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Abstract.

In this communication, we introduce and study the various time-optimal control problems for
Dirichlet co-operative hyperbolic linear system involving Laplace operator with distributed or bound-
ary controls and with observations belong to different spaces. For each problem, we have answer
to three question (controllability, existence of control, properties of this control if it exist) arise

naturally in connection with this problems.
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1. Introduction.

The ” time optimal ” control problem is one of the most important problems in the field of control
theory. The simple version is that steering an initial state ygin a Hilbert space H to hitting a target
set K C H in minimum time , with control subject to constraints (v € U C H ) .

In this work, we will focus our attention on some special aspects of minimum time problems for
co-operative parabolic system involving Laplace operator with distributed or boundary control. In
order to explain the results we have in mind, it is convenient to consider the abstract form:

Let V and H be two real Hilbert spaces such that V' is a dense subspace of H. Identifying the
dual of H with H, we may consider V C H C V', where the embedding is dense in the following
space. Let A(t) ( t €]0,T[) be a family of continuous operators associated with a symmetry bilinear

forms m(¢t;.,.) defined on V' x V which are satisfied Garding’s inequality

w(ty.y) +ollylh = allyly, >0, >0, foryeV, te(0,T]. (1)
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Then, from [1] and [2], for given f, yo, y1 and for a bounded linear operator B from a Hilbert

space U to L2(0,T; H) the following abstract systems:
2
“_y®) + At)y(t) = f + Bu, t €]0,T],
Sou(t) + AWy(0) = ] + Bu, ¢ €0, 7] o)
y(0) =yo, ¥'(0)=m

have a unique solution.

Let
y(t;u) := be the unique solution of (2),
z(t;u) = D(y(t; ), y' (tu)), (3)
K := be a given target set,
where y' denote to % and D is a given bounded linear operator.

The time optimal control problem we shall concern reads:
min{t: z(t;u) e K, ueU} (4)

where K is a given target set.

A control u" is called a time optimal control if u’ € U and if there exists a number 7° > 0
such that z(7%u®) € K where 7% = min{r : z(7;u) € K, u € U }, we call the number 7° as the
optimal time.

Three questions (problems) arise naturally in connection with this problem:

(a) Does there exist a control u, and 7 > 0 such that z(r;u) € K? ( this is an approximate
controllability problem).
(b) Assume that the answer to (a) is in the affirmative. Does there exist a control u’ which
steering z(7%;u") to hitting a target set K in minimum time?
(c) If u® exists, is it unique? what additional properties does it have?
A typical application of time-optimal control governed by a system of hyperbolic equations is that
of stabilizing a vibrating system by means of the application of suitable forces during a certain time

interval,

2

gy _ i =
92 =Ay+u in @ =Qx]0,T7,
y(z,0) = yo(z) in Q, (5)
y'(z,0) =y1(x) in Q,
y(x,t) =0 on I'x]0,T7,

where Q C RY is a bounded open domain with smooth boundary I', and A = Z,ivzl % is the
Laplace operator.

In [3] and [4] the following time-optimal control problem was investigated: Let o, y1, 0,71 €
L2(2), M > 0. Does there exist a time 7" > 0 and a control function u € L?(Q) with fOT |w(®)] 2
> M such that the corresponding solution of (5) with y(0) = yo, ¥'(0) = y1 satisfies y(T) =
90, ¥ (T) = y1. The results in [3] partly overlap with results in [4] and they were shown that :
For every T > 0 there exists exactly one control function of the above problem and this control is

bang-bang i.e [|u(t)|z2) = M.
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More early, in the works [5] and [6] the time optimal controls problem of the wave equations are
studied.

The bang-bang principle for minimum-time control of time-invariant finite-dimensional linear
systems was presented in [7]. It asserts that, if a minimum time control exists for a given system,
then there exists a bang-bang optimal control in which the control inputs are almost always at a
vertex of the polyhedron defined by the input bounds. The bang-bang principle has been extended
to distributed-parameter systems in [8] - [10] among others.

In this paper, we extend the above results to time-optimal control problems for n x n Dirich-
let co-operative linear hyperbolic system with distributed or boundary controls as well as we will
take various cases of observations. We will consider various time-optimal control problems for the
following system (here and everywhere below the vectors are denoted by bold letters and the index
1=1,2,..,n):

Py, .
S = (AWY)i +uilat) in Q.
yi(2,0) = yi0() in Q, (©)
yi(x,0) = i1 (x) in Q,
yi(z,t) = vi(z,t) on X,

where y;0, ¥;,1 are given functions, wu; represents either a distributed control or a given function
defined in @), wv; represents either a Dirichlet boundary control or a given function defined in X

and A(t) ( t €]0,T[) are a family of n x n continuous matrix operators;

A+ ay a12 e ain (1
az1  A+tax ... az, Y2

Alt)y = .
anl ana .. A+a, Yn

with co-operative coefficient functions a;, a;; satisfying the following conditions:

a;, a;; are positive functions in L*°(@Q),

A classical time-optimal control problem consists in steering an initial vector state (yo,y1) =
Y1,0 Y11

Y2,0 Y21

, ] for system (6), with a distributed control u = (uy,uz, ..., u,)"

belonging

Yn,0 Yn,1
to a given control set Ug or with a Dirichlet boundary control v = (vq,vs,...,v,)T, belonging to

a given control set Us so that an observation z(t) = (21(t), 22(t), ..., 2, (t))T hitting a given target

set K in minimum time.

2. Abstract form and Solutions of the state.
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This section is devoted to the analysis of the existence and uniqueness of solutions of system (6).
We distinguish two classes of solutions: weak and ultra-weak solutions defined by transposition(cf
[11]-[12]).

Let H®(Q2), be the usual Sobolev space of order ¢ which consists of all ¢ € L2?(2) whose
distributional derivatives D¢ € L*(Q), |q| < ¢, with the scalar product

(Y. ) ey = D (D, DY) o,

lgl<e
q=A{q1,-an}, lgl=q+..+qy, DI=DI.DY, D, = 6%7:'
We define H§(Q) by
ak
4 = ¢ : — = < k<
HL(Q) {¢e H'(Q): 55=0 0<k _K}
which endowed with the same scalar product defined on H*(2). We have the following dense em-
bedding chain [13]
H{(Q)  L*(Q) c H4(Q),

where H~() is the dual of H{(f) with the usual norm;

6l fr-ec0y = sup (6, 9)

wert @) 1Yllme @)
Here (.,.) denotes the duality paring between H{(2) and H ().
We choose H = (L?(2))" with its usual norm and V = (H*(2))" endowed with the norm

Iyl =~ / 1Vl = ailer, 2] dz = > / aij (2. )y
i=1 i,j=1

which is equivalent to the usual norm induced by (H'(Q))".
For y = (y1,92, . yn)?, ¢ = (¢1,02,....,00)T € V and t €]0,7T], let us define a family of
continuous bilinear forms

w(t;.,.) :VxV =R by

w(tiy.0) = - [ 199 (V00— aila il do = 3 [ atayonds )

ij=1

In [14]-[16], we proved that the bilinear form (8) under the conditions (7) satisfy the Garding
inequality (1), then using Lax-Milgram Lemma, (cf [17]), the solution of (6) can be defined as the

solution of the abstract problem

<d2y(t)

P 0),, Tty 6) = M(9) VeeV, ©)

)

with initial conditions
y(0) =yo(z), ¥'(0) =yi(z) inQ
where ¢ — M(¢) is continuous linear form on V
We define the following Hilbert space W(0,T) :
df

wO.T) = {f: fe L2OTHQ)"Y), 5 € 20.T:(H @)M)}
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endowed with the norm

T ) T a2f 9 3
{/o ||y(t)||(H1(Q))"dt+/0 Hﬁ”(zrl(n))ndt}

For any pair of real numbers 7, s > 0, the sobolev space H™*(Q) is defined by
H"*(Q) = H® (0, T (H"(2))") [ H*(0,T; (H(2))")
which is a Hilbert space normed by
g 2 2
{10 gyt + sl }

where H?®(0,7;X) denotes the sobolev space of order s of functions defined on [0,7] and taking

(NI

values in X. ( see Chapter 1 of [2]).
Definition 1. We say that the function (y,y’) is a weak solution for system (6) if
(v.y') € € (10,73 (' ()" ) x C([0,]; (L))" ) 1 W(0,7)

[ﬁﬁwmmﬁ—Aaéwﬁﬂﬁ+éwwﬂw”féwwmmx (10)

r i
-|-/ /vi—dl"dt for all g = (¢1, Pa, ..., bn)’ € @,
o Jpr Ov

and

0%¢ 2 2 .

S T (AWM = fi € L7(0,T; L7(Q)) inQ,
=100 @M =¢(T)=0 ing,

¢=0 ony,

where v is the outward normal

To justify this definition we can apply Theorem 1.1 p.273 in [1] and Theorem 3.1 p.19 in [2] to

obtain the following theorem:

Theorem 1. For every (yo,y1,u,v) € (H'(Q))" x (L2(Q))"* x L*(0,T; (L*(Q)")) x Hz3 (%),
the problem (6) has a unique weak solution (y,y’). Furthermore, the linear maps (yo,y1,u,v) —
(v,y") is continuous of (H'(€2))"x (L?())"x L2(0,T; (L*(Q))*)x Hz3 (2) — C([0, T]; (H(Q))™) %
C([0, TT; (L*(9))").

Definition 2. We say that the function (y,y’) is an ultra- weak solution for system (6) if

(v.¥) € O([0. 71 (L)) x € ([0, 7] (H(@)") 0 L2(0.73 (L2(@)") x L2 (0,73 (H~H(@)")

/OT/Qyifidxdt:/OT/QuiqbidxdtJr(yi,l,qsi(o»_/Qyiw;(o)dx

and

. 96, (11)
+/0 /F’Ui a;dth for all ¢ = (¢1, da, ..., on)T € D,
82¢ 1 2 :
el + (A(t)¢): = fi € L7(0,T; L*(Q)) inQ,
=16 o(T)=¢(T)=0 nQ,

=0 on>X.
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To justify this definition we can apply transposition theorem, Theorem 3.1 p.292 in [1] or Theorem
3.2 p.150 in [12] to obtain the following theorem:

Theorem 2. For every (yo,y1,u,v) € (L2(Q))"x(H~1(Q))" x L*(0,T; (L*(Q))™)x L(0,T; (L*(I"))",
the problem (6) has a unique weak solution (y,y’). Furthermore, the linear maps (yo,y1,u,v) —
(y,¥') is continuous of (L*())" x (H~1(2))"x L0, T;(L*())") x L*(0,T; (L*(I)" —
C([0,77; (L2())™) > C ([0, T]; (H~H()").

Based on the above theorems, we may state our results more explicitly by choosing the observation
in a less abstract fashion. We may consider the following problems:

(I) distributed control problem with observation y € C([0, T]; (L?(2))")
(IT) distributed control problem with observation y € C([0,T]; (H'(Q))")
(IT) distributed control problem with observation y’ € C([0,T]; (L?(Q2))")
(IV) boundary control problem with observation y € C([0,T]; (L*(Q))")
(V) boundary control problem with observation y’ € C([0,77]; (H~*(Q))")

In the next sections, we will denote by y(¢t;u) to the unique weak of (6) at time ¢ corresponding
to a given functions yg,y1, v and distributed control u € Uy satisfying the hypothesis of Theorem
1 with Uqg given by;

Ug = closed convex subset of L?(0,T; (L*(Q)™)). (12)

Similarly, we will denote by y(¢;v) to the unique ultra-weak solution of (6) at time ¢ corresponding
to a given functions yg,y1,u and boundary control v € Us, satisfying the hypothesis of Theorem

2 with Uy given by;
Us = closed convex subset of L*(0,T;(L*(T")")). (13)

Occasionally, we write y(t;u,x) or y(¢;v,z) when the explicit dependence on z is required.
Also, we will denote by Ky, Ky, and Ky to the following target sets:

Ky = {z = (21,22, oor 2n) T € (L2Q)™ : |12 — 2iall o) < 5}7

>0 and z4 € L*(Q) are given.

N
Ky = {Z € (LX) : llzi — ziall L2 (o) + ; ||$j = Zidl 22(0) < 6}7
e>0 and z4 € L*(Q) are given.
Ky ={ze (H Q)" |2 - ziallu-r o) <2},
£>0 and zg € H(Q) are given.

3. Distributed control - position observation problem.
We consider the following first time-optimal control problem with distributed control u and
position observation z = y(t;u) € C([0,T]; (L?(Q))") :

(TOP1) : min {t : y(z,t;u) e Ky, ue UQ}

Theorem 3. If T is large enough , then there exists a T €]0,T] and u € Ug with y(t;u) € Kg.
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Proof. let us first remark that by translation we may always reduce the problem of controllability
to the case were the system (6) with y;0 = y;1 = v; = 0. We can show quit easily that (6) is
approximately controllable in (L?(£2))" if and only if the set of reachable states R(7) at any finite
time 7 > 0 is dense in (L%(Q))";

R(r) = {y(r) su e L2075 (L2()") }.
By the Hahn-Banach theorem, this will be the case if
/ Yi()yi(x, T u)de =0, ; € L*(Q), (14)
Q

for all u e L*(0,T;(L*()")), implies that ;(x) = 0.
We introduce & = (&1, &2, ...,&,)T as the solution of the following system

S - (ADEE), =0 n0x0.7]

i(z,7) =0 in€, (15)
El(e.7) = @) € L) ing,

&i(z,t) =0. onI'x]0, 7.

The problem (15) can be solved in the sense of Theorem 1 and Definition 1 (with an obvious change

of variables t - 7—t and y = &, ¢ — y); Problem (15) have a unique weak solution such that

[t rwde = [ [ et udaat
Q 0 Ja
and so, if (14) holds, then
/ / &(tu)udedt =0 Yu; € L2(Q)
o Ja
hence &;(t;u) =0, But from the continuity property, & (7;u) =0 and hence v;(z) = 0. O
Now, set

) =inf{r : y(r;u) € Ky for some u € Ug}. (16)

The following result holds .

Theorem 4. There exists an admissible control u® to the problem (TOP1), which steering y(t;u®)
to hitting a target set Ky in minimum time 70 ( defined by (16) ). Moreover

Z/Q(yi(ff;uo) = zia) (yi(50) = yi(17;u)) dz > 0 Vu € Ug. (17)
=1

Proof. We can choose 7™ — 7 and admissible controls {u™ } such that
y(r™u™") e Ky, m=1,2,....

Set y™ =y(u™). Since Ug is bounded, we may verify that y™ ( respectively %) ranges in a
bounded set in L2(0,T; (H*(2))™) ( respectively L?(0,T;(L?(Q))™).
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We may then extract a subsequence, again denoted by {u™,y™} such that
u™ —u’ weakly in L*(0,T;(L*(Q)"), u° € Ug,
y™ —y weakly in L2 (O,T; (Hl(Q))n) (18)
dy™

5 weakly in L2(0, T; (L*(Q))™).

We deduce from the equality

d2ym
G =AY
that
ey dy in 12 Q)"
27 g v +A(t)y inL (O»T; (HH () )’
and
dy
y(0) =yo. —(0)=y1.
But

y(r"u™) —y(riu’) = y(r"™u™) — y (i u™) +y (i u™) - y (i)
then, from (18) we have
y(rlsu™) = y(r{5u’)  weakly in (H'(Q))" (19)

and

o . _ .
ly(r"™;a™) —y(r);u )|(L2(Q))":H/O %Y(t;u )dt

(L)
1
<y =1 (/Tm iy(t;um)dt i dt) 2 (20)
7o |l dt (L2 @)"
< c\/Tn — T{)
Combine(19) and (20) show that
y(r™u™) — y(r2;u’) = 0 weakly in (Lz(Q))n . (21)
Similarly, we can verify that

y' (7™ u™) —y/(r1;u’) — 0 weakly in (H1(Q))". (22)

And so, y(79;u%) € K as Ky is closed and convex, hence weakly closed. This shows that Ky
is reached in time 7 by admissible control u®.

For the second part of the theorem, really, from Theorem 1, the mapping ¢ — y(¢;u) and ¢ —
y'(t;u) from [0,T] — (HY(Q))™ and [0,7] — (L*(Q))", respectively, are continuous for each fixed
u and so y(r);u) ¢ int Ky, for any u € Ug, by minimality of 7.

Using Theorem 1 it is easy to verify that the mapping u — y(7;u), from L?*(0,T;(L*(Q)")) —

(L?(9))™, is continuous and linear. Then, the set
A() = {y(r;u) : u € Ugp}

is the image under a linear mapping of a convex set hence A(7?) is convex. Thus we have A(7{) N
intKy = and y(rP;u’) € 0Ky ( boundary of Kpy) . Since intKy # 0 ( from Theorem 7)
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so there exists a closed hyperplane separating A(7)) and Kg containing y(7{;u’), i.e there is a

nonzero g € (L?(2))"™ such as

sup <g7.V(T°;u)> <<g7y(70;u0)> < inf <g,.Y(71°;u)>

23
ye A(r?) (L2 (L2(Q)" — yeKu (23)

(2@
From the second inequality in (23), g must support the set Kz at y(7%u®) ie
(g, (y(rsu) = y(r150°)) 1p (). 20 VueUg
and since (L?(2))" is a Hilbert space , g must be of the form
g = My (m);u’) — 2z;4) for some A > 0.
Dividing the inequality (23) by A gives the desired result. O

The condition (17) can be simplified by introducing the following adjoint equation. For each

u’ € Ug, we define p(t;u®) as the solution of the following system

o () — (AWp(tu”), =0 mOx])o,7l,
o 0.0y .
pl(xu7—17u ) - O mQ, (24)
pi(x, 5 u’) = —(yi(z, 775 0°) — zia) inQ,
pi(z,t;u’) = onT'x]0, 7).

The problem (24) can be solved in the sense of Theorem 1 and Definition 1 (with an obvious change
of variables t =+ 70 —t and y — p, ¢ — y(t;u) —y(t;u’)); Problem (24) have a unique weak

solution such that

i
/ (yi(z, 7050°) — 2i0) (yi(z, 75 0) — yi(z, 73 0°))de = / / pi(u; — ud)dadt.
Q 0 Q

Condition (17) then becomes

n 7-{)
Z/ / pi(ui —ud)dzdt >0 VYu € Ug. (25)
=170 JQ
This result can be summarized as:

Theorem 5. The optimal control u® of problem (TOP1) is characterized by (24),(25) together with
(6) (with u; = uf ).

The maximum conditions (25) of the optimal control leads to the following result :

Theorem 6. (Bang-bang theorem) We assume that

Ug = {u e (L2(0,T; (LA(Q)"), u(t) € EQ},
Eq = closed, bounded, conver subset of (L*(Q))".

Then the optimal control of (TOP1) is bang-bang, i.e.

u(t) € 9Eq = boundary of Eq. (27)
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Proof. According to Theorem 9, In ]0,7{[, p(t;u®), satisfies

Egg () — (A@®)p(t:u®)), =0 nQx]o, 7],
pi(z, 70;u%) =0 inQ,
pi(z, 70;u%) = —(yi(z, 705 u%) — 219) inQ,
pi(z,t;u’) =0 onT'x]0, 7).

and the optimality of u® being characterized by

n 7-?
Z/o /Qp,(t)(ul —ud)dzdt >0 Yu € Ug.
i=1

From Theorem 2.1 Chapter 2 in [1] this condition is equivalent to
Z/ pi(t)(e; —ud)dzdt >0 Ve = (e1,e,...,en)T € Eq. (28)
=179

Then p;(t) # 0. This is true, since if p;(s) = 0 hence the backward uniqueness property implies
p; = 0 in ]s,7Y[. Hence p;(t) = 0 and from Theorem 1, the mapping ¢ — p;(t;u) is continuous
from [0,7] — HY(Q), and t — pl(¢;u) is continuous from [0,7] — L%(Q), and so

pi(r5u’) = = (yi(17;u°) = zia) = 0,

which contradicts the fact that y;(7);u®) # 2iq.
Finally from (28) we obtain (27). O

Corollary 1. Let the hypotheses of Theorem 6 hold. If further Eq is strictly convex, the control of
(TOP1) is unique.

Proof. If u® and @Y are two optimal controls, % is also optimal control (since Ug is convex

) and hence from (27) and the strict convexity of Eq we obtain u’ = @°. O

Remark 1. In (TOP1), if we take the observation y(t;u) € C([0,T]; (H*(Q2))") and replace the
target set Ky by the target set Ky then the necessary optimality conditions coincide with (24),(25),
(6) (with u; = u?, ) and (y;(z,7;u%) — 2;4) in (24) is replaced by (—=A + I)(y;(x, 795u°) — 24)

79

4. Distributed control - velocity observation problem.
In this section, We consider the following time-optimal control problem with distributed control
u and velocity observation z = y'(¢;u) € C([0, T]; (L*(Q))") :

(TOP?2) : min{t: y'(z,t;u) € Ky, ue UQ}
As in the above section, we can prove the following controllability theorem:
Theorem 7. If T is large enough , then there exists a T €]0,T] and u € Ug with y'(T;u) € Kg.
Set
79 = inf{r : y'(7;u) € Ky for some u€ Up}. (29)

then similar to (TOP1), we can also prove the following theorem:
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Theorem 8. There exists an admissible control u® to the problem (TOP2), which steering y'(t;u®)

to hitting a target set Ky in minimum time 75 ( defined by (29) ). Moreover

) — zia) (yi(r55u) —

> [ it
i=1 Y%

Yi (T2a

") dz >0 VYueUg.

(30)

The condition (30) can be simplified by introducing the following adjoint equation. For each

u’ € Ug, we define p(t; u?) as the solution of the following system

92 (t,uO) — (A(t)p(t u )) =0 ian]O,TQO[,

Di (‘/I"7 7—207 ) ( (CC T2 ) O) - zid) inQa (31)
pi(z,79;u’) =0 in€Q,

pi(x, t;u’) =0 onT'x]0, 79[.

Since (y}(x,79;u%)—24) € L*(Q), then the problem (31) can be solved in the sense of Theorem 2 and
Definition 2 (with an obvious change of variables ¢t — 79 —t and y — p, ¢ — y(t;u) —y(t;u’));

Problem (31) have a unique ultra-weak solution such that

/<y;<m§;u°>—zid><yz<x 79:u) — gl (2, 70; dx—/ /pz s — D) dadt.
Q Q

Condition (30) then becomes

Z/o /sz'(ui —ud)dzdt >0 Yu € Ug. (32)
i=1

Thus, the results in this section can be summarized as:

Theorem 9. The optimal control u® of problem (TOP2) is characterized by (31),(32) together with

(6) (with u; = ul. ) Moreover, if Ug is given by (26) then u® is bang-bang. If further Eq is strictly

convex, u® is unique.

5. Boundary control - position observation problem. In this section, we consider the follow-
ing time-optimal control problem with boundary control v € Us; and observation z = y(¢;v) €
C([0, T (L*(Q)") -
(TOP3) : min{t: y(z,t;v) € Kp, VEUE}

Theorem 10. If T is large enough, then there exists a 7 €]0,T] and v € Uy with y(1;v) € Kg.
Proof. Here y(7;v) € (L?(Q2))™. To show the system is controllable let v;(z) € L?(Q2) such that
/ i (2)ys(z, 73 v)dedt =0 Vv € L? <O,T; (LZ(F))R> .

Q

We introduce & = (£1,&,...,&,)T as the solution of the following system

2¢

%(t;v) — (A@t)&(t;v)); =0 in Qx]0, 7],

fz(x T) iIl Q, (33)
&i(w,m) = —i(x) € L*(Q) in €,

&i(w,t) = 0. onT'x]0, 1.
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Since ;(z) € L*(), then according to Theorem 2 and Definition 2 , system (33) admits an unique

ultra-weak solution £. ( after reversing sense of time), and we obtain the following identity:

/ / &Y arar — o,
0 Q 31/

hence & = 0 on X. The Cauchy data of £(¢;v) on X being zero, we conclude ( see [18]) £ =0
and hence ¢ = 0.

Now, set
9 =inf{r:y(r;v) € Ky for some v € Usg}. (34)
Then the following result holds (proof as in the above section).

Theorem 11. There exists an admissible control v° to the problem (TOPS3), which steering y(t;v°)
to hitting a target set Ky in minimum time 739 ( defined by (34) ). Moreover

Z/ (yi (19:v0) — 2:q) (yi(Tg;v) — yi(Tg;VO)) der>0 VveUg (35)
i=1 /0
which can be interpreted as the above sections to obtaining the following theorem:

Theorem 12. The optimal control v° of problem (TOPS3) is characterized by (6) (with v; = v?)

and the following system of equations and inequalities

2,
%(t;vo) — (A(t)p(t;vo))i =0 ian]O,Tg[,
pi(z, 73;v%) =0 inQ, 36)
pi(a, 735v°) = —(yi(x, 755 v°) = 2ia) inQ,
pi(x,t;vo) =0 OHFX]OvT?E)[’
& ™ Opi 0
> (v; —0?)dldt >0 Vu € Us. (37)
- 0 T 81/
=1
If Uy is given by
_ 2 . 2 n
Us, = {v cL (0,T, (L3(1)) ) . v(t) e EF}, .

Er = closed, bounded, convex subset of (L*(I"))".

0

Then v° is bang-bang. If further Fr is strictly convex, v° is unique.

6. Boundary control - velocity observation problem. In this section, we consider the follow-
ing time-optimal control problem with boundary control v € Us and observation z = y'(t;v) €
C([0,T]; (H~H(Q)") :

(TOP4) : min {t : yl(IL’7t;V) € KV/7 v eUs }

and here the norm (which is equivalent to the usual norm) in H~1(Q) is defined by

v = (-2 )
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where (—A)71f = ¢ satisfies —A¢=f inQ, ¢=0 onl.
Theorem 13. If T is large enough, then there exists a T €]0,T] and v € Us, with y(1;v) € Ky».
Proof. Here y(t;v) € (H™(Q))™. To show the system is controllable let 1;(x) € H'(£) such that
<1/1i(:c),y¢(x,7;v)> —0 VWvel? (o,T; (L2(r))") .

We introduce & = (£1,&,...,&,)T as the solution of the following system

2¢.
TS v) —(ADEEV), =0 Q.7
&z, m) = ¥i(x) € H'(Q) in, (39)
€£($7T) =0 inf,
&(x,t) =0. onI'x]0, 7[.

Since ;(z) € HY(Q), then according to Theorem 1 and Definition 1 , system (39) admits an unique

weak solution . ( after reversing sense of time), and we obtain the following identity:

/ S 0y Ldrdt = 0;
Q

hence & = 0 on X. The Cauchy data of £(t;v) on ¥ being zero, we conclude ( see [18]) £ =0
and hence ¥ = 0.

Now, set

79 = inf{r : y'(7;v) € Ky, for some v € Us}. (40)

Then the following result holds (proof as in the above section).

Theorem 14. There exists an admissible control v° to the problem (TOPY), which steering y'(t;v°)
to hitting a target set Ky in minimum time 7 ( defined by (40) ). Moreover

Z/ Yyl v0) = zia) (i(r83v) — (75 v0)) dz > 0 Vv € Ug (41)

which can be interpreted as the above sections to obtaining the following theorem:

Theorem 15. The optimal control v° of problem (TOP4) is characterized by (6) (with v; = v )

and the following system of equations and inequalities

321%‘

92 (t;vo) — (A(t)p(t;vo))i =0 ian]O,Tf[,
pi(z, 79 v0) = —(=A) Hyi(z, 7Y v0) — 2i4) inQ, (42)
pi(x, 74 v0) = inQ,
pi(z,t;v0) =0 onT'x]0, 7Y,
Z/ /8;‘)z ,—o0)dldt >0 Vu € Us, (43)

0

If Us is given by (38) then v° is bang-bang. If further Er is strictly convex, v® is unique.
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Conclusions.

[1]

[2]

3]

[4]

[5]

[6]

e Here, some time-optimal control problems for n x n Dirichlet co-operative hyperbolic linear
system involving Laplace operator with distributed or boundary control have been studied.
For each problem, the optimal controls are characterized in terms of an adjoint system and
(for special cases of control) shown to be unique and bang-bang.

e We note that, in this paper, we have chosen to treat a special systems involving Laplace
operator, just for simplicity. Most of the results we described in this paper apply, without any
change on the results, to more general parabolic systems involving the following second order
operator :

;lb” )oman 895] +z::b +b0( )
with sufficiently smooth coefficients (in particular, b;;, bj, by € L>(Q), bj, bg > 0 ) and under
the Legendre-Hadamard ellipticity condition

me>02m W(x,t) € Q,

3,j=1
for all n; € R and some constant o > 0.
In this case, we replace the first eigenvalue of the Laplace operator by the first eigenvalue
of the operator L (see [19]).
e The results in this paper, carry over to the optimal control problems with fixed -time ( [1]

chapter 3 ), for example, the results of (TOP1) carry over to the fixed -time problem
minimize Z/ lys(z, T;u) — ziq(x)|?dz, T fixed ,
— Ja

subject to (6) [ except in the trivial case where z;q(x) = y;(z, T;v) for some admissible control
u. | This can proven in an analogous manner, as the necessary and sufficient conditions for
optimality for this problem coincide with (24),(25) and (6) (with u; = u?).
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