRSM to solve the general model (8). Let the augmented Lagrangian

function of (8) be
La(w1,72;8) = b1(21) + O2(72) — (€, A171 + A2x2 — d) + §||A1x1 + Agzy — d||?,

where ¢ € R! is the Lagrangian multiplier and 3 > 0 is a penalty parameter.

Algorithm 2 A proximal PRSM for (8)

Input the parameters o, 3 and two positive semidefinite matrices R, S € R'*!. Initialize (x1,29;8) =

(9, 23;€°), k = 0.

¢

while “not converged”, do

(1) Compute x’f‘H by argmin, .y, {La(zy, 25 6F) + %||A1(x1 — x’f)”%}

(2) Compute ¢"+3 = ¢F — af(A;zi ! + Asa — d).
(3) Compute xl;“ by argminme;{z{ﬁA(xfﬂ,w; §k+%) + %HAZ(@ - x’ﬁ)H?s'}
(4) Compute &F+1 = EkJr% — aﬂ(AlxlfH + A2I§+1 —d).
(5) k=k+1.
end while
Output a:lfﬂ,xgﬂ.

From Remark 2.1, to prove the global convergence of Algorithm 1, we only need to prove the global
convergence of Algorithm 2. Firstly, we define some auxiliary variables: v = (z1,z2), w = (u,€) and
O(u) = 01(x1) 4+ O2(x2). Then, by invoking the first-order optimality condition for convex program-
ming, we can reformulate problem (8) as the following mixed variational inequality problem (denoted by

MVI(W, F,0)): Finding a vector w* € W such that

O(u) — O(u*) + (w — w*) " F(w*) >0, Ywe W, 9)
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where W = X x Xy x R!, and
—Af¢
Fw) = —A3 ¢ : (10)
A1z + Aszo —d
Now, we give the global convergence of Algorithm 2.
Theorem 3.1. For any fixed o € (0,1) and 8 > 0, the sequence {(z¥*! 25T1; 5+1)} generated
by Algorithm 3 from any starting point (z9,29;£%) converges to a solution of MVI(W, F,6)), and the

ML BT converges to a solution of (13).

corresponding sequence {(z

Proof. It proof is similar to that of Theorem 3.1 in [8]. This completes the proof.

Theorem 3.2. For any fixed o € (0,1) and 3 > 0, suppose {(z*, y*; £¥)} is the the sequence generated
by Algorithm 1 from any starting point (z°,4%; £°). Then the corresponding sequence {(z*,y*)} converges
to a solution of (2).

Proof. From 7 > p(ATA) and v > p(B' B), we have that the two matrices R = 71, — AT A and
S = wl, — BT B are both positive semidefinite. Then, by Remark 2.1 and Theorem 3.1, we get the
conclusion of this theorem. The proof is complete.

Proof. From 7 > p(A2BTB + yAT A), we have that the matrix T = 71, — (\A2BTB + yAT A) is
positive semidefinite. Then, by Remark 2.2 and Theorem 3.1, we get the conclusion of this theorem. The
proof is complete.

Remark 3.1. When the matrix inversion (AT A 4+ BI)~! is easy to compute, then we can replace
the iterate zFT! in Algorithm 1 by z**1 = (AT A + BI)"Y(ATc+ By* — €F), which is just the x iterate
equation in (4). Obviously, the resulting method is also globally convergent, because it is equivalent to

setting R = 0 in Algorithm 3.

4 Numerical experiments

In this section, we test our proposed linearized PRSM on the image deblurring problem (1), and compare
the proposed Algorithm 1 with the famous ADM in [3,4]. We implement all the algorithms with codes
written in Matlab 7.10. The testing is performed on a ThinkPad notebook with Pentium(R) Dual-Core
CPU T4400@2.2GHz, 2GB of memory. To assess the restoration performance qualitatively, we use the
peak signal to noise ratio (PSNR) defined as

PSNR = 2010g10ﬂ with Var(z,z) = ZimG) - x(j)]Q.

\/ Var(z, T)

n2
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Here Z is the true image, and Tyax is the maximum possible pixel value of the image. Furthermore, the
stopping criterion of all the tested methods is

| TR+ — 7k <105
|T*]
where J* is the objective function value of (1) at the kth iteration.

The test images are 256-by-256 (I; = 0,u; = 255 for all ¢ = 1,2,...,n) images as shown in Figure 1:
Text, Heart, Cameraman and Lena. According, n = 65,536 in model (1) for these images. The blurring
matrix A is chosen to be the out-of-focus blur and the matrix B is taken to be the gradient matrix. The
observed image c is expressed as ¢ = AZ + w, where w is the Gaussian or impulse noise. Here, we employ
the Matlab scripts: A=fspecial(‘average’,alpha) and c=imfilter(x,A, ‘circular’, ‘conv’) 4w, in

which alpha is the size of the kernel. In the experiment, we apply Algorithm 1 and ADM to solve model

Figure 1: The original test images: Text, Heart, Cameraman and Lena

(1) with Gaussian noise and A = 0.16. Here, we set w = 7 * randn(n,n), and 7 is the level of noise.
For Algorithm 1, we set a = 0.9,3 = 0.1, 7 = 1.01 - p(AT A),v = 1.01 - p(BT B). For ADM, we also set
B =0.1. All iterations start with the blurred images. For each test case, we repeat the experiment three
times and report the average performance in Table 1. We report the CPU time (in seconds), the number

of iterations (Niter) required for the whole deblurring process.
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Table 1: Comparison of Algorithm 1 with ADM

Image alpha 7 Algorithm 1 ADM
Time Iter PSNR Time Iter PSNR
Text 3 3 1.05 13 25.02 1.19 16 25.02
3 5 0.92 13 2491 1.36 17 24.90
Heart 3 3 094 16 3346  1.20 20  33.46
3 5 1.09 16 31.73 1.20 22 31.72
Cameraman 5 3 144 19 2547 148 21 25.47
5 5 1.25 19  25.05 1.62 22 25.05
Lena 5 3 151 19 2780 1.53 21 27.80
5 5 1.26 20 2708 137 22  27.08

The numerical results in Table 1 indicate that both methods reach almost the same restored PSNR,
and the restored PSNR by Algorithm 1 is always the same or a litter higher than that by ADM. In
addition, Algorithm 1 is always faster than ADM, and the number of iterations of Algorithm 1 is always
smaller than that of ADM. Thus, Algorithm 1 is more efficient and robustness than the famous ADM.

5 Conclusions

In this paper, we have proposed a linearized PRSM, which is free from any matrix inversion. Under
standard assumption, it is global convergent. The numerical results reported indicate that the proposed

method is quite efficient and promising.
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