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Abstract

In [3], Li and Wang proposed a derivative-free modified Fletcher-Reeves (MFR)
method for solving symmetric nonlinear equations, which determines the stepsize
and the search direction simultaneously by the use of some norm descent backtrack-
ing type line search. This method is an extension of the MFR method proposed by
Zhang, Zhou and Li [4] for general optimization. In this paper, based on the idea of
the alternate direction method, we present a nonmonotone inexact MFR method for
symmetric nonlinear equations with global convergence, which can reduce the com-
putational cost of function values. Some preliminary numerical results are reported
to show its efficiency.
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1 Introduction
In this paper, we consider the symmetric nonlinear system
F(z) =0, (1.1)

where F' : R™ — R™ is a continuously differentiable mapping, and its Jacobian J(x) =
J'(z) is symmetric. There are many practical problems with symmetric Jacobian such
as the KKT systems of equality constrained optimization problems, the discretized two-
point boundary value problem, and etc. [2].

The symmetric nonlinear problem (1.1) has been considered by some authors. Li and
Fukushima [2] proposed a globally and superlinearly convergent Gauss-Newton-based
BFGS method for such problems. This method has been extended to the norm descent
case and the symmetric nonlinear least squares by Gu et al. [1] and Zhou [5], respectively.
Recently, Li and Wang [3] introduced a derivative-free method for (1.1), which is an
extension of the modified Fletcher-Reeves (MFR) method proposed by Zhang et al. [4]
for general unconstrained optimization.
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In this paper, we will further study the MFR method in [4] and modify it to solve the
symmetric problem (1.1) using a different way from that of [3]. Consider the following
smooth unconstrained optimization problem

min f(x). (1.2)

The search direction dj generated by the MFR method in [4] is given by

N £ ko, »
¢ —OMFRG f(23) + BERAy_y, i k> 1, :

where V f(zy) is the gradient of f at zj and

di_ (Vf(zr) = V(zp-1))
MFR _ k-1 e IVF@)I*
O " "= |V f(2r—1)|]2 s Bt = YV @) (1.4)

An important feature of the MFR method is that dL V f(zy) = —||V f(x)|/%.
Throughout the paper, we denote s = xp41 — xp = agdy, Fy = F(xg) and Jy =
J(xr). We assume that the problem (1.1) is symmetric and f in (1.2) is specified by

IV f (1) |2

f() £ SRR, (15)

Then the problem (1.1) is equivalent to the global optimization problem (1.2). However,
when f(z) is given by (1.5), Vf(z) = J(2)T F(x) = J(z)F(x), which requires the exact
computation of Jacobian or the exact gradient. Hence the MFR method (1.3) is not
suitable for such problems whose Jacobian is not available or very difficult to compute.

To overcome this difficulty, Li and Wang [3] proposed the following derivative-free
MFR method for solving (1.1). They consider the search direction with a parameter
a > 0 as follows:

_ ) —gk(e), if k=0,
Al = { OMPR(0) () + B F(a)dir, i k21, @6

with
an(a) = F(:ck—FaIZC)—F(xk)’ (1.7)
" dii_1 (9r(e) ) lge ()|
MFR O 1 \gE\Q) — Gk—1 FR _ llgr(a)[]”
KR g1l - el = lgk—1l*” (18)

where g1 is an estimation to V f(xx_1) to be determined. Then they use the following
procedures to compute the stepsize oy and dj simultaneously.

Procedure 1. Let gi(a) be defined by (1.7) and dg(«) be computed by (1.6) and (1.8).
Given constants o1,p € (0,1) and o2 > 0,03 > 0. Let i; be the smallest nonnegative
integer such that the following inequality holds with oo = p%,i =0,1,---,

fog + adp(@)) < flag) + o1 (F(ar + aFy) — Fag))  di(o) — oollaFy||* — osl|ady ()],

Let dy = di(p'*) and gy = gi(p™).
Procedure 2. Let di be generated by Procedure 1. Let constants o;,7 = 1,2,3 and p
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be the same as those in Procedure 1. If i, = 0, we let ap = 1. Otherwise, we let j; be
the largest positive integer ji € {0,1,2,--- i — 1} satisfying

Flap+p™ I dy) < flag)+or(F(aptp™ 7k Fi)—F(xy,)) " de—o2||p™ 7% Fy||*—os]| p* 7+ dy 2.

Let ag, = pi* Ik,

However, we note that Procedures 1-2 requires many computations on function values
since it need to compute F(zj + aF)) and F(z; + adi(«)). Based on this observation,
we use the idea of the alternate direction method to reduce the computational cost on
function values, that is, we first give a stepsize aj_1, then determine the search direction
dr by ag_1 and use some line search to compute the next stepsize ay. In [2], Li and
Fukushima used the term

s Flog + ag_1Fy) — F(ay)

Gk , 1.9
P (1.9)

to approximate V f(zy). Hence, if we replace the terms V f(x) and V f(zr_1) in (1.3)
and (1.4) by the terms g and gi_1, respectively, then we obtain an inexact MFR method
for solving (1.1), that is,

— Gk, if k= O,
de = - 1.10
‘ { —Okgr + Brdp—1, if k>1, (1.10)

where g, is defined by (1.9) and

di_yyi-1 g ll”
Or = L? Bk=1"15> Yk-1=09k— Gk—1- 1.11
g1 P =k (L11)
It is easy to verify that
g di = —lgxl1?, (1.12)
which implies that
gkl < lldll. (1.13)

Since dj, given by (1.10) may be not a descent direction of (1.5), the standard Wolfe
and Armijo line searches can not be used to compute the stepsize directly. Hence, we
adopt the following nonmonotone line search, which was proposed by Li and Fukushima
in [2], to compute the next stepsize ay. Let 01 > 0, 092 > 0,7 > 0, r € (0,1) be constants
and {n;} be a given positive sequence such that

S k<0< . (1.14)
k=0
Let oy = max{1,7,72,...} satisfy
flax + ady) < fag) = orllady||? — o2l aFg]|* + ne f (x1)- (1.15)

It is clear that the line search (1.15) is well-defined. This line search can not guarantee
that the function value sequence { f(zx)} is decreasing. Therefore, we obtain the following
nonmonotone inexact MFR method for (1.1).

Algorithm 1.

89



Bo Zou and Li Zhang

Step 0. Choose z9 € R", 01 >0, 09 >0, a_1 > 0, r € (0,1) and a positive sequence
{ni} satisfying (1.14). Let k := 0.

Step 1. Compute dj, by (1.9)-(1.11).

Step 2. Compute oy, by the line search (1.15).

Step 3. Set xpy1 = xp + apdy.

Step 4. Let k:=k + 1 and go to Step 1.

In the next section, we show global convergence of Algorithm 1 under some assump-
tions. In Section 3, we report some numerical results.

2 Global convergence

In this section, we prove global convergence of Algorithm 1. To this end, we use the
following assumption.
Assumption 1.

(i) The level set Q = {z| f(x) < ef(xp)} is bounded.

(ii) In some neighborhood N of €2, the Jacobian is Lipschitz continuous, namely, there
exists a constant L > 0 such that

1J(z) = J(y)l < Lllz —yl, Va,yeN. (2.1)

It is clear that the sequence {z;} C Q. Moreover, Assumption 1 implies that there
exist positive constants M7, My and Ly such that

[1F (@) < My, [|J(x)| < Mz, VzeN, (2.2)
IVf(z) = VW < Lillz —yll, Vz,y€N. (2.3)
Lemma 2.1. Let Assumption 1 hold. Then we have
D llewdi]? < 00, > o Fy|* < oo. (2.4)
k=0 k=0
Proof. Tt follows from (1.15) and (1.14) directly. O

Lemma 2.1 implies that
lim ||ogdi|| = lim [[sg]| =0, lm |agF%| =0. (2.5)
k—o0 k—o0 k—o0
Lemma 2.2. Let the sequence {x}} be generated by Algorithm 1. Then we have

k||

k
1
< : 2.6)
faullt = 2 TP (

Proof. From (1.10), (1.11) and (1.12), we have

Billdr—1|I* — 20195, di — 6l 9r]I”

4
9k
_ ll gkl 4||dk_1||2—|—29k”gk||2—QI%HQICHQ
g1l

A

llge|/*
= Ty mildetl® = (0= 00%lgel* + llgul

llgell* d 2 2

IN
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This implies that

ldel® _ lldp—a® | 1
lgrll* = llgr—all*  llgwl?”
which together with dy = —go yields (2.6). O

The following result shows that Algorithm 1 is globally convergent.

Theorem 2.1. Let Assumption 1 hold. Then the sequence {xy} generated by Algorithm
1 converges globally, that is,
likminf IV f(z)| = 0. (2.7)
—00

Proof. We prove this theorem by contradiction. Suppose that (2.7) is not true, then
there exists a positive constant 7 such that

IVf(zi)ll > 7, Yk >0. (2.8)
Since Vf(xg) = Jng, (2.8) implies that there exists a positive constant 71 satisfying
|Fel| > 71, VE>0. (2.9)

Case (i): limsupy_ o, ax > 0. Then by (2.5), we have liminfy_, ||Fx|| = 0, which
contradicts (2.9).
Case (ii): limsupy,_, ax = 0. Since ay, > 0, this case implies that

lim a = 0. (2.10)

k—o0

Moreover, by the definition of g in (1.9) and the symmetry of the Jacobian, we have

F(xp + o1 Fy) — F(xy,)

lge = Vi@l = | - I
Qp—1
1
= H / (J(ij + tOék_le) - Jk)thkH
0
< Lap_1||F||? < LM?ay_q, (2.11)

where we use (2.1) and (2.2) in the last inequality. (2.10), (2.11) and (2.8) show that
there exists a constant 7 > 0 such that

gkl > 72, Yk >0. (2.12)

By (1.9) and (2.2), we know
1

llgkll = H/ J(xy, +tOéklek)detH < MM, Vk>O0. (2.13)
0

Since limy_,o a = 0, then o) = ay/r does not satisfy (1.15), namely,

flae + afdi) > f(x1) — o1llogdi* = oallot Fell* + i f (),
which means that

[z + ogdi) — f(ar)
v,

> —ara|ldil* — o2a ]| Fy]*. (2.14)
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By the mean-value theorem and (2.3), there exists ; € (0,1) such that

flxr + ajdy) — f(zg)

!
Qe

= Vf(xy + Opalkdy) dy,

— Vi) dp+ (Vw4 Oecddi) — Vf () dy
< Vf(ap)Tdy 4+ Liag||de)?. (2.15)

Then by (2.14)-(2.15) and (1.12), we know

. —V f(a)Tdy _ 0kt (9~ Vi () dy
T (L1 4 o1)[di]]? + oo Fi[]? (L1 + o1)||de|* + o2l Fy[|

lgell® + (g — Vf(fﬂk))Tdk
(L1 + o) ||di > + oo [Fr|?

(2.16)

From (2.11), (1.10), (2.13), (2.12) and (2.5), we get

1(gx — V(@) dill < Logs ME(||gell + Belldrr])

2
gk
_ Lak_leugku+Lak_1MfHﬂk ‘1‘H2Hdk_1||

LM? (M Ms)?
2

2

< Lak_1M12M1M2 + HSk—IH -0,

which together with (2.16) and (2.12) shows that there exist two positive constants Cy

and Cy such that
Cq

> 2.17
= a2 + Co (2.17)
On the other hand, by (2.6), (2.12) and (2.13), we obtain
(M1 Mp)*
Jagl? < P Gy ), (2.18)
2
By (2.4) and (2.17), we get that
- [l d|? - 1
Z 5 => — < 0.
— (ldell® +C2)* i ||dk||2+202+”5ﬁ
This together with (2.18), (1.13) and (2.12) yields that
i (M M 1 c2 i < 00,
k—0 (M M5)* k'—l- )+202+? ||dk|| +2C + ||dkH2
which leads to a contradiction since
= 1
> G oz =
k=0 kj + 1) +2C9 + ?
The proof is then completed. O
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3 Numerical experiments

In this section, we compare the performance of the following two methods for solving
nonlinear equations (1.1).

e DF-MFR: the derivative-free modified Fletcher-Reeves method in [3]. We set o1 =
oy =03 = 1074, p=0.1.

e Algorithm 1: we set parameters 7, = W, o1 = 09 = 107%, a_; = 0.01 and
r=0.1.

The codes were written in Matlab 7.4 and run on a personal computer 2.66 GHz
CPU processor and 1 GB RAM memory. We stopped the iteration if the total number
of iterations exceeds 3 x 103 or ||F}|| < 1073. We tested both methods on the following
two test problems with different initial points and n values.

Problem 1. The discretized two-point boundary value problem [2]:

Problem 2. The gradient of the Engval function [2]:

Fi(z) = @2 +a3) -1,
Fi(z) = mi(w] +20] +27)—1, i=23,--- ,n—1,
Fo(z) = an(2)_ +a7).

Table 1 lists numerical results of the two methods on the problems with the initial
points 29 = (—1,---,—1)7, 29 = (1,--- ,1)T and ¢ = (10,---,10)7. In Table 1, "P”
indicates the problem; ”Iter” and ”Time” stand for the total number of iterations and
the CPU time in seconds, respectively; "Fcnt” is the total number of function values;
” 7 means that the method failed to find the solution of the problem within 3 x 103
iterations; ” || Fy||” is the norm of the residual at the stopping point.

From Table 1, we can see that Algorithm 1 performed better than the DF-MFR
method for both problems. The DF-MFR method needs more computations on function
values and CPU time. Moreover, both methods are very sensitive to the initial points.
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