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Abstract

This paper considers knapsack problem with fuzzy weights, says fuzzy knapsack problem (FKP).
Here we introduce possibility index which gives the possibility of choosing the items with fuzzy weights
for knapsack with crisp capacity. In this paper a dynamic programming technique has been intro-
duced to optimize the utility value of objective function. An algorithm has been proposed which gives
the optimal solution for FKP with some possibility. The possibility index gives an idea to choose the
solution according to decision maker’s choice. An illustrative example is given to demonstrate the
methodology.
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1 Introduction

Knapsack problem is one of the most relevant mathematical programming problem with numerous ap-
plications in different areas. The knapsack problem [Martello and Toth (1990)] is a problem where a
tramper is searching for a combination of different items for filling the knapsack. The objective is to
optimize the total utility value of all chosen items by the tramper subject to the capacity of knapsack.
The knapsack may correspond to a ship, truck or a resource. There are varieties of applications available
for fuzzy knapsack problem such as various packing problem, cargo loading, cutting stock or economic
planning. For example the problem of making investment decisions in which the size of an investment
is based on the amount of money required, the knapsack capacity is the amount of available money to
invest, the investment profit is the expected return. Knapsack problem has a simple structure which
permits to study combinatorial optimization problems.

In the real world the utility value used for knapsack problem is imprecise in nature because of the
presence of inherent subjectivity. Some researcher used fuzzy theory to solve this type of problem.
Zadeh [Zadeh (1965)] in 1965 proposed fuzzy set theory, using this theory Okada and Gen [Okada and
Gen (1994)] described multiple choice knapsack problem with fuzzy coefficients. Kasperski and Kulej
[Kasperski and Kulej (2007)] solved the 0-1 knapsack problem with fuzzy data. Lin and Yao [Lin and
Yao (2001)] described FKP by taking each weight w;,i = 1,2...n as imprecise value. They consider
w; = (w; — A1, wi, w + Ayz) as fuzzy number such that the decision maker should determine an accept-
able range of values for each w;, which is the interval [w; — A1, w; + Ay2],0 < Ajp < w; and 0 < Ays.
Then the decision maker chooses a value from the interval [w; — A1, w; + Ay as an estimate of each
weight. Estimate is exactly w; if the acceptable grade is 1, otherwise, the acceptable grade will get smaller
when the estimate approaches either w; — A;; or w; + Ajo. To calculate an estimate of the fuzzy weight
defuzzification of the fuzzy number @; from the interval [w; — A1, w; + Ajz] has been used. The main
idea behind this paper is to solve fuzzy knapsack problem in multi-stage decision making. In this paper,
we choose the weight as triangular fuzzy number and solved it without defuzzification. Defuzzification
of fuzzy number gives a real value corresponding to that fuzzy number with some loss of information.
Defuzzification of fuzzy number, converts the fuzzy knapsack problem into crisp knapsack problem. Since
the weights are fuzzy in nature we can fill the weights with some possibility, having any value between
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[0, 1]. Sengupta and Pal [Sengupta and Pal (2000)] introduced acceptability index to order two intervals
in terms of value. Similarly We introduced a possibility index for calculating the possibility [Dubois
and Prade (1988)] of putting fuzzy weight within a knapsack. Proposed possibility index provides the
measure whether the knapsack can hold fuzzy weight. There are three types of decision makers [North
(1968)] who want to get the solution. If the possibility index is 1 we can fill that weight completely in
the knapsack and if it is zero we can not fill that weight. If the possibility index lies between [0,1] we
can fill the weight with this much possibility. Possibility index may be near 1 and also may be closer to
zero. It depends on the decision maker how he chooses the weight.There are Pessimistic decision maker,
Optimistic decision maker and Moderate decision maker. An optimistic decision maker can take the worst
case for optimizing the solution i.e. he tolerates the less possibility index for expected higher utility value
and on the other hand pessimistic decision maker always chooses the highest possibility index even for
total low utility value. A moderate decision maker can choose the middle value of the possibility. The
two notable features of our approach are as follows:

e A new possibility index for calculating the possibility of putting fuzzy weight into a knapsack of
crisp capacity has been developed. Possibility index gives an opportunities to the decision maker’s
to select the fuzzy weight according to their choice.

e A recursion based dynamic programming algorithm has been introduced to solve fuzzy knapsack
problem which gives the optimal solution with some possibility index. The selection of possibility
index may vary as the choice of decision maker’s.

Due to possibility index, it is possible to solve fuzzy knapsack problem without doing defuzzification of its
weight. possibility index also gives an opportunities to decision maker’s for selecting the items according
to their choice of possibility.

The remainder of the paper is organized as follows. Section 2 explains the preliminaries i.e definitions
of fuzzy set, LR-type fuzzy number, Triangular fuzzy number. The concept of possibility index has been
introduced in Section 3. Fuzzy knapsack problem in multi-stage decision making and an algorithm is
given in section 4. Numerical example is given in section 5. Section 6 concludes the work.

2 Preliminaries: concepts and definitions

Definition 2.1. A fuzzy number M is of LR — type if there exist reference functions L(for left), R(for
right), and scalars o > 0,8 > 0 with

L m;”’ ,  forz<m
,U/M(CU) = { R((m—m))’ forz>m (1)

m, called the mean value of ]T/f, is a real number and o and B are called the left and right spreads,
respectively. Symbolically M is denoted by (m,a, B)LR.

For reference function L, different functions can be chosen. Dubois and Prade in 1988 mentioned, for
instance, L(z) = max(0,1 — 2)?, L(z) = max(0,1 — 2P), with p > 0, L(z) = e~ " or L(z) = e~ If m is
not a real number but an interval [m, 7] then the fuzzy set M is not a fuzzy number but a fuzzy interval.
For LR fuzzy number the computations necessary for the arithmetic operations are considerably sim-
plified: Dubois and Prade[1979] showed that the exact formulas can be given for @ and ©. Let A =

(a,a, B)Lr, B = (b,7,0)Lr be two fuzzy number of LR-type. Then,
1. (G,CK,B)LR@(b,’%(S)LR: (a+baa+7a6+5)LR
2. _(a’vavﬁ)LR = (_a757a)LR

3. (a,O&,B)LR S) (bvr}/?é)LR = (CL - b,Oé + 5”8 +’Y)LR
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2.1 Triangular Fuzzy Number

Definition 2.2 (Kaufmann et al. (1985)). It is a fuzzy number represented with three points as follows :

A = (a1,a,a3)

this representation is interpreted as membership function:

0, z < ap
T—aq
(2) = war ar < x < ap )
HA a3 —x a < x<a
as—ag’ ®2 ST S ag
0, T > as

2.2 Operations of triangular fuzzy number

Some important properties of operations on triangular fuzzy number are summarized Kaufmann et al.

(1985)

1. The results from addition or subtraction between triangular fuzzy numbers result also triangular
fuzzy numbers.

2. The results from multiplication or division are not triangular fuzzy numbers.

3. Max or min operation does not give triangular fuzzy number.

2.2.1 Arithmetic Operations

First, consider addition and subtraction. Here we need not use membership function. Suppose triangular
fuzzy numbers A and B are defined as, B
A = (al, as, ag), B = (bl, b2, bg)

1. Addition: B

A(+)§ = (a1,a2,a3) + (b1, b2, b3)
= (a1 + b1, a2 + b2, a3 + b3)

2. Subtraction:

A(=)B = (a1, az,a3) — (b1, b2, b3)
= (a1 — bs,az — bz, a3 — b1)

3. Symmetric image: _
—(4) = (—a3, —az, —a1)

3 The Possibility Index

Let us consider two triangular type fuzzy numbers A = (a1, az, as) and B = (by, by, bs). Now if we take a
knapsack of imprecise capacity B and we want to fill the weight A in to the knapsack of capacity B then
we have three possibilities for filling the weight in the knapsack which are classified as follows.

1. A can be completely filled in to the knapsack of capacity Bie. possibility is one.
2. A cannot be filled in to the knapsack of capacity Bie. possibility is zero.

3. A can be filled with some possibility in to the knapsack of capacity Bie. possibility lies between
zero and one.

If A= (a1,a2,a3) and B = (b1, ba,bs) are two fuzzy numbers then the possibility index for filling
fuzzy weight in given capacity is denoted by PI(AAB) i.e. the possibility of filling A in B and given by
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L—yi (2=, if by < ag and a < by

PI(AVAE) _ Y2 8:;:21), if b3 < az and as > by (3)
1, if bg Z as
0, if b3 < ay

Where y1 = {up(2)|pz(x) = pg(x) for x> ba}, yo = {maxpp()|pp(z) = min(pz(z), pg(r)} and
p55(x) represents the membership value of fuzzy set D = AN B. Figure 1 and 2 shows some sets which
define above conditions for calculating the possibility index.

When b3 < a3z and as < by , the possibility index can be calculated as:

Area occupied by A in the knapsack of capacity B _1 (az — b3)

PI(AAB) = =
( ) Total area of A ! (a3 —ay)

Where y1 = {pp(x)|pz(x) = pg(x) for x> by} and pp(x) represents the membership value of fuzzy

set D=ANB.
When b3 < ag and as > by the possibility index can be calculated as:

PI( ia E) Area occupied by A in the knapsack of capacity B (bs —ay)
= — = y
Total area of A ? (az —a1)

Where yp = {max p155(z)|pnp(x) = min(pz(x), pg(x)} and pp(x) represents the membership value of
fuzzy set D = AN B.
When b3 > a3 the possibility index can be calculated as:

Area occupied by A in the knapsack of capacity B B

PI(AAB) = s .
Total area of A
When a; > bs the possibility index can be calculated as:
PI( Aa E) _ Area occupied by A in the knapfack of capacity B _0
Total area of A
A
1+
b 1 a b 2 a b 3 as g

Figure 1: Both are fuzzy numbers.
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1+
b1 a bz az b3 as
Figure 2: Both are fuzzy numbers.
A
l- - *
>
a; a, b as
Figure 3: PI of A = (a1, as,as3) for different value of b(crisp).
A
1- -
>

aq a, b as

Figure 4: PI of A = (a1, as,as3) for different value of b(crisp).

If the knapsack capacity is crisp value say b (shown in figure 3 and 4) then the possibility index can
be deduced as:

]" lf as S b
A 1—py(0) 2= ifa, <b<a
U e A ()
1 z(b) (as—a1)’ ifa; <b<aq
0, ifb<ay
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4 Fuzzy knapsack problem by multi-stage decision process

In the classical Knapsack problem all the weights and item value are assumed to be crisp in nature.
Mathematically, it is defined as,

If the items are n in number then u; represents the utility value of each item for ¢ = 1,2...n and w;
represents the crisp weight of each item with knapsack capacity W. In practice, we see many knap-
sack problems with items whose weights or price value are imprecise. Here we consider the problem in
which weights of the items are triangular fuzzy number w; = (w1;, we;, ws;), knapsack capacity W and
utility value are crisp or also may be considered as fuzzy. Now the fuzzy knapsack problem as a linear
programming model is described by

n
max E Ui Ty
i=1

n
st Y wim IWi=1,...,n,

i=1

After first stage when we have filled some weight in knapsack the capacity of the knapsack will be fuzzy
and the linear programming model is now described by

n
max E Ui Ty
i=1

n
s.t E wix; W' i=1,...,n,
i=1

Where W' is fuzzy weight.

A fuzzy knapsack problem may be viewed as n stage decision process where the fuzzy stage transforma-
tion equation unite all the stages. In a dynamic programming structure of fuzzy knapsack problem, the
stage transformation equation transforms input state variable and decision variable to an output state
which works as an input state variable for its next stage and this process continues up to n' stage. If
S0 is the input state variable for 15¢ stage and d! is the decision variable then stage 1 will consume some
part of input and decision variable and it will give an immediate return in the form of utility value (f7)
and possibility index(PI;) at first stage. At first stage decision variable has a crisp value while from 274
stage onwards it becomes fuzzy. If we have S7 as input state fuzzy variable at j** stage which is output
from the (j — 1) stage and d’ for (j > 1) is decision variable then the immediate return at stage j is
given by (f;, PI;). Similarly at n'* stage we get an optimal return f,, with possibility d,. This optimal
value will be our solution and by moving backward direction with respect to the corresponding decision
variable we calculate the non-dominated set of items. Here possibility index plays an important role at
each stage. Since the decision makers have values of possibility index at each stage so that they can select
the optimal value according to their tolerance limits. The selection of possibility index will change the
solution according to DM’s choices.
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dl d? a/ dr
S0 l st l S l : sn-t l sn
»| Stage 1 o Stage2 | _ 7 || Stagej | ~_ | Stagen ,

R T

(f1(d1), PLi(dD))  (fo(d2), PL(d2))  (fi(d;), Pls(d))  (fu(dy), P, (dn))
Figure 5: Multistage Decision Process

Theorem 1. In a fuzzy knapsack problem, a non-dominated set of items selected by DM’s choice has a
property that it contains non-dominated subsets of items.

Proof: Let Ny, Ny and N3 are the tolerance limits for optimistic, moderate and pessimistic decision
makers respectively. If X is the set of all feasible sets of the knapsack problem. Then, for a set X € X
where Xj, = {x1,22...2n},let the possibility index for X}, is given by Plx,, total utility value from
stage 1 to N can be defined as

fion(Xg) = szuz (5)

A set X}, is said to be optimal set if, fi_n(X;) < ff_y(Xg) fori=1,2...p,1 <k <p,
here, fl*—N(X’f) = maxlgkgp(fl_N(Xiﬂ HlaX(Plxl N PIX2 VANKIERIVAN PIXP) S Nt) and Nt is the selected
tolerance limits for any value of t = 1,2, 3.

A set Xy = {z1,22...xn} with possibility PIx, is said to be a non-dominated set if each x; € X},
gives an optimal value at stage i. Let us consider X = {x1,2z5... x5} represents a non-dominated set
of items with possibility PIx, where each x; is an optimal at stage . Then a set X; = {y1,y2...yn}
with possibility PIy, is said to be dominated by set X if ff' (X)) < fi_ny(Xg) for 1 < k,1 < p.
Let Xy = Xj, Xk,, Xk, be a non-dominated set considering all sub optimal from state 1 to S and Xy,
represents non-dominated set from state S to N. Our claim is that X}, is a non-dominated subset. Now
let us consider that Xy, is not a non-dominated set and B; represents all the feasible set from stage 1 to
S fori=1,2...k Since Xj, is not a non-dominated set then there exists at least one feasible set say
for (i = m)B,, such that

fi-s(Xky) < fi_s(Bm) (6)

From (6) it is clear that

fims(Xiy) + f5-n(X k) < fis(Bm) + f3-n(Xk,)
= fin(Xk) < fi_n(0)

Where C = B,, Xk,. This shows the contradiction that X}, is a non-dominated set.
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4.1 Methodology

A dynamic programming technique of decision making in fuzzy environment Bellman and Zadeh (1970) is
given to solve FKP using the possibility index introduced in the previous section. The solution obtained
by this method depends upon the DM who chooses the profit with respect to possibility index in each

stage.

Since in the dynamic programming we divide an n-stage problem into n single stage problem

and then used backward recursive approach to get the solution. Following steps are given to solve fuzzy
knapsack problem.

Stepl:

Step2:

Step3:

Step4:

First we formulate the problem by defining the symbol given below-

x;: Number of copies of an item i selected for knapsack.

d;: State variable (Available weight in each stage 7).

u;: Value of an item ¢ selected for knapsack.

F;(x;): Value in stage i given x; number of copies.

fiN t(d;): Maximum possible value chooses for stage i to n according to the decision makers toler-
ance limit N; for t = 1,2, 3.

PI;(x;): Possibility index in stage i for weights selected in the knapsack.

We start from n'"* item and calculate the optimal value and possibility index of weight for this
item. In the next stage we take n‘" and (n — 1)*" item and again calculate the optimal value
and possibility index of weights. Continuing in this manner at i*” stage we have i number of
item, for calculating the optimal value and possibility index which is selected by the DM in each
stage we require optimal value and possibility index from previous stage. So we defined stage
transformation equations for profit and the possibility index -

Fi (LL'Z‘, dz) = x;*Uu; + fijyi-tl (dl) (7)
1 —
fiNt (d;) = max{F;(x;,d;)|max{PI;(x;,d;)} € Ny for t=1,2,3} (9)
’ P P ~ P n ~
Here d = [rw;3], rw; = d; —(x;*W;) is the remaining fuzzy weight at stage i and ow; = TIw;
j=it1

is the optimal weight at stage ¢ due to its all previous stages where 2 is the optimal value at
stage i. PI;(ow; Arw;) represent the possibility index of two fuzzy number which is calculated by
equation 3. Initial values are given by the equations.

fat(d) =0 (10)
Pl (0 AT0,) = PI((x; *@;)Ad;) (11)

Once calculate the value of f¥*(d;), PI;(x;) at first stage it depends upon the decision maker to
choose the optimal value in next stage. Let Ny, Ny, N3 are the tolerance limit for the optimistic,
moderate and pessimistic decision makers respectively.

Now we have profit values and possibility index for all stages. Moving backward by considering
the optimal value (chooses by DM) corresponding to remaining weight from first stage to n'”
stage will give the solution for that decision maker. Similarly for other decision makers they can
select there tolerance limit.
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4.2 Algorithm based on dynamic programming for Fuzzy knapsack problem

Require: w; = (wh, wa;, ws;), W, u;, n, Nyselected by DM
Ensure: fl(d) PI (ds)

1: w;,i=1,2,

2: for i :=n — 1 do

3: k:=0

4 while wo; x k < W do
5: k:=k+1

6: end while

7: for x; := 0 — k do

8 for d; :=0 — W do
9 Zy i 1(di) =0

10: if (d; < wi;) then
11: Faldi) =0
12: PI,(d;) =0
13: end if
14: if (w3; < d; < x; * wz;)or(d; > x; * wz,;) then
15: fivil(di) := 0 for all decision makers i.e.t =1,2,3
16: rw; :=d; — (z; * W;)
17 ow; = Zn: T W;
j=it1
18: PI(ow, ATwy,) := PI((a:, * W;)Ad;)
19: Fi(z;,d;) 7:1:1*u1+f7/+1(d)
20: PI;(z;,d;) := (PI((z; * W;)Ad;) + PI(ow; ATw;))
21: N’(d ) := max { F;(w;, d;)| max { PI;(w;,d;)} € Ny for t=1,2,3}
22: z;(d;) := x; for which max {F;(w;,d;)| max {PI;(z;,d;)} € Nt} is selected.

{Here N1, N2, N3 are the tolerance limits for optimistic, moderate, pessimistic decision maker respectively.}
23: end if

24: end for
25: end for
26: end for

5 Numerical Example

Consider the fuzzy knapsack model given in Table 1. Our objective is to optimize the utility value subject
to knapsack capacity (10 unit) and find number of copies per item.

Table 1: Data for knapsack problem
Weight | 1 =(0.5,1,2) | 2=(1.5,2,3) | 2=(1.5,2,3)
Profit 20 50 60
Type A B C

Mathematical model as defined in section 4 can be written as

max 20z + 50xs + 60x3
s.t Txl +§x2 +§x3 = /1\671' =1,2,3.

These tables represent the solution of fuzzy knapsack problem given above. We can solve this problem
for three decision makers’ i.e. pessimistic DM, moderate DM and optimistic decision maker. The given
tables show the solution for moderate DM who chooses the maximum profit with the maximum possibility
which lies in the interval [0.5, 1].

Table 2:
d z3=0 | 23 =1 x3 = 2 zr3 =3 r3 =4 xr3 =5 max x3
1 C _ C Z B C C B
2 |- (60, 0.34) | - - . - (60, 0.34) | 1
3 |- (60, 1) - . y . (60, 1) 1
4 | - (60, 1) (120, 0.34) | - - - (60, 1) 1
5 | - (60, 1) (120, 0.83) | (180, 0.03) | - - (120, 0.83) | 2
6 | - (60, 1) (120, 1) (180, 0.34) | - - (120, 1) 2
7 |- (60, 1) (120, 1) (180, 0.7)" | (240, 0.08) | - (180, 0.7) | 3
g | - (60, 1) (120, 1) (180, 0.92) | (240, 0.34) | (300, 0.01) | (180, 0.92) | 3
9 | - (60, 1) (120, 1) (180, 1) (240, 0.62) | (300, 0.12) | (240, 0.62) | 4
10 | - (60, 1) (120, 1) (180, 1) (240, 0.83) | (300, 0.34) | (240, 0.83) | 4
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In table 3 calculating the profit value when d = 7,25 = 1, we have available weight 7 unit in which

we can fill 1 copy of item B with possibility index 1. Now we have remaining weight rw; = (4,5,5.5)
this implies d = 6. From the previous stage at d = 6 we have optimal profit is 120 with 2% = 2. So the
optimal profit becomes 170 with possibility index 0.97.

Table 3:
d z2 =0 T2 = 1 T = 2 T2 = 3 T2 = 4 T2 =5 max T a3
1 B C Z C Z C
2 | (60,0.34) | (50,0.34) | - - . (60,0.34) |0 | 1
3 | (60, 1) (50, 1) - - - (60, 1) 0o |1
4 | (60, 1) (110, 0.84) | (100, 0.34) | - . (110,0.84) | 1 | 1
5 | (120, 0.83) | (110, 1) (160, 0.55) | (150, 0.03) . (160, 0.55) | 2 | 1
6 | (120, 1) (170, 0.75) | (160, 1) (150, 0.34) | - - (170, 0.75) | 1 | 2
7 | (180,0.7) | (170, 0.97) | (160, 1) (210, 0.66) | (200, 0.08) | - (210,0.66) | 3 | 1
8 | (180,0.92) | (230, 0.72) | (220, 0.83) | (210, 0.96) | (260, 0.2) | (250, 0.01) | (230,0.72) | 1 | 3
9 | (240,0.62) | (230,0.9) | (220, 1) (270, 0.65) | (260, 0.81) | (250, 0.12) | (270, 0.65) | 3 | 2
10 | (240, 0.83) | (290, 0.78) | (280, 0.77) | (270, 0.96) | (260, 0.91) | (310, 0.11) | (290, 0.78) | 1 | 4
Table 4:
[ =1 =0 ] =1 z] =2 z] =3 z) =4 z] =5 ] =6 ] =7 2] =8 | w1 =29 z] =10

| (290,0.78)| (310,0.58)| (310,0.54) (330,0,50)% (310,0.58) | (Sso,o.so)] (5130,047)% (35070,43)% (330,0.48) | (350,0.26)% (360,0.17) | (330,0.50){

From tables 2,3 and 4 it is clear that a moderate decision maker can choose three copies of type C,

one copy of type B and five copies of type A so that the optimal solution is 330 with possibility 0.5,
another solution with the same possibility is given by two copies of type C, three copies of type B and
three copies of type A.

6 Conclusion

From the crisp knapsack problem when we extend in to fuzzy knapsack problem and solve it without
defuzzification the resulting value of optimal profit varies with the selection of possibility index by DM.
The possibility index of selecting fuzzy weights in available fuzzy weights gives the opportunity to DM
to select the optimal value. The proposed dynamic programming technique provides us an useful way to

deal with knapsack problem in fuzzy environment.
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