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Abstract

In this paper, we propose an Adaptive Conic Cubic Overestimation (ACCO)
method for unconstrained optimization. ACCO model not only is an extension
of conic model which was first proposed by Davidon and Sorensen, but also
is a generalization of Adaptive Cubic Overestimation (ACO) model which was
initialed by Cartis, Gould and Toint. Global convergence to first order critical
point and local linear convergence are proved under some mild conditions. Fur-
thermore, the worst case global iteration complexity of the ACCO method is
analyzed in this paper.

Key words. adaptive conic cubic overestimation model, adaptive cubic overestima-
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1. Introduction

In this paper, we consider the following unconstrained optimization problem

min  f(z), (1.1)

where f(z) : R™ — R is a continuously differentiable function.

After the two kinds of globalization method: trust region method (see [1, 2, 3,
4, 5,6, 7,9, 10, 11, 17, 18]) and line search method (see [8, 12, 13, 14, 15, 16])
for problem (1.1). An Adaptive Cubic Overestimation (short for ACO) method
has been proposed in [19] as an alternative globalization method for problem (1.1).

Assume the Hessian H (xy) 2 f(xr) of the objective function is globally Lipschitz
continuous, the Lipschitz constant is L, then

1 L gde
fler+5) < flaw) +g(@)"s + 58" Haw)s + LllslP < mi(s), vs € B™. (1.2)

In [20], Cartis et al don’t insist on the Lipschitz continuous condition of H(z),
they replaced the Hessian H (zj) by a symmetric approximation matrix By on each
iteration, instead of (1.2), they proposed a more general ACO model as follows

d 1 o
mi(s) < flar) + glan)s + 55" Bus + 2 s, (1.3)
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where o}, is a dynamic positive parameter adjusted by trust region method. It can
be regarded as the reciprocal of the trust region radius. It also relaxes the need
of computing a global minimizer of cubic model and the availability of Lipschitz
constant. The cubic overestimation model is first introduced by Nesterov and Polyak
in [21] for Newton’s method with a provable better global complexity bound. ACO
method retains the excellent convergence properties and the worst-case iteration
complexity bound. Recently, many authors have done some work on this field, see
[29, 30, 31, 32, 33] etc.

Note that the first three items of (1.3) forms a quadratic model. It is well-
known that conic model which was first proposed by Davidon and Sorensen (see
[22, 23]) is an extension of quadratic model, and has some advantages compared
with quadratic model. Firstly, if the objective function has strong non-quadratic
behavior or it’s curvature changes severely, the quadratic model often produces a
poor prediction of the minimizer of the function. In this case, the conic model
approximates the objective function value better than the quadratic model, because
it has more freedom in the model. Secondly, the quadratic model does not take
into account the information concerning the function values and gradient values in
the previous iterations which is useful for algorithms. However, for unconstrained
optimization, the conic model possesses richer interpolation information and satisfies
four interpolation conditions of the function values and gradient values at the current
and the previous point. Using the conic model may improve the performance of the
algorithms. Thirdly, the initial and limited numerical results show that the conic
model method gives an improvement over the quadratic model method. Finally, the
conic model method has the similar global and local convergence properties as the
quadratic model. Since 1980s, a lot of scholars have been taking great interest in
conic model and extended it to constrained optimization, see [5, 24, 25, 26, 27, 28]
etc.

In this paper, we propose an Adaptive Conic Cubic Overestimation (short for
ACCO) model for unconstrained problem (1.1) as follows

g(zp)T's sT Bys
1+hls = 2(1+ hls)?

where hp € R" is a horizontal vector. When h; = 0, an ACCO model is an ACO
model; When hy = 0 and o, = 0, an ACCO model is a quadratic model. So we can
regard an ACCO model not only as an extension of an ACO model, but also is a
generalization of a quadratic model. Because an ACCO model incorporates more
information which is useful for algorithms, we believe an ACCO model outperforms
an ACO model and a quadratic model.

The paper is organized as follows. In Section 2, we give our ACCO method
and algorithm for unconstrained optimization. Section 3 discusses the optimality
conditions of the ACCO model. Section 4 shows the global convergence of ACCO
algorithm to first order critical point and local linear convergence under some mild
conditions. The global iteration complexity is given in Section 5. Section 6 con-
cludes.

Notation: || - || is Euclidean norm.

def
= [

g
cr(s) = flax) + + 5 I, (14)

2. Adaptive Conic Cubic Overestimation Method and Algorithm

We consider the following adaptive conic cubic overestimation model of f(x)
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around Ty41

g%i‘rls STBk+1S Ok+1 HSH3
)

(2.1)
1+hl s 20+hf 48?2 3

c(xpy1+8) = f(Tpg1) +

where gii1 def V f(xgs+1) is the gradient of the objective function at xpi1, Bri1
is a n X n symmetric matrix, which is the Hessian of the objective function or it’s
approximation. The adaptive conic cubic overestimation model ¢(xg41 + s) should
satisfy the following interpolation conditions

~—

(k1) = f(@+1), Ve(@rir) = Gt (22
c(zr) = f(zk),  Velzg) = g (2.3)

The gradient of ¢(xk41 + s) about s is

1 hyp1sT By
Ve(z +8)= —F— e — +—— ) to slls. (2.4
(@) = (1= 1) (e + ) +owallsls 24

Set s; = xp41 — xx. The first interpolation condition in (2.3) leads to

T T

Ik+15k 81, Bry15k Ok+1 3
f(zr) = f(Tr41) — sell®. 2.5
(zk) = [(Th+1) T KT o0 201 — WL s 3 (B (2.5)

Set v, =1— hgﬂsk, then we get

23(f(zk+1) — f(zn) + onrllsellPIve — 6(gis156) 7% + 35k Brgasy = 0. (2.6)

The second interpolation condition in (2.3) leads to

1 (I+ hit18) )(gk+1— Bit18k

— ops1lskllsk =gk, (2.7)
1-— h{+15k 1-— h£+18k)

T
L —hy 5k
thus we get that

hy, sh\ -1

Brask = g —12(1+ g + ok llsellsi)

Yegk1 — V(I — P15t ) (gk + Orvllskl sk)
2 T 3
Ye9k+1 — 'Yk:(gk + Uk—l-lekHSk — 8 grhk41 — Uk+1H$k|| Pit1)
Yk (2.8)

where, usually, By is usually updated by BFGS formula

def

Ykyl _ Bysyst By

Bji1 = By + (2.9)

St Yk sT Bysy
and Yr = Vkgk+1— V2 9k +0kr1 |kl sk — 5L grhis1 — sl skl has1). If By is positive
definite, the BFGS updating formula keeps the positive definiteness of Bi. From
(2.8), we obtain

st Bri15k = VESt Okr1 — Ye(SE gk + oks1llsell® — st gkst Prrr — Okrr ||kl > st hiy)-
(2.10)
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Combining (2.6) and (2.10) yields that

B(okr1llskll® + sk gi)vi — 28(f (zh1) = (@) + ot |51 l*] vk +3gk 156 = 0, (2.11)

which is a quadratic equation about 7. The equality (2.11) has real roots if and

only if

p=[B(f(xrs1) — f(@r) + onsrllsill®]? = I(onrallskll® + sk ge)giyise = 0. (2.12)

Taking p := /p gives
Ortlsel?® + 3(f (zrg1) — f(zx)) — p
3(oks1llskll® + st gr)
I(onrillskll® + s k) gy 15k

ortllsell® + 3(f (wes1) — flzr)) + o

Some special cases satisfying v, = 1 — hfﬂsk are

hk+1 - T 9k,

_ 1—7ksk
= 7
S Sk

1
5Tgk +( B)sk

T
i Sk Si. Sk

Pyt

b1 = (1 — ’Yk)[

},\weR.

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

Next, we formally state our Adaptive Conic Cubic Overestimation method (ab-

breviated as ACCO) as follows.
Algorithm 2.1 {ACCO}

Step 0. Given xg, 2> >1,1>n3>n>0,00>0,¢e>0, By >0. Set

k:=0, compute go = V f(x0), f(w0).

Step 1. If ||gr|| < €, stop with approzimate solution xy.

Step 2. Solve ck(s) inaccurately so that the step sy satisfies

ex(s) < en(s9),

where the Cauchy point
C

Step 3. Calculate pj, = %

Otherwise, set xy11 = Tk

s¢ =—algr, and of =arg min c,(—agy).
aERT

(2.18)

(2.19)

Lo If o > m, then oy = ok + sk

Step 4. Set
(0, 0% if pr > mn2; [very successful iteration]
Ok+1 €% lowsmion]  if m < pr < s [successful iteration]
[Y10k, Y20k] otherwise.  [unsuccessful iteration]
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Step 5. Compute f(xp41) and gri1. Set

e = B(f(@es) — fl@r) + ongllsell’]? — 9(owsr |l sel?
+S£9k)9kT+15k~ (2.20)
_ okllsell® 4 3(f (@rer) — flar) — /o (2.21)
3(onr1llsell® + st gx)
_ 9okt |l 5wl + Szgk)ngHSk (2.22)

Ot llskll® + 3(f (xre1) — flaw) +V/ox

Yk = YeGk+1 — Ve (G + Orr1lIskllsk — St gkhus1 — ohpr ||skl[Phes1).

(2.23)
Bogr (1 —B)s
To b T |, v8eR. (2.24)

b1 = (1— %)[

Update By to obtain Byy1 by BFGS formula, or symmetric-Broyden
formula, or symmetric rank-one formula. Set k := k+1, go to Step
1.

Remark:

(1). In Algorithm 2.1, o is a dynamic positive parameter that may be regarded
as the reciprocal of the trust region radius. It relaxes the need of computing
a global minimizer of cubic model and the availability of Lipschitz constant.

(2). For the global convergence and iteration complexity analysis, we assume that
there exist two positive constants 0 < ¢; < % and cg > 1 such that

c1 <1+ hls<cy, Vs R™ (2.25)

The constants ¢; has two purposes: the first one is to prevent the denominator
1+h£5 from being too small such that the model function might be unbounded.
The second one is the need of the global convergence analysis and iteration
complexity analysis. Perhaps there are some constants co satisfying 0 < ¢ < 1,
for the convenience of analysis, we choose a larger ¢y such that co > 1.

(3). For the complexity analysis, we require that there exists a constant hy,q, > 0
such that
lhell < hmag, k. (2.26)

3. Optimality conditions for the Adaptive Conic Cubic Overestima-
tion Method

Define the adaptive conic cubic overestimation model as follows
g's n s' Bs
1+hTs = 2(1+ hTs)?

c(s) = f+ +%WW- (3.1)

The following lemma gives the optimality conditions of adaptive conic cubic

overestimation model, which is an extension of Lemma 1 in [24] and theorem 3.1 in
[19]. For simplicity, we drop the subscript.
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Lemma 3.1 The gradient of the function expressed by (3.1) is

Ve(s) — %(1 +hsT) (g + Bs) + As (3.2)
= i([—hiT)(ngBVS)JFAs (3.3)
= %(u[ — hsT)(vg + Bs) + As, (3.4)

where v = 1+hTs, X\ = o||s||. This gradient vanishes at s, i.¢., s, is a critical point
of c(s), if and only if

(B + 2\ 1 + ght + 2\ hsD)s, = —g. (3.5)

The value of c(s) is the same at all critical points s, and equals

T

2 2
Sk — Vi |54 o
(o) = fo S rhlonll 2y o (3.6
T 3 2
Sy Bsi + 202 M| s« | o 3
- f- AT 3.7
/ = % s (3.7

where vy, = 1+ hTs,, Ay = 0l|s||. The Hessian of c(s) at s, is

1 Sy Sy \T
(B +hg" 4+ gh” +2(f — c(s:))hhT) + M + M) (e
Z <IIS*II)(IIS*II)
1 Sy Sy \T

= ST+ hsH)TIB(I + s.hT) 74 NI + A,
v2 <||S*||)<|IS*II)
1 Sy Sy \T

= — (vl — hs*T)B(Z/*I — s*hT) + Ad + M — .
vi <||S*||)<||S*II)

A critical point is a global minimizer if and only if B > 0 (positive semidefinite), it
is unique if and only if B > 0 (positive definite).

4. Convergence analysis

In this section, we will discuss the convergence properties of Algorithm 2.1. The
following assumptions are required.
Assumption 4.1

Al. f(x): R™ — R is twice continuously differentiable and bounded below by fow.
A2. There exists a positive constant kp such that || By < kp.

A3. g(z) is Lipschitz continuous, i.e.,

lg(z) — gl < kgllz —yll, Yo,y € R", and some kg > 1.
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Assumption Al implies that there exists a constant cg > 0 such that

lg(@)]| < cs. (4.1)

The next lemma shows that the adaptive conic cubic overestimation model cg(s)
descends sufficiently, and gives a lower bound of the decrease of the model function

ck(s).

Lemma 4.1 Suppose that sy, satisfies the conditions (2.18)-(2.19). Then for all
k >0, we have that

gkl yctllgell 1 Jeallgll
cr(0) — er(sp) > cx(0) — cp(sy) > 32+ 112 mm{ ﬁBk” '3 or } (4.2)
Proof. From (2.25), we know
c1 <1—ahlgr <c Va>0. (4.3)
Then
cr(sf) —cx(0) < cn(—age) — cx(0)
_ —allgl? N o®gji Brg N a’oy, lgel?
1—ahlgr  2(1— ahlg)? 3
1 || By|| a’oy,
< algl?( - + 9k
( — ahlgy (1 — ahlgy)? 3 )
a||By|| | a?oy,
< 2 — —_— . 44
< allgulP(- o+ 7m0 (4.4)
So cx(s{) < ex(0) if and only if
o By|| o
— < d . 4.
C2+ 202 3 gell <0 and a>0 (4.5)

So a € [0,ax], where oy = QUkﬂgk”( HB’CH + \/”B’“2 40’“””‘”). By rationalizing

the numerators of @y, we have

— !BkH HBkH2 40kH9kH)
g 201
[T 11
Define 6, = L[ 1max{”]f’“”,20%cl2lgk”}] , it follows that
HBkH2 4UngkH < Bl 2vorlgxl
+
- 2¢ V3co
B 2
< o {1221, 2708001
2c vV 3c2
B 2
< \/imaX{H Al \/Gk||9k} (4.6)
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by using of vVa + b < /a + vb(a,b > 0). Noticing

B Byl 2
1Bl ¢ gy 122], 20Te]y W
2cq G Ve

Combining (4.6) and (4.7) yields that

(HBkH+ HBk||2_'_4Uk||9kH)’1> 1 (maX{HBkH 2\/Uk||9k”})*1
2c2 4ci 3co T V241 a e ’

so we can easily get that @ > 6, > 0. From (4.4), we obtain

1 OklBell | Oowligrl

c 2
— 0)<@0 - — . 4.8
a(s) = a0 < oullanl®( -+ o= + =) (48)
In view of
ol WVZ2-DIBI & Lo
k|| Bl = NS (4.9)
o max { | Bl orllgrll } (&)
3 NG
Uk||9k”
Orokllonll =
1Bkl 2v/oxllgrll 172
(75)? [ max { & Va /]
< orllgrl|
= 2
% max {12 il
1
< —. 4.10
S 24 (4.10)
So cr(sf) — cr(0) < —550kllgel|?, thus
c g%l _sctllgrll 1 feallgrll
ck(0) —cp(sy) > —————— , = .
O -atd) 2 55 g™ a2\ ey

From (2.18), we know that

i 1 eallgell
0 el c >% . C1||9k:||77 2 (411
ar(0) = enls) 2 (0) —enlsk) = 327 min { E R b

a

The following lemma gives an upper bound of the norm of step si, which is an
extension of Lemma 2.2 in [19].

Lemma 4.2 Suppose that sy, satisfies the conditions (2.18)-(2.19). Then

)

| B || UkHQk:H}
3 o 1

3
< — 4.12
Isell < - maxc{ (412)
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Proof. From (2.25) and Cauchy-Schwarz inequality, we obtain

T T
95 Sk SkBkSk g 3
ci(sr) —cp(0) = + + —|s
k(s1) — cx(0) T hTse 20+ hTs? T3 (e
Iskllllgell — 11Belllsell® | on 3
> _ 7k
= e 27 '3 sl
2 5 |IBrllllskl® 1 5 lsellllgxll
e e e B L
When ||sg|| > U—imax{“fyl? %{fk”}’ we have
2
2 5 I Brllllskl® 1 5 lskllllgell
2 Sl 11 0| _ NPRIITER ¢,
o kllswll 2z 20 g Oklsl -

So ck(sk) > ¢x(0). However, from Lemma 4.1, we obtain ci(s;) < ¢x(0), so

3 B
el < > mae {120 fonllondly
Ok C o

We complete the proof. O

The next lemma shows that under some conditions, the iterate becomes very
successful, which is an extension of Lemma 2.3 in [19].

Lemma 4.3 Suppose that Assumptions A2 and A3 hold, and that there exists a
constant € > 0 such that ||gi|| > €, and lim \/M = 0. Then for sufficiently large
k—o0 k

ag

k, the k-th iteration is very successful, i.e., px > 12, op+1 < Ok.

Proof. \/%29’“” = lgrll\/ZieT 2 NG Tobr — 00, so Lemma 4.2 yields that

Ikl <3 loell " hys lskl]] = 0(k — o0). In order to show that the k-th iteration

Co0g

f(wg)—f(@Ktsk)
ck(0)—ck (sk)
4.1, we have ¢x(0) > ci(sk). That is to say, we need to show f(xx + si) — cr(sk) +
(1 —ng)(ck(sk) —Ck(O)) < 0. Define T = f(xk—i-sk) —Ck(Sk)+(1—n2)(6k(8k) —Ck(O)).
Next, we prove that r; < 0. From Lemma 4.2, we have

is very successful, i.e., pr > 12, we need to prove > 12. From Lemma

T T
9k Sk Sk By sy, _ %|
3

3
S
14+ hls,  2(1+ hls;)? 5

fle+si) —culse) = g(&) sk —

1 T kpllsk?
< a(Hg(fk) = grllllskll + g (€l skll7y, x| + 2701)
3
< 2 [lo&) = gell + esmafler — 11, Jea — 11}
3kp |
2c1 \ coog Co0}
where & lies on the segment [zy, xp + sx]. Lemma 4.1 and klim % = 0 yields
—00

that

2
€ gcie ver gl
ck(0) — ci(s > ————min¢—, —4/ ——
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6(v2+1)ez ¥ 7*

Combining (4.13) and (4.14) results in

3 3k [llgkll (1 —mn2)e 7 [llgxll
rg < — gi|| +c3 max{|c; — 1|, |ca — 1|} + — )
e (1l9(x) = gi |+ c3 max{]er — 1 |ea — 11} 2e; \| cpo 6(ﬂ+1)cJ -

Because g(z) is Lipschitz continuous and ||sg|| — 0(k — o0), so ||g(&k) — gkl —
0 (k — o0), thus

rr < 0, when k is sufficiently large.
So pr > 12, i.e., the k-th iteration is successful, so o1 < op. O

The following lemma shows that Algorithm 2.1 is well-definied, i.e., the inner
iteration can’t cycle infinitely.

Lemma 4.4 Suppose that Assumptions A2 and A8 hold. Then Algorithm 2.1 is
well-definied, i.e., the iteration between Step 1 and Step 5 of Algorithm 2.1 can not
cycle infinitely.

Proof. Suppose Algorithm 2.1 doesn’t stop at xy, i.e., there exists a constant
e > 0 such that ||gx|| > €. Suppose the iterations produced by Algorithm 2.1 cycle
infinitely between Step 1 and Step 5. i.e.,

Thyi = Tk, || Ghtill = llgrll = €, oryi € [M0Okti—1,720k+i-1), 1 =0,1,---

thus '
Phti < M, Opyi > Y10k (M1 >1),1=0,1,---

So Hgif” < l?{’;ﬂ — 0, i — oo, wherey; > 1. From Lemma 4.3, we know that
g 1

the (k + i)-th iteration is successful, so pg4+; > 72, which is a contradiction. We
complete the proof. O

Next, we show that provided that there are only finitely many successful itera-
tions, the subsequent iterations are first order critical points. The detailed proof see
Lemma 2.4 in [19].

Theorem 4.5 Suppose that Assumptions Al, A2, and A8 hold, and that there are
only finitely many successful iterations. Then for sufficiently large k, z = x* and

g9(z*) = 0.

The following lemma shows that if the objective function is bounded below, then
at least an accumulate point is a first order point. The detailed proof see theorem
2.5 in [19].

Theorem 4.6 Suppose that Assumptions A1, A2, and A8 hold. Then

lim inf || gy || = 0. (4.15)
k—o0

The following lemma shows that under some strengthen conditions, all the ac-
cumulate points are first order points. The detailed proof see theorem 2.6 in [19].
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Theorem 4.7 Suppose that Assumptions A1, A2, and A8 hold. Then

lim ||gx|| = 0. (4.16)
k—o00
To conclude this section, we discuss the local convergence rate of Algorithm 2.1.

Theorem 4.8 Suppose that the iterate sequence {xy} generated by Algorithm 2.1
converges to *, g(x*) =0, and H(x*) is Lipschitz continuous in a neighborhood of
x*. If
By — H —a*
iy 1Bk — Hi) (@ — 27

k—00 |lzr — x|

—0, (4.17)

then the iterate sequence {xy} converges to x* linearly.

Proof. Due to x — z* (k — 0), so [|sg|]| = 0 (k — o00). From ||gk|| < c3, ||h] <
himaz, |Bell < kB, 0k < 0maz (which will be proved in Lemma 5.2 later), we know
that when k£ — oo there exist two constants c4, c5 > 0 such that

I(Bi + VAT + giht + vidihest) | < ca.

HV]%/\kI + gkhf + V%)\khkSZH < c5.
From (5.11), we have

|2k + s — 2% = |Jaop — 2* — (B + VM + grht + v2Ahest) Lol
< cullgr — g(2*) — Bi(ap — 2¥)
— (NI + gph + V3N hesE) (z — x¥)||
< cafllgr — 9(z") — Br(zk — 27|
HI AT + grbi + vidwhst ) (zr — )|
< 04[/01(H(a:k+6(xk—a:*))—Hk)(a:k—a:*)dﬁ

+(Hy — By) (g — 2*) + cs |y — 2|
calLabllzy — @[ + ol — 27[]) + esllax — 27]

cel|lzk — =¥

So the iterate sequence {xy} converges to x* linearly. O

5. Complexity analysis

The most advantage of ACCO method is that the corresponding algorithm can
enjoy a better complexity bound. As mentioned before, ACCO model is an extension
of ACO model. Whether the ACCO model still keeps the property of complexity
bound? In this section, we will discuss the complexity of ACCO model for uncon-
strained optimization.

Denote

S; = {k < j : iteration k is successful},

def (. _ . . C
U; =l {i < j : iterationiis unsuccessful}.
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Let |S;| and |Uj| be the respective cardinalities.
Define

Sy ={keS: ol > e
Ug={keU: gl > e}

Next, we will give an upper bound of |S¢|, i.e., the estimation of the times of the
successful iterations to satisfy ||gx|| < €, and [S§| + |Ug|, i.e., the estimation of the
times of the successful and unsuccessful iterations to satisfy ||gx|| < e.

First, we give some technical lemmas.

Lemma 5.1 Suppose that Assumptions A2 and A3 hold, ||gx|| # 0 and

27 \/§+1 JJeoslkg + kg + ¢ hmax de
\ okllgrll > ( Jvealkn QB 2 ) </ kup. (5.1)
(1 —me)e

Then the k-th iteration is successful, i.e., pp > N2, k11 < 0.
Proof. Due to ||gx|| # 0, from Lemma 4.1, we know ¢x(0) > cx(sg). So

pr > M2 == 1k = f(@K + s) — ck(sk) + (1 —m2)(ck(sk) — cx(0)) <O0.

Next, we prove 7 < 0. Combining (2.25) and (5.1) yields that

O-k”ng 27(\/§ + 1)(kH + kB + C3hma:r:)
o (1 —ma)ct
27(\@ + 1)(kH +kp + C3hmax)
- (1—m2)c3
L B
5]

From Lemma 4.2, we have

il < 3¢/ 1921 (5.2)

C20k

From Taylor’s expansion, (2.25) and (5.2), we obtain

T T 3
. gt sk st Bisk ok||sk|
Tk + Sk) — ck(Sk) = Sk — - B
fr + sk) = crlse) 9(&k)" s L+ hFse  2(1+hfsp)? 3
< (&) = g(ax)llllsell + g (€Il el sell? . kpllskl®
< - 23
ki + kp + cshmaz 2
<
< fotlot o,
9(k‘H + kg + C3hma:c)Hgk'||
- 26%02% ’
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Combining (5.1), kg > 1 and m; € (0, 1) yields that

O—ngkH > 54(\/§+ 1)(kH +kp+ C3hma:c>

2
C2 B (1 —mo)ct

v

SO

A llgrl o 1 feallgrll (5.3)
|Bell =2V o '

Lemma 4.1 and (5.3) results in

3
en(sn) — cn(0) < ——MgellZ (5.4)
6(v2 + 1)c3 \/or
Then
re < kst hp +chmar)loel (1= mo)lgil®
2cicooy, 6(\/5—1—1)625\/0'7]6
< 19k [9(kH + kB + cshmaz) (1 —1p2) Ukllng]
Ok 20%02 6(\/§—|—l)c§

From (5.1), we know r <0, so px > 12, 011 > 0. We complete the proof. O

The above lemma is an extension of Lemma 3.2 in [20]. However, our result is
weaker than Cartis et al’s, because our lower bound on \/ogl|/gx| is smaller than
theirs.

Lemma 5.2 Suppose that Assumptions A1, A2, and A3 hold, and there exists a
constant € > 0 such that ||gx|| > €. Then

o, < max (00, %k%B) def Omaz- (5.5)
Proof. From Lemma 5.1, we know
2
O'k>%:>pk>772, Ok+1 < Ok, (5.6)

! 2 .
so there must exist & such that o, < kHTB. From Step 4 of Algorithm 2.1, we get
0k+1 < Y20k (72 > 1) whenever the k-th iteration is successful or not. So

2

k .
O i =72 ZB’ i=0,1,-- (5.7)

. k2 k2 . k2
Thus, if o < ~2£, from (5.7), we know o}, < vo~#E. On the contrary, if o9 > ~4&,

/ 2
o (k= 1,2,---) will keep on decreasing until there exists £ such that o, < k’g .

’ 2
We choose k > k then o < yngTB. We complete the proof. O
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Lemma 5.3 Suppose that for each very successful iteration, there exists a constant
v3 € (0,1) such that y30 < o411 < ok. Let @ > 0 such that o, < T for all k < j.
Then

log 3

log 71

Ui < | = 22191 + (58)

[
log(—)|.
log 1 Og(O’oﬂ
Proof. The proof see Lemma 2.1 in [20]. O

Theorem 5.4 Suppose that Assumptions A1, A2, and A3 hold. Then for all k € Sg,

|Sel < [eze ], (5.9)

3
where cr = (f(xo)_fl01:716(\/§+1)c22 ma’X{kHB\/%, /0_0}

If o in Algorithm 2.1 is chosen such that ooe > Yok% 5. Then
el < [ese 1, (5.10)

3
wher@ cg = (f(‘ro)_flmﬂ)G(\/Q-i-l)c%\/%.

it
Additionally, assume that on each very successful iteration k, o1 > Y30k, v3 €
(0,1]. Then

|1S51 + |Ug| < [coe™?], (5.11)

max{1,vy2k2
- logyg)c + {172 HB}

where cg = (1 Tos Tog 1

Proof. From the definition of kg, Lemma 4.1 and Lemma 5.2, we have

gl - rcillgrll 1 [eallgrll
_ > —
a0 —alw = 5 ha SEARET e
3
> min{ e ’ Ve }
N 3(V2 + 1)c3kp 6(V/2 + 1)c3+/o%
> min { A ¢
- ) 3
3(V2+1)3kB 6(1/2 + 1)cg max{\/Goe, kirpy/72)
2 2
= min{ < ‘ } (5.12)

3 ’ 3
6(vV2+1)c3 /ooe 6(vV2+1)ckupy72

case a: If \/op€e < kppy/72, from (5.12), we have

2
€
cx(0) — cx(sk) > 3 ,
6(vV2+ )3 kup 2
so for all k € S;,
77162

flag) = fzr + sk) > m(cr(0) — culsk)) > 3 :
6(vV2+1)c3kup/72
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Summing up all the very successful iterations satisfying ||gx|| > € yields that

’S§|77162

3 < 3 [f(ar) = flarg)]
6(vV2+ 1)cikupyr2 keSS

Z f(@rt1)]

<
k=0
< f( ) flow
So ,
— fiow)6(V/2 + 1)c3 k
1) < U20) ~ Fun)6V3 + ek 5 o 51
m
case b: If /g€ > kpp./72, from (5.12), we have
3
€2
ck(0) — ck(sg) > 3
6(v/2+1)c3 /oo
so for all k € S,
3
me?2
flar) = f(wg + sk) = m(ex(0) — cxsk)) > 3
6(v2+1)c3
Summing up all the very successful iterations satisfying ||gx|| > € yields that
3
| Sglme2
! 3 > Z [f(zx) — f(@ry1)]
6(v2+1)c3 /a0 keSs
j
< Z f(@rs1)]
k=0
< f( ) flow
So s
— Jlow 1)c3 _3
m
From Lemma 5.2, we know
2
or < max{oo, 2k} ) < max{oo, 12Kirp} def o
€ €
From Lemma 5.3, we get
log 3 max{1, vk} p}
¢ < (1 - 1
IS5+ 1051 < [(1 = 02 e+ —— L2 e (5.15)
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6. Conclusions

In this paper, we propose an adaptive conic cubic overestimation model method

for unconstrained optimization problem. It incorporates an adaptive cubic overes-
timation model and a quadratic model as special cases. Global convergence to first
order critical point and local linear convergence are guaranteed under some mild
conditions. The algorithm and theory presented in this paper can be extended to
constrained nonlinear optimization problem, which will be our next work.
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