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Nonnegative least squares solution in inequality sense via LCP
reformulation

Maziar Salahi~ and Akram Taati”
Abstract

In this paper, a monotone linear complementarity reformulation of the
nonnegative least squares problems in inequality sense is introduced. Then
Mehrotra’s predictor-corrector interior point algorithm is applied to solve the
resulting monotone linear complementarity problem. Our numerical experiments
on several randomly generated test problems show that Mehrotra’s algorithm
overperforms the widely used generalized Newton-penalty method.
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1. Introduction

Mathematical models described by linear systems arise in many areas such as
radiation treatment planning, statistical analysis, training neural networks and
classification . In practice, the resulting systems are often inconsistent. Several
algorithms are proposed in order to make them feasible. A well studied approach
for correcting an inconsistent system to a consistent one, is to make the least
changes in problem data. For example, in [1] the authors obtain an optimal
correction of an inconsistent linear system, where only the nonzero coefficient of
the constraint matrix are allowed to be perturbed for reconstructing a consistent
system. In [9] the authors have applied the changes simultaneously in the
coefficient matrix and the right hand side vector and have provided a feasible
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direction method for solving the fractional nonconvex minimization problem
results from the optimum correction of the inconsistent linear system. In another
study, the authors have considered the changes in the coefficient matrix only and
for solving the resulting fractional quadratic problem, they have utilized Genetic
algorithm [10]. The optimal correction of an inconsistent set of linear inequlities
using the [, norm by minimal changes in the right hand side vector is also well
studied in [11,14,16] where the authors have applied generalized Newton method,
and interior point gradient algorithm to solve the underlying convex problem.

In this paper, we consider the following inconsistent set of linear inequalities:

Ax < b,
x =0,

where A € R™", with m>n and b € R™. Correcting such system to a
consistent system with minimal changes in the right hand side vectors in [, norm is
equivalent to solve the following minimization problem [11]:

min Zl|(Ax = b)..|I” e
xz20

where a, = max (a,0). Problem (1) is a convex minimization problem and its
KKT optimality conditions are as follow:

AT(Ax —b), —y =0,
xTy =0, (2)
x =0, y =0,
where y is the Lagrange multiplier corresponding to the inequality constraint.

It is well known that modern primal-dual interior point methods provide very
efficient solution techniques for linear and nonlinear optimization problems [18].
Under the assumption of smoothness on objective function and constraints,
primal-dual interior point algorithms are extended to general nonlinear
programming [5,17]. However, the objective function of (1) is nonsmooth [6],
thus the existing primal-dual interior point methods can not be directly applied to
solve it. In this paper, we show that KKT optimality conditions (2) is equivalent
to a monotone linear complementarity problem (LCP). Then we apply Mehrotra’s

286



Nonnegative least squares solution in inequality sense via LCP reformulation

predictor —corrector interior point algorithm to solve the resulting monotone LCP.
We have compared Mehrotra’s predictor-corrector algorithm with the so called
Generalize Newton penalty algorithm on various randomly generated test
problems. Our numerical experiments show that Mehrotra’s predictor-corrector
algorithm finds an optimal solution much faster than the Generalized Newton
algorithm.

Notations

For a given vector x € R", X = diag(x) is a diagonal matrix with x;’s as
diagonal elements and e denotes the vector of all ones.

2. LCP Reformulation

The LCP is to find a pair z, w € R such that

Mz +q=w,
z'w=0, LCP(M,q)
z=>20,w=>=0,

where g € R™ and M € R™ " is a positive semidefinite matrix.
Theorem 1.The optimality conditions (2) is equivalent to a monotone LCP.

Proof. Let the pair (x,y) satisfies KKT conditions (2) . By introducing z =
(Ax — b),, we obtain the following system:

ATz—y =0,

2z = |Ax — b| + (Ax — b),
xTy =0,

x=>0,y=>0.

Now we split (Ax — b) to its positive part z; = max (Ax — b, 0) and its negative
part z, = max (—Ax + b,0). Thus (Ax—b) =2z, —z, and |Ax —b| =2z, + z,
with z;,z, = 0 and z,; Tz, = 0. Therefore (2) is equivalent to the following system

ATZ1—y=O,
Ax — b=z, —z
T T (3)
x'y=0, z7z, =0,

xZO,yZO,leo,ZZZO,
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which is a monotone LCP(M, q) with

=l ] o=l e= L) w=lz)

In the next section, we discuss Mehrotra’s predictor-corrector interior point
algorithm to solve the monotone LCP.

3. Mehrotra’s Predictor-Corrector Algorithm

There are several approaches to solve LCP’s which have been studied intensively
[2,7,12,13,18]. Among them, interior-point methods (IPMs) are one of the most
remarkable methods [3,7,8,18,19]. In this section, we apply the infeasible version
of Mehrotra’s predictor-corrector (MPC) algorithm for solving the LCP
reformulation (3) as follow:

P A1+ ] = 1)
zZ:= [le] >0,w:= [zyz] >0, zZTw=0. (4)

Based on Mechrotra’s predictor —corrector strategy, first a predictor direction
(Az%T, Aw%T) is obtained by solving the following system which corresponds
computing the pure Newton direction for the system (4) :

0 —J AT 0 Axaff el &

—A4 0 I —I||»|_ | - 5)
0 0 7, Z||az |7 |-2.25e

Yy X 0 0llag,r _XYe

where 1, =ATz,—y, 1, =Ax—b—2z +2z, are the residual and X =
diag(x),Y = diag(y),Z, = diag(z,),Z, = diag(z,). This direction is often
called the affine —scaling direction. It is easily seen that the coefficient matrix in
(5) is nonsingular whenever z > 0 and,w > 0. It should be noted the solution of
(5) is obtained as follow rather than solving it directly:
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(ATHA + X~1Y)Mx = —r, — ATHr, + ATHz, — y,
AyYT = —y — X1y ax7,
Az = H(r, — z, + AAxYT),
Az, = —z, — 7,7 7,0z, 7,

where H = (I + Z,~'Z,)~*. Once the affine —scaling direction is computed, the
maximum step size in this direction is computed i.e., the largest agff and
a3’ such that

(z + agffAz“ff,w + asfwa“ff) > 0,

where AzYT = (AxYT,Az,YT) and AwHS = (Ay*S,Az,¥T). Using the
information from the predictor step, MPC algorithm computes the corrector
direction by solving the following system:

0 —I AT O][& 0
—A 0 I —I||&” 0
= (6)

0 0 Z, Z||aze|™ |oue—2az,Taz,% e
Y X 0 0]laz,™ oue — AXYTAY e

where AZ, YT = diag(Az, V7)), AZ,YT = diag(Az, ™), AXYT =
diag(Ax¥7T), AYYT = diag(Ay*T) and the centering parameter ¢ is chosen
according to the following heuristic due to Mehrotra

uaff

O'=(T

)%,

_ zTw aff _ (z+agffAzaff)T(w+agfwaaff)
where u = P and u%7 = ey

Once the predictor and corrector steps are computed, they are added together to
produce the composite predictor-corrector direction

(Az, Aw) = (Azaff, Awaff) + (AZ°OTT, AwEOTT),

Finally, the direction (Az,Aw) is used to generate the new iteration of the
algorithm. The detailed algorithm is outlined as follow:
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MPC Algorithm

Choose (z°% w®) > 0 and set k = 0.
While ||x* o Vg(x*¥) || >e& or min (Vq(xk)) < —¢ do
Stepl. Set (z, w) = (z*, w*) and solve system (5) for (Az¥/, Aw*T). Compute

a®T = argmax{a € [O,1]|z + aAzYT > 0},

P
a;ff = argmax{a € [0,1]|W + aAw7 > O},

aff (z+agffAzaff)T(w+asfwaaff)

U

(n+m)

aff
Step 2. Set g = (”7)3 and solve system (6) for (Az°"", Aw<°'"),

Step 3. Set (Az, Aw) = (AzYT, Aw¥T) + (Az°O™", Aw®®™™) and compute

a, = argmax{a € [0,1]|z + aAz > 0},

ay; = argmax{a € [0,1]|lw + aAw > 0},
Step 5. Set z*** = z* + a, Az, w**! = w¥ + ayAw", k = k + 1 and go to Step 1.
End

4. Numerical Results

In this section, we compare MPC algorithm with the so-called generalized
Newton-penalty (GNP) algorithm of [14,15] on several randomly generated test
problems. Test problems are generated using the following MATLAB code:

% Generates random inconsistent system Ax<=b.
% Input: m,n,d(density) Output: A,Db.
pl=inline (' (abs(x)+x)/2");

ml=max (m-round (0.5*m) ,m-n) ;
Al=sprand(ml,n,den) ;Al1=(A1-0.5*spones (Al)) ;

x=spdiags (rand(n,1),0,n,n)* (rand(n,1)-rand(n,1));
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x=spdiags (ones(n,1l)-sign(x),0,n,n)*10* (rand(n, 1) -
rand(n, 1))

m2=m-ml;u=randperm (m2) ; A2=A1 (u, :) ;
bl=Al*x+spdiags((rand(ml,1)),0,ml,ml)*ones(ml,1);
b2=bl (u) +spdiags ((rand(m2,1)),0,m2,m2) *10*ones (m2, 1) ;
A=100*[Al;-A2]; b=[bl;-b2];

In our testing, e and maximum number of iterations in both algorithms are set to
107% and 100, respectively. The penalty parameter M in GNP algorithm is
considered

M¥ = min(10%+3,101°),

where K is the iteration number. The average of 10 runs for both algorithms on
generated examples are reported in Tables 1 and 2. One can observe that MPC
algorithm finds an optimal solution extremely faster than the GNP Algorithm,
specially for large-scale problems.

Tablel: Comparison of MPC and GNP algorithms on several test problems with density =

0.1 and.

m,n [x* o Vg(x*) |l min (Vq(x*)) | Time | Iter
(sec)

700,500 | MPC 3.3799 x 1078 | —1.6458 x 107 | 0.692 | 17.7
GNP 1.4409 x 1073 | —7.3596 x 10723 | 3.981 | 100
1000,500 | MPC 1.1715x 1078 | —3.5062 x 10~7 | 0.773 | 17.0
GNP 2.3568 x 1073 | —1.4575x 102 | 4.370 | 100
1500,1000 | MPC 3.2447 x 1078 | —1.8908 x 10~7 | 3.948 | 19.3
GNP 6.9096 x 1073 | —3.176 x 1072 |20.33 | 100
2000,1000 | MPC 1.1037 x 1078 | —6.6336 x 1078 | 4.604 | 19.3
GNP 8.4747 x 1073 | —5.1554 x 1072 |22.51 | 100
MPC 2.6733x 1078 | —1.2049 x 1077 |22.85 | 19.1

2500,2
500,2000 GNP 2.0459 x 1072 | —7.4667 x 10~% | 110.7 | 100
MPC 3.3383 x 1078 | —1.5770 x 1077 | 22.87 |19.4
3000.2000 GNP 2.2558 x 1072 | —1.0369 x 10~ | 109.0 | 100
MPC 3.0006 X 1078 | —1.2703 x 107 | 63.46 | 19.5
4000,3000 GNP 47299 x 1072 | —1.9247 x 1071 | 292.9 | 100
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Table2: Comparison of MPC and GNP algorithms on several test problems with density =

0.01 and.

m,n |x* o Vg(x*) |l min (Vq(x*)) | Time | Iter
(sec)
700,500 | MPC | 1.9989 x 107® | —1.9162 x 10~7 | 1.323 |52.6
GNP 1.3562 x 1073 | —2.2919 x 10~* | 1.580 | 100
1000,500 | MPC | 7.0082x 107° | —9.6664 x 1078 | 0.269 | 17.8
GNP | 8.6257 x 1075 | —3.9547 x 10~* | 1.587 | 100
1500,1000 | MPC | 4.0806 x 1078 | —1.8268 x 10~7 | 1.431 | 19.3
GNP 1.7387 x 107% | —6.8416 x 10~* | 7.983 | 100
2000,1000 | MPC | 1.2891 x 1078 | —1.0301 x 1077 | 1.442 |18.8
GNP 2.0124 x 107* | —1.2329 x 1073 |8.221 | 100
MPC | 1.7964 x 1078 | —8.5615 x 1078 | 8.855 | 20.1
2500,2
500,2000 GNP | 4.2855x 10™* | —1.6269 x 103 | 46.58 | 100
MPC | 1.4490 x 1078 | —1.0529 x 10~7 |8.364 | 19.4
3000,2000
GNP 6.3236 X 107% | —2.3558 x 1073 | 45.59 | 100
MPC | 3.6242 x 1078 | —1.7865x 1077 | 23.61 | 19.4
4
000,3000 GNP 6.8655 x 10™% | —3.6835 x 1073 | 128.3 | 100

5. Conclusions

In this paper, we have studied the nonnegative least squares problems in the
inequality sense. We have shown that its KKT optimality conditions is equivalent
to a monotone linear complenetarity problem which can be efficiently solved
using Mehrotra’s predictor—corrector interior point algorithm. Finally, the
performance of the so called Generalized Newton-penalty algorithm and
Mehrotra’s predictor-corrector algorithm are compared on several randomly
generated test problems. Our computational comparison show that Mehrotra’s
algorithm is extremely faster.
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