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1. Introduction

Optimization has been expanding in all directions at an astonishing rate during the
last few decades. The theory of duality is elegant and important concept within the
field of operations research. The concept of second-order duality was first introduced by
Mangasarian [10], where he pointed out possible advantages of second-order dual over the
first order dual. Due to the fact that there are more parameters involved, second-order
dual provides tighter bounds for the value of objective function of the primal problem
when approximations are used.

The problems in which objective functions are ratio of two functions are termed
as fractional programming problems. It can be used in engineering and economics to
minimize a ratio of functions between a given period of time and a utilized resource in
order to measure the efficiency or productivity of a system (see Stancu-Minasian [14]).

For more information on the fractional programs the readers are advised to see [13].
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The first symmetric dual formulation for quadratic program was proposed by Dorn
[6], who defined the program and its dual to be symmetric if the dual program is recasted
in the form of the primal, its dual is primal. Subsequently, the notion of symmetric
duality was developed significantly by Dantzig et al. [5]. Chandra et al. [4] considered
the symmetric dual fractional program and derived the appropriate duality theorems.
Mond et al. [12], Weir [16] extended the results of Chandra et al. [4] to nondifferentiable

fractional programs and to multiobjective fractional programs.

Suneja et al. [15] studied a pair of Mond-Weir type multiobjective second-order sym-
metric dual programs without non-negative constraints and established duality theorems
under n-bonvexity and n-pseudobonvexity assumptions. They also discussed second-order
self-duality theorems by taking the functions to be skew-symmetric. Ahmad and Husain
[1] formulated a pair of multiobjective fractional symmetric dual programs over arbitrary
cones and established appropriate duality results. Recently, Ahmad and Husain [2] fo-
cused on multiobjective second-order symmetric duality with cone constraints and usual

duality results are established under second-order invexity assumptions.

Yang et al. [18] considered a pair of second-order symmetric dual programs and ob-
tained duality results under F-convexity assumptions. Gupta and Kailey [8, 9] formulated
second-order symmetric dual programs for a class of nondifferentiable multiobjective pro-
gramming problem and established duality theorems for the aforementioned pair using
the notion of second-order F-convexity/pseudoconvexity. Very recently, the work is fur-
ther extended by Gulati et al. [7] by introducing a pair of symmetric dual second-order
fractional programs to derive appropriate duality results. They also discussed minimax

mixed integer symmetric dual fractional programs.

In this paper, a pair of multiobjective second-order fractional symmetric dual pro-
grams is formulated. Weak, strong and converse duality theorems are established under
second-order (¢, p)-invexity assumptions. Moreover, a self dual programs is formulated
and also self duality theorem is discussed. Some known models are the special case of the
model considered in the present paper.

2. Preliminaries

Let R" be the n-dimensional Euclidean space and let Rl be its non-negative orthant.
The following conventions for vectors in R™ will be used in the sequel of the paper:

<y if and only if y—x € int R™;
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z <y if and only if y—x € int R\ {0};
xr =y if and only if y—x € int RY;
r Ly is the negation of x <y.

A general multiobjective programming problem can be expressed in the following
form:

(P)  Minimize h(z) = (h1(z), ho(x), ..., hi(z))

subject to  r(z) £ 0,

where h : R" — R* and r : R® — R™. We shall denote the feasible set of (P) by
A={zlr(z) £0,z € R"}.
Definition 2.1 A feasible point z* is said to be an weak efficient (or weak Pareto optimal)
solution of (P), if there exists no other z € A such that h(z) < h(z*).
Definition 2.2 A feasible point z* is said to be an efficient (or Pareto optimal) solution
of (P), if there exists no other z € A such that h(z) < h(z*).
Definition 2.3 A feasible point z* is said to be a properly efficient solution of (P), if it
is an efficient solution of (P) and if there exists a scalar M > 0 such that for each ¢ and

x € A satisfying h;(z) < hj(z*), we have

for some j satisfying h;(z) > h;(x*).

Let S; C R™ and So C R™ and let f(z,y) be a real valued twice differentiable function
defined on S x S3. Then V,f and V,f denote gradient vectors of f with respect to x
and y, respectively and V, f denotes the n xm matrix of second-order partial derivatives.
Definition 2.4 A real valued function f(.,y) : S; x Sy — R is said to be second-order
(¢, p)-invex at u € Sy with respect to ¢ € R™, if for all ¢ : S1 x S1 x R"™ — R with p as

a real number, we have

F9) = Fn9) + 50"V f (090 2 90 05 Vi f () + Ve (1, 1)a, ).

Definition 2.5 A real valued function f(z,.) : S1 x Sz — R is said to be second-order
(¢, p)-invex at y € So with respect to p € R™, if for all ¢ : So x Sy x R™*1 — R with p

as a real number, we have

Fl0) = F.9) + 25"V ) = 00,4V, f(2,0) + Vi (2. 9)p. ).
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3. Second-order multiobjective fractional symmetric duality
In this paper, we consider the following pair of multiobjective Mond-Weir type frac-

tional symmetric dual programs:

Primal problem (MWP)
Minimize L(xvyap) = (Ll(x7y7p1)7 L2($7y7p2)7 ceey Lk(:l:?y?pk))t

subject to

K
D ANy filw,y) + Vg filw,9)pi) = Li(e, v, 0:)(Vy9i(2,y) + Vyygi (2, y)pi)] £ 0,
=1

K
U NIV fi,y) + Vi fila, )pi) — Li(z, 4,00 (Vygi(@,y) + Vyygi(2,y)pi)] 2 0,

=1

A > 0.
Dual problem (MWD)

Maximize M (u,v,q) = (M1 (u,v,q1), Ma(u,v,q2), ..., Mg (u, v, qi))"

subject to
k
Z Ail(Va fi(u,v) + Vag fi(u, v)gi) — Mi(u, v, ¢i)(Vagi(u, v) + Vazgi(u,v)g;)] 2 0,
i=1
k
Ut Nl(Va fi(u,v) + Vg i, v)gi) = Mi(u, v, 60)(Vagi(u, 0) + Vazgi(u, v)g:)] £ 0,
=1
A >0,
where
fila,y) = 3piVyy fila, y)pi
Lz(%%pz) = ) ? 1 W )
gi(7,y) — 30 Vyygi(z, y)pi
filu,v) — 3¢V 4o fi(u, v) g
Mi(u7vaqi) = ( ) % t ) .
gi(u,v) — 54;Vzzgi(u,v)gi

Here f;, ¢; : S1 x S2 — R are twice continuously differentiable functions for all i =
1,2,....k, pi = (p1,p2,-sPk) € R™, ¢ = (q1,92,--,qx) € R" and X\ = (A1, Ag, ..., \g) €
RE. Tt is assumed that in the feasible regions the numerators are nonnegative and de-
nominators are positive. Let [ = (I1,la, ..., I1)t, m = (mq,ma,...,my)" € RE. Then we can
express the programs (MWP) and (MWD) equivalently to:

(EMWP) Minimize [

subject to

1 1 )
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k
Nl(Vyfi(@,y) + Vg fi(z, y)pi) — Li(Vygi(@,y) + Vyygi(x, y)pi)] = 0, (2)
=1

(2

tZA (Vo fi(@,9) + Vo i@ 9)ps) — L(Vy90(2,9) + Vogilo, o) 20, (3)

A>0.
(EMWD) Maximize m

subject to

1
*vaxxgz(uav)%) = 07 1= 1727 ceey k? (4)

1
— iV pu fi(u,v) g — my(gi(u,v) — 5

filu,v) — 5

k
Ail (Ve fi(u, v) + Vg fi(u,v)q) — mi(Vagi(u,v) + Vaegi(u,v)g;)] 2 0, (5)
=1

(2

K
u' > Al(Va fi(u,v) + Vg fi(u, v)gi) = mi(Vagi(u, v) + Vargi(u,0)g:)] 0, (6)
=1

A > 0.
Now we prove weak, strong and converse duality theorems for (EMWP) and (EMWD)
but equally apply to (MFP) and (MFD).
Theorem 3.1 (Weak Duality). Let (x,y,l, A\, p) be feasible to (EMWP)and (u, v, m, A, q)
be feasible to (EMWD) and g(z,v) > 0. Further, we assume that

(a) Zle Xi(fi(,v) —migi(.,v)) be second-order (p1, p)-inver at u,
) S5 Ni(—filx, ) + Ligi(x, ) be second-order (¢a, p)-invez at y,
(C) (bl(xau? (élvp)) + uTé-l Z 07 V§1 S Ri and ¢2(va7 <€27p)) + yT§2 g 07 V§2 S RT

Then l = m.
Proof. From the dual constraint (5) and the condition ¢ (x,u, (£1, p)) +ul& 20, V& €

Rl we have

Kk
d1(2, w5 (O Nl(Va fi(w,0) + Vi fiw, 0)4:) — mi(Vagi(u, v) + Vaegi(u,v)4:)]s p))
=1

k
uT Z )\l[(vl‘fl(u7 U) +V:m:f2(u7 U)qi) _mi(vwgi(uv U) +V:B:Bgi(ua U)Qi)] 2 07
=1

which by the dual constraint (6) becomes
k
i=1
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From the second-order (¢1, p)-invexity of Zle Xi(fi(,v) — m;gi(.,v)) at u, the above
inequality gives

k

Z )‘i [fl(x’ U)_migi(x’ U)_{fi(u’ v)_migi(u’ U)}+%%T{vm:(fz(uv v)_migi(ua U))}Qz] 2 07
=1

which by the dual constraint (4) becomes

k

Z il fi(z,v) — migi(z,v)] 2 0. (7)

i=1
On the other hand, from the dual constraint (2) and the condition ¢ (v, y, (&2, p))+yT & <
0, V& € R, we have

k

$2(v,y, (= Y Nil(Vyfilz,y) + Vg filz,y)pi) — L(Vygi(2,y) + Vyygi(z, v)pi)], p))
=1
k
—y" Z Nl (Vy fila, y)+Vyy fi(@,y)pi) =li(Vygi (@, ) +V yygi (@, y)pi)] 2 0,
i=1

which by the dual constraint (3) becomes

k

2(v,, (= D Nl(Vyfi(w,y) + Vi filz, y)pi) = Li(Vygi(e,y) + Vygi(z. y)pi)], p) Z 0.
i=1

From second-order (¢2, p)-invexity of Zle Xi(—fi(z,.) + ligi(z,.)) at y, the above in-
equality gives

k

> /\i[{—fi(fﬂyU)Hz‘gz‘(xy”)}—{—fz'(w?y)ﬂz‘gi(%y)}+%P?Vyy{—fi(l‘ay)+lz‘9i(9€7 y)ipi] 20,
=1

which by the dual constraint (1) becomes

k

D A= filw,v) + ligi(w,v) 2 0. (8)

i=1

From (7) and (8), we get
k
> Xl — ma)gi(z,v) = 0.
=1

Since A > 0, g(x,v) > 0, it implies that

Hence the theorem.
Theorem 3.3 (Strong Duality). Let f be thrice differentiable function on R™ x R™. Let

(Z,7,1,\,p) be a weak efficient solution of(EMWP) and suppose that
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(a) (Vyyfi — 1iVyg:) is positive definite and pr (Vyfi —1;Vyg:) 20, Vi =1,2,....k, or

(Vyyfi — IV yygi) is negative definite and pl (Vyfi —1;Vyg:) £ 0, Vi=1,2,..., k,
(b) Vygi pi +ﬁ?vyygi pi =20, i=1,2,...k,

(C) the set {(vyfl + vyyfl pl) - Zl(vygl + vyygl pl) ( yf? + vyyf2 p2) l: (vaQ +

Viyy92 D2), s (Vy S + Vg fro D) — le(Vygi + Vyygr Pr)} is linearly independent,

where f; = f;(z,79), i = 1,2,...,k. Then (Z,7,1,\,q = 0) is feasible for (EMWD). Further-
more, if the hypotheses of Theorem 8.1 are satisfied, then (Z,9,1,\,q = 0) is a properly
efficient solution of (EMWD) and the two objective values are equal.

Proof. Since (Z,7,l,),p) is a weak efficient solution of (EMWP) by Fritz John type

necessary optimality conditions, there exists o € R*, 3 € R¥,yv € R™,§ € R, u € R* such

that
B 1 k
Z Bz Vaofi— = yyfzﬁz)xﬁ) - lz(vxgz - §(Vyygiﬁi)xpz '7 53/ Z y:rfz'
(Vyy flpz):cpz) l (vyxgz + (vyygi ﬁz)x)] —n=0, (9)
k
Z(/B’L — oA )[( yfl + vyyflpl) - (vygl + vyygzpz + Z yyfi - l_ivyygi)
=1 =1

(v~ )\~ 5ipi)] +Z Va Sy~ BV~ 9%~ PP =0, (10)

(’Y - 5@) [( yfz + Vyyfﬁpz) - (Vygz + vyygzpz)] —w=0,1=12,.., k, (11)
[(7 - 6g)t5\z - 6zﬁz]t(vyyfz - l_ivyygi) = O, 1= 17 27 (XL} ka (12)

1 < .
QG — ﬁz (Qz - *ﬁgvyygzﬁz) - (’Y - 5g)t()\l(vygl + Vyygzﬁz)) - 07 1= 17 27 seey ka (13)

Zk: (Vyfi + Vyyfibi) = 1i(Vygi + Vyygipi)] = 0, (14)
:k

Z (Vyfi+ Vyyfibi) = 1i(Vygi + Vyygibi)] = 0, (15)

: A =0, (16)

'z =0, (17)

(a,8,7,0,p) # 0, (o, 8,7,6,) 2 0. (18)

Since A > 0, it follows from (16) that u = 0. Therefore from (11) we get

('Y - 5@) [( yfl +V yfzpz) - (vygl +V yglpl)] =0,i=1,2,.. k. (19)
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From (12) and the condition (a), we have

Using (20) in (10), we get
k
Z(ﬁz — O (Vyfi + Vyy fibi) = li(Vygi + Viyygibi)]
=1
+ ZA Vyyfipi)y = i(Vyygibi)y) (v — 09)] = 0. (21)

We claim that 3; # 0, Vi € 1,2, ..., k. If possible, let us suppose that there exists i €

2, ...,k such that 8; = 0. Then from (20) implies that

Y-8 =0, (22)
therefore, (21) reduces to
k
> (Bi = M) (Vyfi + Vyyfipi) — l(Vygi + Viygipi)] = 0. (23)
i=1

By assumption (c¢), the above relation yields

Bi— 0N =0, i=1,2,..,k, (24)

Since A > 0, the above relation implies that § = 0 and 8 = 0. From (9), (13) and (22),
we get n = 0, @« = 0 and v = 0. It contradicts the fact that (o, 8,7,0,u) = 0. Hence
Bi #0, Vi € {1,2,...,k}. We now prove that § > 0. To prove this, it suffices to show that
B 2 0. From (13) and (20), we have

1

Bz[( 9i — 2 vyygzpz) ﬁz(j\z(vygz + vyygipi))] =0,i1=12,..,k

Since o« =2 0, ¢; — %ﬁiTVyygiﬁi > 0, i = 1,2,...k, from assumption (b), we can obtain
B =0, which by 8; #0, Vi € 1,2, ..., k yields 8 > 0.
From (14), (15) and (20), we have

k
> BiBF (Vyfi — Vygi) + B (Vyyfi — LiVyygi)pi) = 0.

By 8 > 0 and assumption (a), we obtain p; = 0, i = 1,2,...,k. Thus from (20) we get
(22). Similarly, we obtain (24). Using (22) and the fact that p; =0, i =1,2,...,k in (9),

we get

Z/Bzv fz_ z a:gz)]:nv
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which by 8> 0, A >0, n >0 and (24) yields

k

Zﬁz[ xfz - 7,( xgz)] - g 2 07

i=1

Combining the above result with (17), we obtain

_T Z )\ Vafi — l xgzﬂ =0,

Since § > 0, so from (22) we get

g:

=2
v
(@)

Thus it follows from the above three inequalities that (Z,7,[, \, ) is feasible solution to
(EMWD). Under the assumptions of Theorem 3.1, if (Z,%,[, \,§ = 0) is not an efficient
solution of (EMWD), then there exists other feasible solution (u,v,m, A, q) of (EMWD)
such that [ < m. Since (Z,7,[,)\,p) is a feasible solution of (EMWP), by Theorem 3.1,
we have [ £ m, hence the contradiction implies (Z,%,[, X\, = 0) is an efficient solution of
(EMWD).

If (%,7,1,\,q@ = 0) is not a properly efficient solution of (EMWD), then there exists
other feasible solution (u,v,m,\,q) of (EMWD) such that for an index i € {1,2,...,k}
and any real number M > 0, m; —[; > M(l; — m;) for j satisfying I; > m; whenever
m; > l;. This implies m; > [; can be made arbitrarily large and this contradicts with
Theorem 3.1. Also the two objective values are equal.

Theorem 3.4 (Converse Duality). Let f be thrice differentiable function on R™ x R™.

Let (@,0,m, A, q) be a weak efficient solution of (EMWD) and suppose that

(@) (Ve fi—miVzg:) is positive definite and g} ( 2 fi—miVaegi) 2

0,
(Vaxfi — MV i) is negative definite and (jl (Vafi —miVggi) =
(b) Vagi &+ @ Vacgi & 20, i =1,2,....k,

(c) the set {(Vafi+Vaafi @1) —m1(Veg1 +Vazgr @1), (Vafo+ Vazfo @2) —ma(Vzga +

Vazg2 @),y (Vo ft + Vau fi @) — Mi(Vagk + Vazgr Gi)} is linearly independent,

where f; = fi(@,0), i = 1,2,....,k. Then (4,0,m,\,p = 0) is feasible for (EMWD).
Furthermore, if the hypotheses of Theorem 3.1 are satisfied, then (u,v,m,\,p = 0) is a
properly efficient solution of (EMWD) and the two objective values are equal.

Proof. It follows on the lines of Theorem 3.3.
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4. Self duality
A mathematical programming problem is said to be self-dual if it is formally identical
with its dual, that is, the dual can be recast in the form of the primal. If we take the

functions f; as skew-symmetric and g; as symmetric, that is,

filz,y) = —fily, x), gi(x,y) = 9i(y, x)

for each i = 1,2, ..., k, then we shall show that the programs (EMWP) and (EMWD) are
self-dual. By recasting the dual problem (EMWD) as minimization problem, we have
Minimize —m = (—my, —ma, ..., —g)

subject to

1 1 .
|:f7/(ua U) - *vamfz(u’v)% - mZ(gl(u7 ’U) - *vamgz(uﬂf)%)] - 05 1= 172) °")k7

2 2

k
D Xil(Vafi(u,v) + Vi fi(u, v)g:) — mi(Vagi(u,v) + Vargi(u,0)g:)] 2 0,
i=1

k
u > N[(Vafi(t,v) 4 Vaa fi(u, 0)5) — mi(Vagi(u,v) + Vaegi(u, v)g:)] £ 0,

i=1

A >0,

Fi(uw)—2q! Voo fi(uv)g; }

where m; = [
v 9i(u,0)— 30t Vazgi (u,0)q;

Since f; and g;, i = 1,2,...,k are skew-symmetric and symmetric, respectively, we

have

Va fi(u,v) = =Va fi(v, 1), Vao fi(u,v) = =Vau fi(v,u),
Vyfi(u,v) = =Vyfi(v,u), Vyy fi(u,v) = =Vy, fi(v, u),
Vagi(u,v) = Vagi(v,u), Vaagi(u, v) = Vaagi(v, u),
Vygi(u,v) = Vygi(v, 1), Vyygi(u, v) = Vyygi(v, ).

Hence the dual problem (EMWD) can be written as

Minimize z = (21, 22, ..., 2k)

subject to
Ly 1, .
fi(vvu) - §szyyfz(vau)(h - Zi(gz‘(’U,U) - i%vyygz(vyu)%) - 07 1= ]-7 27 ceey k?
k
Z )\z‘[(vyfi(va U) + vyyfi(va u)Qz) - Zi(vygi(va u) + vyygi(vv u)‘]z) g 0,
i=1
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k

u' Z Ai[(vyfi(% u) + Vyy fi(v,u)q;) — 2i(Vygi(v, u) + Vyygi(v, u)g;)] 2 0,
i=1

A >0,

1.t
(v, u)—5 AV i(v,1)q;
where z; = filow) 2% yy fi(v,u)4i
9i(v,u) =54} Vyygi (v,u)q

This shows that the dual problem (EMWD) is identical to (EMWP). Hence if (u, v, A, m, q)

, forallt=1,2,... k.

is feasible for (EMWD), then (v, u, \,m,q) is feasible for (EMWP) and conversely.

We now state the self-duality theorem.
Theorem 4.1 Let f; and g;, i = 1,2, ..., k be skew-symmetric and symmetric, respectively.
Then (EMWP)is self-dual. Furthermore, if (EMWP)and(EMWD)are dual problems and
(Z,7,\,m,D) is a joint optimal solution, then so is (§, %, \,m,p) and and the common
optimal value of the objective functions is 0.
Proof. It follows on the lines of the corresponding results by Weir and Mond [17].

5. Special Cases

(i) If £ = 1, then the problem (MWP) and (MWD) are reduced to that presented in
Gulati et al. [7].

(ii) If we set k = 1, g(z,y) = 1, then (MWP) and (MWD) becomes the programs
studied in Bector and Chandra [3]. Also if p = 0 and ¢ = 0, then they reduce to

the problems presented in Mond and Weir [11].

(iii) If g =1 for all z,y in (MWP) and (MWD), we get the programs studied in Suneja
et al. [15].

6. Conclusion

In this article, a pair of Mond-Weir type multiobjective second-order fractional sym-
metric dual programs is presented and weak, strong and converse duality relations between
primal and dual problems are discussed. It is the future tasks of the the authors to extend
these results to higher-order fractional symmetric dual programs over cones. It will be
interesting to check the validity of duality results for multiobjective second-order mixed
integer programs, wherein some primal and dual variables are constrained to belong to

some arbitrary sets.
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