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ABSTRACT. In our work, the essential purpose of this paper was to answer the follow-
ing question : Can we spread the used techniques in the differentiable case ([6]) for the
nondifferentiable case by keeping the convergence as well as its rank ? This seems clear
in our study. Indeed, always basing on the augmented Lagrangian method, we solved our
problem by application of the proximal quasi-Newton technique.

Large linear and nonlinear systems of saddle point type arise in a wide variety of appli-
cations throughout computational science and engineering. Due to their indefiniteness and
often poor spectral properties. The main purpose of this work is the study of the nondiffer-
entiable problems of optimization and the determination of the dual bounds associated with
these problems by exploiting the augmented Lagrangian method. We are interested in the
study of a nondifferentiable problem of optimization in both cases: convex and nonconvex.
For the method of resolution, we applied the augmented Lagrangian method. This tech-
nique has a lot of advantage for the regularization of the solution and numerical stability of
the penalty method. We introduce the technique of the augmented Lagrangian. So, we ob-
tain a sequence of unconstrained nondifferentiable subproblems the resolution of which is
based, essentially, on a new method which is the proximal quasi-Newton method. The last
section of this work implements this technique and handles numerical implementations.
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1. INTRODUCTION

The differentiable and nondifferentiable, convex and nonconvex optimization made the
object of several studies. Let us quote as an example the works of Bazaraa-AL ([1]),
Bertsekas ([2]), Fletcher ([15]), Dem’ Yanov and Vasil’Ev ([13]) and others.

The nondifferentiable optimization is interested in the resolution of the problems of op-
timization when we lose the differentiability for the objective functions and the constraints,
or for f only, either for the constraints.

The nondifferentiability of the objective function or constraints engenders problems of
nondifferentiable optimization such as the problems of economic origin. Where hence, the
major importance of these problems. Thus, the study of these problems became essential.
Wolfe ([23]) was among the first ones in this domain. He gave an implementable descent
method. Lemaréchal and Mifflin ([17]) proposed several techniques of descent based,
essentially, on the subgradient.

The purpose of our work is the study of the dual bounds in nondifferentiable, convex
and nonconvex optimization problems by exploiting the augmented Lagrangian method.

* AMO - Advanced Modeling and Optimization. ISSN: 1841-4311.
286



DUAL BOUNDS IN CONVEX AND NONCONVEX NONDIFFERENTIABLE OPTIMIZATION PROBLEMS... 287

We saw ([7], [8]) that the calculation of the dual bound brought in the maximization of
a concave function h. For the same reasons quoted previously, we still introduce the aug-
mented Lagrangian method which remains valid in the nondifferentiable case ([9]; [10],
[11]). The resolution of the dual problem for the augmented Lagrangian comes down, in
this context, to the minimization of a nondifferentiable problem of unconstrained mathe-
matical programming problems. This latter is a very active domain of search ([4], [13],
[16], [17] and [18]). Then we transform this problem to the case of the resolution of a
problem via a proximal quasi-Newton method ([4]). In fact, the principle of this method
is a combination between the technique of proximal point algorithm of Rockafellar ([20])
and the quasi-Newton method. We were able to obtain a problem similar to the one that
we studied in ([7]) in favor to the technique of the proximal point of which we used the
cutting plane method. Results of convergence of these techniques are established. Then an
implementation and numerical implementations are produced.

2. MAIN RESULTS

The main purpose of this work is the study of the nondifferentiable convex problems
and the determination of the dual bounds associated to these problems.

More exactly, we study in the first section of this work the geometric interpretation
of the optimality conditions. We give to it, having to raise our problem, necessary and
sufficient conditions.

The second section is intended to the study of a nondifferentiable method of optimiza-
tion and the calculation of the dual bounds by this technique.

In reality, we know well that in the nondifferentiable optimization, the use of the strongest
slope direction obtained by the subgradient of the function which we want to minimize does
not lead, inevitably, to the convergence towards the optimal point (Wolfe, [23]).

The implementable descent algorithms for the general nondifferentiable problems were
presented by Wolfe ([23]), Lemaréchal and Mifflin ([17]).

First, we introduce the technique of augmented Lagrangian (Daili, [10], [11]). So,
we obtain a sequence of nondifferentiable unconstrained sub-problems, the resolution of
which is based, essentially, on a new method which is the proximal quasi-Newton method.

Indeed, this method is proposed by Chen and Fukushima ([4]) ; it is based on the prox-
imal point algorithm of Rockafellar ([20]) and the cutting plane techniques. The latter
establishes the most important part of this algorithm.

We give the results of convergence for each of the methods : proximal quasi-Newton
and augmented Lagrangian.

2.1. Dual Bounds of Convex Nondifferentiable Optimization Problems.
Indeed, we can characterize an optimal point by a generalization of the Fermat condi-
tion of the differentiable case,

vf(z)=0.
We use the subgradient which plays a similar role to that of the gradient.

2.1.1. A Geometric Interpretation of Optimality Conditions .
Consider the following optimization problem :

0 P) { a:=Inff(x)

subjectto z € C,
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where f:R"™ — R is a convex function and C' # & is a convex set. Let
Y(xo) ={v=Az—20): A>0, z€ C}.

The set I'(z9) = 7(zp) is called the cone of admissible directions of the set C' to the point
Zo-
We shall denote the conjugate cone of I'(xg) by 't (). We always have

0 € y(x0) NTT (o).
Theorem 1. The function f reaches its optimal value on C' at the point T € C, if and only
if
(2) of(x)nT*(z) #0.
The subdifferential of the function f on the set C' at the point x¢ is given by the follow-

ing lemma :

Lemma 2. [f the function f is finite and convex on R™, then
9 f(xo) = 0f (o) = T'* (o).

According to this lemma the problem (1) can spell under the shape 0 € 9¢ f(z).
Corollary 3. If C = R", the expression (2) is equivalent to the following condition :
0 € 0f(x).

Corollary 4. If zo € int(C) and | is finite and convex on C, then
aCf(ffo) = 0f (o).

Lemma 5. So that the expression (2) is satisfied, it is necessary that
3) 0€L,(z)
where
Ly(z) = co(9f (x)) UT,(x)
and
Ty(x)={g€-T" () :llg|=n}.
Besides, this condition is sufficient if int(C) # (.
Proof. Necessity : We have
0f(z) T+ (z) £ 0,
then
Jvedf(z), 3w el (z): v=w.
If w =0, then v = 0 and thus 0 € L, (Z).
If w # 0, then
g=—nw | w|™"e Tn@).
As v —w = 0, then we have v || w |71 +¢ = 0.
Fora=n|w| (1+n[w|~')"!, we find
Vo =av+ (1 —a)g =0.
Asa € [0,1],vedf(z)andg € T,(z), then v, € L,(Z) and thus 0 € L, (Z).
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Sufficiency : Suppose 7),(z) = 0, then 0 € 9f(z) and since 0 € I'" (z), thus
of(@)NT*(z) #0.

Now, if 0 € T,,(Z), the condition 0 € L,(Z) implies the existence of two vectors v &
O0f(z) and g € T,(Z) and a number o € [0, 1] such that av + (1 — a)g = 0 and as
int(C) # 0, then 0 ¢ co(T;,(z)). What implies o > 0, and then v = (o — 1)a~'g. We
have

(a—1Dalg=veTT(2)

because (o — 1)a~! < 0, thus the condition (2) is satisfied. O

2.1.2. Necessary and Sufficient Optimality Conditions.
Consider the following convex mathematical programming problem :

a:=Inff(x)

filx) <0, 1<i<p,
(PP)
subject to gi(x) =0, 1<j<gq, pgqeN*

xz eR?,

where f, fi;, 1<i<pandg;, 1<j<q:R" — R are convex functions.
The Lagrangian of (PP) is the function L : R™ x Rf. x R? — R defined by

q
Lz, A\ 1) = +Z)ﬁ )+ > wigi(x)
j=1
We associate to it the following dual problem :
(DP) {ﬁ = Sup InfL(x,\, ).

Ap) T

< ¢, are convex and
A T) € R™ x RE x
/_\ , ) satisfies

Theorem 6. Suppose the functions f, f;, 1 <1 <p,andg;, 1<
there exists xo € R™ such that f;(z9) <0, Vi (1 <i<p). Let (z,
RY, then (&, A\, Tt) is a saddle point for L(x, \, p), if, and only if, (Z,

) 0.€ (0 (@) + SAOS(a) + X ;08,(@)

(a

(b) fi(z) <0, 1<i<p;
(c) gi(z) =0, 1<j<gq;
()Aﬁ()—a.ﬁrlsiSp

Proof. According to ([6], Theorem 4.9, p. 141), (Z, ), 7i) is a saddle point of L(x, \, )
if, and only if,

(a,) L(z, A\ i) = IgRJfLL(x, M\ T
(by) fi(z) <0, 1<i<p;

(c)) gi(®) =0, 1<j<gq;

(dy) Aifi(z) =0, for 1<i<np.

To establish the proof of the Theorem 6, we notice that it is enough to show the equiva-
lence (a) < (a;).
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Using the Corollary 3, L reaches its infimum at 7 if, and only if, O is a subgradient of L
at T, that is 0 € OL(Z). As

505, =S40,
where
Si={zeR": fi(z) <0, 1<i<p}

We have

P q

OL(z) = 0f(z) + Y NOfi(Z) + > _p;0g;(2).

i=1 j=1

Thus (a) < (ay). O

3. METHOD OF RESOLUTION

3.1. Motivation.

Once we characterized an optimum 7, we are interested in the problem of calculation of
this optimum. As main rule and in a concern of coherence, the nondifferentiable methods
are clearly connected to the algorithms developed for differentiable functions. We shall
give an algorithm which finds a direction dj and a step «y, of linear search to update the
current iteration .

However, the nondifferentiable optimization problem presents some difficulties that we
summarize it :
1) The lack of an implementable stop test, because the condition

gr € Of (zy) where || gr || <e

translated directly of || Vf(zy ) || < &, can be never verified ;

2) the calculation of the approached subgradients : if f is nondifferentiable at x*, the
classical methods (differentiable case) are not valid. Sometimes in the practice the gradient
is not exactly calculated. It is often obtained by finite differences of the values of the
function f ;

3) the curse of the nondifferentiability : we already know that the multi-application
: x — Odf(x) not being continuous, a small variation on z; can give big variations at
Of (xy), the calculation of dj, can give x; very different.

As in our work ([7]), we also use the augmented Lagrangian method. Indeed, this
technique remains valid in the nondifferentiable case.

Let f : R®™ — R be a convex function. Let g;,% = 1,..., ¢ : R™ — R be
convex functions and

S={zxeR" g¢(x)<0,i=1,...q}.
Consider the following mathematical programming problem :

a:=Inf{f(x), v € S}.
The augmented Lagrangian associated is

q

Ly (0.0) = £(@) + 5= 3 (O + 2migi(a))? = A2),
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where W7 (t) = max(t,0), namely

q q

SThigi(z) +red g2 (x), if Aj + 2rpgi(x) > 0,
i=1 i=1

Ly (z,A) = f(x) +

2

)\%, if \; + 2T}cgi(ﬂ;‘) <0.

__1
4ry
=1

(2

Being given Ay, > 0 and 75 > 0 to determine x5, which minimizes L,, (z, A).
We generate the sequence {\ } by resting

i‘,—‘,—l = \IJ+( i‘ + 2rkgl (zk)) > Oa for i= 17 - g,
where
)\k+1 = A\p + 2TkV)\L(xk, >\k)

For the resolution of the unconstrained nondifferentiable sub-problems

Inf Ly, (z, ;)

rER™
we have choose the proximal quasi-Newton method whose principle we present in what
follows :

3.1.1. Proximal quasi-Newton Method.

In this section, we propose the proximal quasi-Newton method to minimize a convex
nondifferentiable function in R™. This method is based on the Rockafellar’s ([20]) proxi-
mal point algorithm and the cutting plane method. In every step, we approxime the proxi-
mal point by p®(xy) at the point xy, to define one vy, € O¢, f(xy ) with e, < ol v,
constant. The quasi-Newton step is used to reduce the value of || vy||.

Without the differentiability of f, the method converges globally.

a) The Concept of Proximal Point :

An idea to introduce the quasi-Newton method into the nondifferentiable optimization
problem is to consider the proximal point as it is developed in Rockafellar ([20]).

Consider the following mathematical programming problem :
“) a:= Inf f(z),

zeR"

where f:R"™ — Ris a convex non-necessarily differentiable function.

In particular we assure that f is finite and continuous on R™.

This problem can be to transform into a convex differentiable minimization problem

) a:= Inf F(x),
TER™
where
_ Py — 2
(©) F@) = Inf {70) + 51y ="}

and p is a positive real number. (F'(x) is called the Moreau-Yosida regularized of f)

Proposition 7. The function I}, defined by

Fu: y=Fuly) =)+ 5 ly—al®

reaches its infimum.
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Proof. The function
I
Fory=Fy)=f)+5ly—=

is continuous. Let us show that it is coercive on R™. As f is convex by hypothesis, it
possesses an affine minorant, namely there exist so € R™ and og € R such that

2
I

fly) ><sp,y>+ay, VyeR"
Consequently,

Fu(y) >< 50,y >+ ap + & |y — z?

2 2
>4 |y- - 42 o +4hel’+ a0

o
thus, we deduct that
im F,(y) = +oo.
lyll =00
As aresult there is well a point minimizing F}, on R". (]

Proposition 8. The infimum of I}, is reached in an only point of R".

Proof. The function F}, being strictly convex, as sum of a convex function and a strictly
convex function, there is only a point minimizing F}, on R". O

Definition 1. The infimum of F), in (6) is called the proximal point of x. We shall note it
by p(x) in all which follows.

Proposition 9. The function F is derivable in all x € R™ and its derivative is given by

9 VF(z) = plx —p(z))

®) px —plx)) € 0f (p(x)).

Proof. Let N := & ||.|I* ; then F is the inf-convolution of f and N :
F = (fON).

Furthermore, this inf-convolution is exact in every point of R™ .
n M
Yr €R", F(z) = (fON)(2) = f(p(x)) + 5 |z = p()||” -

We use, then, the calculation rule giving the subdifferential of an inf-convolution of the
function F' to obtain

Ve € R", 0F (z) = 0f(p(x)) NON (z — p(z)),
ON(z — p(z)) = {u(z — p(z))},
then
OF(z) = {u(z — p(z))} and {u(z —p(z))} € 0f (p(z)).

The function F' is convex from R"™ to R, thus locally Lipschitz on R™. Then the only
element u(x — p(x)) of OF(x) define a differential (in the Fré chet sens) of F at = as
follows :

G(z) = VF(z) = p(x — p(z)).
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Lemma 10. If f is a lower bounded function on R"™, then, the function F is lower bounded

on R".
Proof. As
F(x) > f(y) + 5 Iz - yII”
2 f(p@) + §lle —p@)|* = (b)) 2 Inf f(a),
reR™
F(z) is lower bounded on R™ as soon as f is it. O

Lemma 11. The problems (4) and (5) are equivalent in the sense that all the sets of
solutions of the problems (4) and (5) simultaneous.

Proof. The conjugate N* of N is
1
seR" — N*(s) = — | s||%.
2

Because ' = f[1N, we have
F*=f"4+ N~
Namely,
* * * * 1
Vs € R", F"(s) = f"(s) + N*(s) = f (8)+$IISII2-
In particular, F*(0) = f*(0). As
F*(0) = — Inf F(z) and f*(0) = — Inf f(x),

TER™ TER™
then, the set of solutions of the problem (4) coincides with the set of solutions of the
problem (5). O

Theorem 12. Let f be a convex function with finite value at least in a point. Then
(a) for all > 0 we have

flp(z)) < F(z) < f(z), Vo eR";
b) the following properties are equivalent :

P1) x minimize f on R™;
P2) x minimize F on R™;

(

(p1)

(P2)

(p3) © = p(x);
(P4) () f(p(@));
(ps) f(z) = F(x).

fp(x)) < f(p(z)) + % lz = p(2)|* = F(x) < f(x), YoeR™

(b) We prove
(p1) = (p2) : (immediately) by the previous lemma.
(p2) = (p3) : We know that F' is convex and differentiable, with

VE(z) = p(z — p(z)) Va,
consequently « minimize F' on R™ if, and only if, VF(x) = 0. Thus
p(x —p(z)) =0,
then p(x) =
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(p3) = (p4) = (ps) : immediately from (a).
(ps) = (p1) : We have

I
F(e) = Inf {f(y) + 5 lo —yl*} = f().
y€ER™
It means that the lower bounded in the definition of F'(z) is reached at x , thus
z=p(x)=2x—px)=0=0¢c df(x) = x minimize f.
O
The proximal Newton type method was the object of search for several actors what gave
good results ([4], [16] and [18]).

To solve the problem (4), we resort to the quasi-Newton method a shape of which is the
following one :

) Thtl = Tk — OékBk_lG(:Ek-),
where o, is the step of displacement and By, is generated by the quasi-Newton formula.
We use
(10 Sk = Thy1 — Th, Yk = G(Tpg1) — Gap).

For example, with Broyden-Fletcher-Goldfarb-Shanno (B F'G.S) update formula
Byskst By n Yy,

(11) By = By —
i st Bisg YhSk

the global convergence of the BF'G.S method with a linear search and the convergence
order are already studied in ([7]).

In the general case, it is impossible to obtain the exact proximal point p(zy) for xy
given. We need to approximate p(xy) by an approximative method of resolution of the
problem (6) only.

b) Algorithm and Global Convergence :

In this algorithm, we look for an approximation of proximal point p®(zy) of zj. The
used technique is the cutting plane method such that

(e = p*(w) € O, f(p™ (x1))
for e, € [0, a||vk||], where « is a constant. O f(x) is the subdifferential of f for any
positive ¢,
Ocf(z) = {2z €R" : f(y) = f(2) + g'(y — @) —e, y €R"}.
Then, we put
G* (xk) = Vg
the approximant of G(x). We use this formula in the quasi-Newton method (10), then we
build By by considering
Yk = G (zhy1) — G (a)
in the formulae (11) and (12). The displacement step « is determined from the value of
IG*(2)|| either by a linear search on the function f.

This algorithm works with double iterations, each serves to solve the following approx-
imate problem :

1
(12) Inf f(y)+ i lly — 2
yeRn
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We use the cutting plane method technique, the point zy, is the current iteration given to
the iteration k.
More exactly, the internal iteration generates a sequence {y;} defined as follows :

for j=1,2,..., y;is the only solution of following problem :
1
(13) Inf fi;(y) + 5 lly — 2,
yeRn

where f; ; is the polyhedral convex function defined by

i—1
(14) fig = hax {£(y:) + gy — )}
it is an approximation of f in the neighborhood of z; and

9i € 0f(y;), i=0,1,...,5 — 1.

So there, y; is the solution of the sub-problem in it j-th iteration.
The internal iteration stops if one of the following conditions is satisfied :

(15) (o) = fr,j(y5) <p
(16) fy) < flog) = on(f () = fr, i (y;)),

where p > 0 and oy, € [0, 1] are parameters.
Remark 1. The procedures (13), (14) form the pure cutting plane algorithm.

The relation (14) of fi ; and the subgradient inequality imply :
(17) fri) < fly), ¥ yeR™

We have the inequalities :
2 2
Teg¥3) < fig(s) + zplly; —wel” = Inf {fm(y) + o lly — @il }
yeR™

(18)

< Inf {f@) +dully— o’} < fl@n), V=12
yeR”

Consequently, if (16) is satisfied, from (18), it results that
Flys) + gullyy —@nll™ < Inf  fly) + Sully —zl” ¢ +p-
yERn

This inequality means that, if p is enough small, then y; is a good approximtion of the
solution of the problem (12).

Consider the condition (16). We can show ([16], Proposition 3) that, when j in-
creases, f(y;) and fx, ;(y;) approach one of the other one and y; converges to the proximal
point p(x).

When (16) is satisfied, we put

P (k) =1

to use it as an approximation of the proximal point of xy.

If o), — 1, then p*(zy,) is the best approximation of the proximal point p(zy).

Algorithm :

Step0:putk =0

Choose an initial point xg € R™ and parameters p > 0, o, ¢, v € [0,1], a constant M
enough large such that M > f(x() and a sequence {0} }, such that o < o, < 1.
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Step 1 : solve the sub-problem (13) by the procedures (14) and (15) to obtain y; there
satisfying (16) or (17).
.If (16) is satisfied, then stop, end.
JIf (17) is satisfied, then one put
Jke=7J and p®(zx) =y,
and go to the step 2.
Step 2 : Put
v = plak — p*(wk))-
Step 3: Let By = (1 + u)I, fork = 0.
If £ > 1, we build a definite positive and symmetric matrix By € R™"*™ we use the
quasi-Newton formula with
Sk =Tk — Tk—1 and  yp = vk — Vp—1

Step 4 : Calculate dj, = —(By, — p~ 1 1)vy.
JIfk=0and n; = ||vo], go to step 5.

Ik > 1, okl < eng and f(p®(2x) + di) < M, we put oy, = 1 and go to step 6.
. Else put n = n;, and go to step S.
Step 5 : Let my, be the smallest positive number of m such that

£ (@) +97 ) < flan) = T2

Put oy, = v, -
Step 6 : Calculate xy41 = ) + axdr, Kk =k + 1 and return to the step 1.
To assure that each of the steps of this algorithm is well defined, we need to establish
some propositions. In what follows, we indicate by f the polyhedral function fj, ; for
which the condition of the formula (17) is satisfied. So p®(xy,) satisfies the inequality

(19) F@™(ax)) < far) = on(f(2r) = fe(p® (2x)))-

The following proposition shows that the step 1 is always finitely feasible.

Proposition 13. ([4]) In every iteration k of the algorithm, the step 1 is executed in a finite
number of steps, and gives a sequence y; which verifies (16) and (17) forall j = 1,2, ....

The following propositions give the error, from the approximation of the function f
and the approximation of the proximal point p®(zy).

Proposition 14. ([4])For all k > 0, put
Fo(x) = f(0*(zx)) + § 1% (k) — @]

Ga(xk.) = UV

er = (1 — o) (f(zr) = fe(p™(2k)))-
Then,
(20) F(xy) < F(xr) < F(zy) + e

2
@1 mw@w—p@mnsw{%
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(22) 1G* () = Gan) || < /2pek
(23) vk € O, f(p™(z1))
Moreover, if the sequences {xy} and {p*(x1)} are bounded, then
(24 ex < Bllvkll s
where I
= (1 — _
B=-0) 2

and L is a Lipschitz constant of f.
Proposition 15. For all k, there exists Ty, > 0 such that

25) Fp° () + 7dy) < flax) — % lokl®,  ¥r € [o,7%].

We are going to show here that, under reasonable hypotheses, the proximal quasi-
Newton method converges.

Theorem 16. (Convergence) Let f be a convex function such that the bounded set of
minimizers of f is non empty and {||By||}, is a bounded sequence, then the previous
algorithm converges in a finite number of iterations.

Proof. Letus indicate K = {1,2,3, ...} and
Ko ={0} U{k € K : excluding step 5 } .

The hypothesis f has a bounded set of minimizers implies the functions f and F' have a
bounded level set. By construction, for every k, x5, and p®(xy) remain in the bounded set

D={a: f(x) < M}.
Let f be the minimum value of f, suppose that (14) is not satisfied, that is
(26) f(@e) = fu(@®(2x)) > p,  Vk.

According to the Proposition 13, the previous algorithm generates two sequences {z, } and
{p*(zk)}. We prove that every cluster point of {xy} and {p®(z))} minimizes f.
Case 1 : Consider the case where K| is infinite. Let us put

Ko={ko=0<k; <ks<..}.
By construction, we have
log, || < eng, = ¢ H Vky_y || , VI=0,1,2,..
and as v, = G“(x), then
okl < IG¥(z0)||, VYI1=0,1,2,...
Thus, we find
@7 lim Gl < lim |G (@o)] =0

(l—+o00
Let L be a Lipschitz constant of f. From the formula (25), of the Proposition 15, we have
e < BIG (@)l

where
(1-0)L

op

B =



298 NOUREDDINE DAILI AND MERZAKA KHALDI

By the formula (23) of the Proposition 15, we have then

28) |G| < NG (@)l + v/ 2per, < NG (2] + 200 |G ()|

It results from the formula (28) that

lim : |G (zx,)|| = 0.

(l—+o0

Because for z, p*(xx) € D foralll > 0; there is an infinite subset K’ C K such that

li =7 and li < =D.
(k—mlor,rkek")xk o (k—>olor,nkeK')p (xk) P
Thus, from
T—p| < li G“ =0
ple—pl < lm GG

and the formula (28), we have T = p and G (Z) = 0. Then the cluster point Z of the
subsequence {7} is an optimal solution.
Let us show, now, that every cluster point of the sequence {x } is an optimal solution

of f.
Indeed; if there is a & such that & > & for all k € K, then from
G (zrg) || < |G (i), k> E,

it holds that every cluster point of {x} is an optimal point.
On the other hand, if % do not exist, then by construction, for every k € K there exists
a sufficiently large integer k; € Ky such that k; < k and

< flzre) < flag +1) = f(zr, — Brog,).

Because {|| Bl|}, is bounded, || vy| — 0 and f(xx) —> f then every cluster point of
{x1}, is an optimal solution of f.

Case 2 : Consider the case where K is finite, let k= inz}(x k.
€Ko

As the level sets of f are bounded, the sequences {x}, and {p®(xy)} are bounded by
construction, then

(o)
O’ J—
(29) = ol < flaga,) — F < o0
k=k+1
which implies
(30) lim oy |jvg)® = 0.
(k—>00)
Because

o <oy and gz, —p*(@)l” < flon) — ful® ().

We have, according to the Proposition 15,
J— o 0'
(31) fo@<m»Sfuw—;mw?

Moreover, as {x}, and {p®(zx)}, are bounded, there exists a subsequence K C
K such that

lim p*(zk) =D, lim T =T, lim v = T.
(k—o0, kEK) (k—>00, kEKY) (k—00, kEK)
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If lim ay > 0, then the formula (34) implies 7 = 0. On the other hand, if
(k—00, kEK)
lim ay = 0, then the definition of my in step of linear search gives
(k— 00, kEK1)
Mk —1 g
(32) F0™ k) 7™ i) > flan) = T [l
As o
’ymk71 = i — 07
v
the formula (31) implies
(33) f®) =z f(Z).
From the formula (32), we will have
— _ (o
(34) f®) < f@ -1l

Both formulae (34) and (35) implie = 0 and Z = p. So, we have
g = lim(1—op)(f(zk) — fe(p® (1)) < ! (f(@x) = fe(p®(z1))) = 0,

what implies € = 0.

We have vy, € O, f(p®(xk)), the formula of e-subdifferential implies 0 € O f(p). Then,
Z =P minimize f and f(T) = f.

Knowing that

(35) ?gﬂmﬁJéﬂm)—%?wwf,Vk>E

— O

1m
0 (k—o0, kEK7)

{f(wx )}, is adecreasing sequence thus has a limit f*. In passing in the limit in (35)
with k& € K, we obtain f* = f. Then, every cluster point of {z;} & stays an optimal
point. Consequently, if the formula (27) is verified for all &, it follows that every cluster
point of {z}}, and {p®(x})} minimize f and

F@% () = flan) < on(f(zr) = fu(@®(21)) < —o(f(xr) — fu(P®(21))), V k.

However, this returns us to a contradiction with (2) because

f*(zr)) = f2k) — 0.
Thus, the algorithm converges in a finite number of iterations. U

We have following both theorems :

Theorem 17. Let us suppose that the asymptotic optimal value for the problem ( PP) is
finite. Let (A )x be a bounded sequence which maximizes the problem (P ), (ry > 0), let
z € R™ be satisfying

Ly (z, Ak) — InfLy, (1, Ak) = Ly (2, Ak) — diy (Ak) < €k,
where €, — 0,as (k — +00) . Then (x)x is an asymptotically minimizing sequence

of (PP).

Theorem 18. Let us suppose that the problem (PP) admits a strict feasible solution (the
Slater condition is verified) and that the optimal value of (PP) is finite. Let (\)x be a
sequence solution of the problem (P} ), (ry > 0), and let x;, € R" and ¢}, be satisfying

LTk- (xka /\k) - Infer(., )‘k) = L""k (:lik, )\k) - drk. (Ak) < ek,

where e, — 0,as (k — +00) . Then
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(a) (zk)x is asymptotic minimizing ;
(b) there exists a sequence (Ty,)i of feasible solutions of the problem (PP) such that

lim (Tp —2x) =0 and lim f(T)=
(k—>+00)

li = q,
(k—>+00) 1rnoo)f(xk) @

(k—+

where « is at the same time an optimal value and asymprotically optimal of (PP);
(c) furthermore, the sequence (A )y is bounded and all cluster values are Kuhn-Tucker
(K.T) vectors for the problem (PP).

Proof. For the proof of these theorems, we can see ([10]; [11]). O

4. MAIN ALGORITHM AND STUDY OF THE CONVERGENCE

The purpose of this section is to show that sequences {x}}, and {\;}, given by the
algorithm above, converge globally for one fixed positive r; and with at least the Slater
condition is satisfied.

Algorithm :

Step 0 : (k = 0) Choose a factor 1y > 0, a multiplier \g € R’[" and a sequence (&)
with

e >0, lim e, =0.
(k—400)

Step 1: Give r;, > 0, A\ > 0, find one solution x;, of the problem
Inf{L, (x,\r), x € R"}

such that

L., (g, A\g) —Inf{L, (z, ), z € R"} < gy
using proximal quasi-Newton method.
Step 2 : Put

N1 = max(A}, + 2rpgi(zy), 0), i=1,..,q,

or
Aet1 = A + 2r, VAL, (g, Ak)
Step 3: If
IVLy, (k, M)l <6

stop and take xy, as solution of (PP).
Choose r;+1 > 7 (if necessary), and return to the step 1.
The convergence result is given by the following theorem :

Theorem 19. ([10]; [7]) Let us suppose the (PP) problem has a Kuhn-Tucker (K.T.)

vector and that
Zek < +o00.
k>1

Then we have the following properties :
(p1) : (Ak)x comverges towards to an K.T. vector;
(p2) : the sequence {x}, satisfies

lim supgi(ax) <0, for i=1,...,q; lim TE) = Q.
ol P gi(Tk) f q (k_mo)f( k)
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5. COMPUTATIONAL RESULTS

Example 1. (n =2; m = 2)

Consider the following mathematical programming problem :

a:=Inf f(z) = Inf max(fi1, f2)

(’P'P) x1—2x9+1<0
subject to
T+ 21'2 -1 S Oa
where
filer,z2) =23 +af +1;
folw1,22) = (2— 22)” — 21
We have
Ao Tk f(opt) iterations | T €k time(s)
(2;2)" | (=0.9076;0.7413)" | 2.35557133 30 15 107® | 0.11s
(2;2)" | (—0.8216;0.8045)" | 2.22491671 16 5.5 1073 | 0.05s
(1;3)" | (—0.8039;0.8138)" | 2.21093811 33 1.5 1073 | 0.06s
(1;3)" | (—0.9579;0.7854)" | 2.43303965 20 10 1073 | 0.05s
(1.5;2.5)" | (—0.7780;0.8216)" | 2.19451953 61 5.5 1073 | 0.05s
(1.5;2.5)" | (—0.7784;0.8227)" | 2.19445110 74 55 | 107% | 0.06s
(1.5;2.5)" | (=0.7790;0.8226)" | 2.19444251 89 5.5 1075 | 0.11s
(4;6)" | (—0.7258;0.8342)" | 2.17547419 57 5.5 10~* | 0.05s
(10;1)" | (—0.7666; 0.8344)" | 2.16525885 41 5.5 10-% | 0.06s
§=10""%

Example 2. (n =2; m =2)
Consider the following mathematical promming problem :

a:=Inff(x) = Inf max(f1, f2, f3)

(PP) 1 +20+1<0,

subject to
12 — 1 <0,
where
fi(zi,z2) = 96% + 122

fo(z1,20) = (4 —21)* + (1 —22)2 + 5;

f3(z1,22) = exp(—m1 + 72).
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We have
Ao T f(opt) iterations TE Ek time(s)
(5:4)" | (1.1250;1.8750)" | 21.53253229 10 1.5 1075 | 0.05s
(5;4)" | (1.0208; —1.9792)" | 22.75086814 13 115 | 107% | 0.05s
(5;4)" | (1.0208; —1.9792)" | 22.75086814 14 115 | 1075 | 0.05s
(5;4)" | (1.0122; —1.9878)" | 22.85395638 12 20 1075 | 0.05s
(24;1)" | (0.6547; —2.1304)" | 24.76234123 | 186 115 | 107% | 0.11s
(9;1)" | (0.9375; —2.0625)" | 23.75812712 14 11.5 10-% | 0.06s
(0;0)° | (1.0732; —1.9569) | 22.63629699 17 20 1075 | 0.05s
(5.5:7)" | (1.0061; —1.9939)" | 22.92690486 12 20 105 0.05s
(6;80)" | (1.0000; —2.0000)" | 23.00001645 7 20 107° 0.00s
§=10"°
Example3. (n =3; m=3; § = 107%)
Consider the following mathematical programming problem :
a:=Inff(x) = Infr?élfc(%xtALa: +blr +¢;)
2 —1<0,
(PP)
subject to x§—1§07
23 —1<0,
where
2 1 0 1
A1: 1 3 0 , b1: 0 3 61:2,
0 0 1 0
5 3 1 1
AQZ 2 10 1 y bQZ 1 ) CQZO,
1 0 20 0
2 0.5 05 1
A= 05 2 05 |, bs=1| 1 |, co = 0.
05 05 2 1
We have
Ao Tk f(opt) iterations Tk €k time(s)
(1;1;1)" | (—0.5987;0.1998; 0.0008)" | 1.70000180 48 1.5 1074 | 0.05s
(1;4;7)" | (—0.4457;0.0628;0.0019)° | 1.73089727 | 44 05 | 107* | 0.06s
(1;4;7)" | (=0.6000;0.1.999; 0.0002)" | 1.70000033 57 1.5 1074 | 0.11s
(1;4;7)" | (—0.5860;0.2073;0.0028)" | 1.70038087 50 5 1074 | 0.06s
(0.5;1;2)" | (=0.6000; 0.2000;0.0001)" | 1.70000000 | 49 15 | 1074 | 0.05s
(0.5;1;2)" | (—0.5762;0.2138;0.0008)" | 1.70118323 52 5.5 107 | 0.06s
(0.5;1;2)" | (—0.6000; 0.2000; 0.0001)" | 1.70000000 59 5.5 1076 | 0.11s
(12;12;1)" | (—0.2138;0.0712;0.0006)" | 1.82426573 99 5.5 1074 | 0.11s
(2;0;0)" | (—0.5998;0.1998;0.0002)" | 1.70000006 71 10.5 1074 | 0.11s
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Example 4. (n =2; m = 2)
Consider the following mathematical programming problem :

a:=inf f(x) = Inf exp(z122) + |z1]

(PP) T+ 22+1<0,
subject to
3 —1<0.
We have
Ao Tk f(opt) iterations €k Tk time(s)
(1;1)" | (=0.0029; —0.9921)" | 1.00577409 11 1072 1.5 0.05s
(1;1)" | (—0.0122; —08877)" | 1.02305248 9 1075 2.5 0.05s
(1;1)" | (=0.0022; —0.7916)" | 1.00386107 15 1075 1.5 0.065
(9;0)° (0; —1)° 1.00001757 6 1075 1.5 0.05s
(9;0)" | (—0.0008; —1.0000) | 1.00151714 5 1071 10 0.00s
(1.6;2)" | (—0.0023; —0.5006)" | 1.00347098 13 1077 1.5 0.05s
(4;4)" | (—0.0121; —0.3612)" | 1.01649251 14 1075 2.5 0.06s
(4;4)" | (=0.0103; —0.8906)" | 1.01948055 8 1075 | 105 | 0.05s
(4;4)" | (—0.0037; —0.9887) | 1.00746318 6 1077 100 | 0.05s
§=10"8%

6. COMMENTS AND CONCLUSIONS

In this work, we were interested in the calculation of the dual bounds of nondifferen-
tiable optimization problems. A very important remark to indicate : the extreme difficulty
of the calculation of sub-gradient.

Then, on one hand, we introduce the proximal quasi-Newton method to surmount this
inconvenience. On the other hand, to spread the quasi—-Newton method in the nondifferen-
tiable case.

The obtained results of the numerical tests show that the convergence is global and that
the number of iterations depends on three parameters : the used algorithm to solve the
sub-problems, the initial points and the factor of penalty ry.

The calculation of the dual bound for differentiable or nondifferentiable optimization
problems is an interesting and vast domain of research. In spite of few attempts were made
in the nondifferentiable case for these problems.

In our work, the essential purpose of this paper was to answer the following question :

Can we spread the used techniques in the differentiable case ([6]) for the nondifferen-
tiable case by keeping the convergence as well as its rank ?

This seems clear in our study. Indeed, always basing on the augmented Lagrangian
method, we solved our problem by application of the proximal quasi-Newton technique.

The development of other methods, in the nondifferentiable case, is a center of current
searches and are open problems.

Acknowledgement 1. The authors would like to thank the referees for some corrections
which greatly improved the presentation of this paper.
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