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Abstract

Fuzzy divergence measures and inequalities have recently been widely applied in the fuzzy comprehensive
evaluation and information theory. In view of the importance of fuzzy information measures and fuzzy
inequalities, the paper presents a sequence of fuzzy mean difference divergence measures along with the proof
of their validity. Further, it introduces a sequence of inequalities among some of these fuzzy divergence
measures. Finally, a numerical example is given to verify the inequalities of proposed fuzzy mean difference
divergence measures.

Keywords Fuzzy set, Fuzzy entropy, Fuzzy divergence measure, Fuzzy mean divergence measures,
Inequalities.

1. Introduction

Entropy is one of the key measures of information. The word “entropy” to measure an uncertain degree of the
randomness in a probability distribution was first use by [Shannon, 1948]. Entropy as a measure of fuzziness
was first introduced by [Zadeh, 1968]. There is an intrinsic similarity between two equations but Shannon
entropy measures the average uncertainty in bits associated with the prediction of outcomes in a random
experiment, but the entropy of fuzzy set describes the degree of fuzziness in a fuzzy set. The concept of fuzzy
sets proposed by [Zadeh, 1968] has proven useful in the context of pattern recognition, image processing,
speech recognition, bioinformatics, fuzzy aircraft control, feature selection, decision making, etc.

During the last six decades, Entropy, as a very important notion of measuring fuzziness degree or uncertain
information in fuzzy set theory, has received a great attention. [De Luca and Termini, 1972] introduced the
measure of fuzzy entropy corresponding to [Shannon, 1948]. Corresponding to [Boekee and Lubbe, 1980]
R —norm information measure, [Hooda, 2004] proposed the R —norm fuzzy measure of information. Further,
[Tomar and Ohlan, 2014] provide two new more flexible generalizations of R— norm fuzzy measure of
information. A measure of directed divergence between two probability distributions is provided by [Kullback
and Leibler, 1951]. Some of the axioms to describe the measure of directed divergence between fuzzy sets is
presented by [Bhandari and Pal, 1993], which was corresponding to [Kullback and Leibler, 1951] measure of
directed divergence. Thereafter, many other researchers have also studied the fuzzy divergence measures in
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different ways and provide their application in different areas. The divergence measure based on exponential
operation is introduced by [Fan and Xie, 1999] and studied its relation with divergence measure introduced in
[Bhandari and Pal, 1993]. Its application in the area of automated leukocyte recognition is presented by [Ghosh
et al., 2010]. The special classes of divergence measures and the link between fuzzy and probabilistic
uncertainty is studied by [Montes et al., 2002]. Two fuzzy divergence measures corresponding to [Ferreri, 1980]
probabilistic measure of directed divergence were proposed by [Parkash et al., 2006]. Three families of fuzzy
divergence measures corresponding to [Taneja, 2005] Arithmetic-Geometric divergence measure were proposed
by [Bhatia and Singh, 2012]. In the recent years, many authors have introduced various divergence measures
between fuzzy sets.

Motivated by the above-mentioned work we introduce a sequence of fuzzy mean difference divergence
measures and established the inequalities among them to explore the fuzzy inequalities. The advantage of
establishing the inequalities is to make the computational work much simpler. We think that the technique of
inequalities provides a better comparison among fuzzy mean divergence measures.

The remainder of the paper is organized as follows. In Section 2, we present preliminaries on fuzzy divergence
measures and fuzzy mean divergence measures. A sequence of fuzzy mean difference divergence measures and
the essential properties for their validity are provided in Section 3. Section 4 provides some of inequalities
among some of the proposed fuzzy divergence measures. In the same Section, the proof of these inequalities is
also presented. In Section 5, a numerical example is given to verify the inequalities. Finally, concluding remarks
are drawn in Section 6.

2. PRELIMINARIES ON FUZZY DIVERGENCE MEASURES

Fuzziness, a feature of uncertainty, results from the lack of sharp difference of being or not being a member of
the set, i.e., the boundaries of the set under consideration are not sharply defined. A fuzzy set A defined on a
universe of discourse X is given as [Zadeh, 1965]:

A={(x,u,(x))/xe X}

where p, @ X —[0,1] is the membership function of A. The membership value p,(x) describes the degree of
the belongingness of x e X in A. When p,(x) is valued in {0, 1}, it is the characteristic function of a crisp
(non-fuzzy) set. The measure of information defined by [Shannon, 1948] is given by

H(P) = —2 b, 1og p, 1)

Taking into consideration the concept of fuzzy sets, [De Luca and Termini, 1972] introduced the measure of
fuzzy entropy corresponding to Shannon’s entropy given in (1) as

H(A) = _i[MA(Xi) log i, (x;) + (L= pa(x;)) log(1 -, (x))] )

The measure of directed divergence of probability distribution P=(p,, p,,...p,) from probability distribution
Q=(q,,q,,...0,) is obtained by [Kullback and Leibler, 1951] is as

D(P :Q)=ipi Iog% @3

Measure of fuzzy divergence between two fuzzy sets gives the difference between two fuzzy sets and this
measure of distance/difference between two fuzzy sets is called the fuzzy divergence measure.
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The measure of fuzzy directed divergence corresponding to (3) is introduced by [Bhandari and Pal, 1993] is as

o 1 pa(x) _ M
I(A:B)= ;{HA(xi)log o) + (1=, (x)) log l—uB(Xi)} (4)

Table 1 presents the fuzzy mean divergence measures corresponding to seven geometrical mean measures given

in [Taneja, 2012].

Table 1
Fuzzy Mean Divergence Measures

Sr.
No.

Fuzzy
Mean
Divergence
Measure

Definition

Fuzzy
Arithmetic
Mean
Measure

A(A.B) :Zn:(“A(Xi)+“B(Xi) + 2_“A(Xi)—HB(Xi))

i 2 2

Fuzzy
Geometric
Mean
Measure

G(AB) = (Al (%) +@-rAC) 15 () )
i=1

Fuzzy
Harmonic
Mean
Measure

H (A, B) — i( 2MA(Xi )“’B(Xi) +

ZO—MM&Da—uﬂ&»j
i—1 pa(Xi)+pp(X)

2—pa(X)—ug(%)

Fuzzy
Heronian
Mean
Measure

N(AB)= Y

i:l( 3 3

A (G) + A (6)ug () +1g (%) N (L-pa(4)) +J@=pa()A-pp (%)) + L -pp (%))

|

Fuzzy
Contra-
harmonic
Mean
Measure

CAB)=Y

i=l

HACD) 1B (4) | (L-paC)® +(—pg (%))
Ha() +pg (%) 2—pa(%)—pg (%)

Fuzzy Root-
mean-square
Mean
Measure

S(AB)= i[\/“i(xi);ué(xi) +\{///(1—w\(><i ))2J2r(1—uB(xi )
i=1

J

Fuzzy
Centroidal
Mean
Measure

R(AB)=>

i1 3(ualx) +rp (X))

n 2@%@0+uanmuo+pym»+ZUmeUOf+ﬂ—uMm»ﬂ—uﬂ&»+ﬂ—uﬂ&»ﬂ
3(2—pa(X)—1g(X))

|
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We have the following Lemma in fuzzy context corresponding to the Lemma of [Taneja, 2005]:
Schwarz’s Lemma 1: Let f;, f,: 1 =R, —Rbe two convex functions satisfying the assumptions:
1 (1 1 (1
i)y f|=|=Ff|=|=0, f,|=|=1f,|=]|=0;
) 1(2] 1 (2) 2(2) ; (2)
i) f; and f, are twice differentiable in R, ;
fi

iii) there exist the real constants o, such that 0<a <f and asr((z))sﬁ, f, (z)>0, forall z>0
, (2

then we have the inequalities:

apt, (a,b) <@y (a,b) <Bo¢,(a,b)
forall a,be(0,1), where the function ¢, (a,b) is defined as

¢ (a,b)=af [gj a,b>0.

3. ASEQUENCE OF FUZZY MEAN DIFFERENCE DIVERGENCE MEASURES

Corresponding to fuzzy mean divergence measures defined in Section 2, we propose a sequence of fuzzy mean
difference divergence measures as follows:

(1) Des(AB) =
0 [ RGO +B05) | A-paC)’+@-ng0a)” |_| [WACD)+HEK) | \/awA(xi»%a—uB(xﬁ»Z
iz [| Ra(6) +pg (%) 2—pa(%)—pg(x) 2 2

(2) Dy (A B) =

LA B0 | Qa0+ @-ng () || a0+ JHaCORE () +1B (%) | 2=1a04) ~1a (%) + =106 A-11g (4))
Ha(6) +pg (%) 2—pa(x)—pg(x) 3 3

(3) D (AB)=

n 20y, 20y, _ V)2 _ V)2
ZHMX'WB(XON aC4)_+ (- pp () }—NuA(xi)uBm)+J<1—MA<xi»(1—uB<xi»]}

i || Ha() +re(X) 2—pa(%) —pg(x)

(4) Der(AB) =

)| HACE) +E (%) | paC)® + (@pg () || 20400 +raC)me () +RE (X)) | 2(A-pa()* + (L-pa())A-pp (X)) + L5 (%))°)
i [ ra() +up (%) 2-pa(%) — kg (%) 3(pa(X) +1g (%)) 3(2-pa(%) —ng (X))

(5) Dea(AB) =

)| HAGD) HB () | A-pa(6)? + (L-pg (%) _{(m(xi)wa(xi)h2—uA<xi)—uB(xi)}

iz || ma(xi) +np(X) 2—pa(%)—np(X) 2 2
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(6) Doy (A B) =

)| HAGD) HB () | A-pa(6)? + (L-pg (%) { 20 (%)t (%) +2<1—uA<xi»(1—uB<xi))}
na(X)+ug(X) 2—pa(x)—pg (%) na(X) +pg(x) 2—pa(%) —np(X)

i=1

(7) Dsa(A B) =

$)| J0R00 B 0x) | J((l—uA(xi»z+(1—uB(xi»2) _[(uA(xowB(xi»+<2—uA<xi)—uB(xi»}

- 2 2 2 2

(8) Dy (A B) =

Z{{ [6500+1B ) | /I((luA(xi»2+<1uB(xi»z)Hm(xi)«/m(xi)uB(xi)+uB(xi)+2—uA(xi)—uB(xi)+ (T[T ED) H
i1 2 \ 2 3 3

(9) Dsc(AB) =

n 20y 2y _ )2 4 (1— ))2

Zﬂ //(uA(x.);uB(x.))+ () ) )}[ ey J(l—uA(xi))a—uB(xi»]}
i=1

(10) D, (A B) =

Z{[ (A 00 +505)) «1—uA(xi»2+(1—uB(xi))2)H 241 (%)1g (%) +2<1—uA(xi))<1—uB(xi»ﬂ

i-1 2 ? ra(G) +re (%) 2—-pa(X)—pp(X)

(11) Dra(AB) =

3 [Z(ui(xmuA(xi)uB(xowé(Xi» L 2AA-pA())* +A-paC))A -1 (4) + (- pg (% ))Z)HmA(xi)wB(xi ), (2—uA(xi)—uB(xi))J
= 3(a() +1p (%)) 3(2-pa(x) (%)) 2 2

(12) Dry (A B) =
i{{zmi(xi)+uA(xi>uB<xi>+u§<xi»+2(<1—HA<xi>)2+(1—uA<xi))(1—ua(xi))+(1—ug<xi>)2>HuA(xi)u/uA(xi)uB(xi)+uB(Xi>+2*“A(Xi>*ua<xi>mi(lw(xi»(l—»s(xi))}

i 3(ua(xi)+up (X)) 3(2-pa(x)—pg (X)) 3 3

(13) Dre(AB) =

n 20y . 3 20y _ \)\2 _ . _ . _ )2

g{[2(uA(x.;;i?i?;)+u5:?;?)+)uB(x.))+2((1 HACK)) +;1(Zf:ﬁx(.x)i))({ ui?iix)';HG s (%)) )H JHA(Xi)HB(Xi)+J<1_HA(Xi))<1_uB(xi))]}
(14) Dry (A B) =

3 [2(ui(xi)+uA(xi)uB<xi>+u§(xi»+2((17uA(xi)>2+<1qu(xi))(HB(xi>)+<17u3(xi)>2)H 2ua(x)p (%) | 20-pal% ))(Lw(x»)}
ey 3(pa(Xi) +rp (%)) 3(2-pa(X)—ng (X)) pa(X) +pg(x) 2—pa(Xi)—pg (%)

(15) Day (A B) =

i{[m;\(xi)wB(xo) . (2—uA(xi)—uB(xi»}_[uA(xi)+\/uA(xi>uB(xi) #up(%)  2=pa%) —hp (%) + A GO pp (%)) ﬂ
2 2 3 3

i=1
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i=1 2

(17) Dayy (A B) =

iﬂ:(“A(xi) +ug (X)) N (2—pa(%) —pg (%))

2

i=1 2

(18) Dy (A B) =

2

3 {{ (a00) 18 (%)) | (2=1a04) ~pp (X ))H 200 (%)1tp (%)

Ba(X) +pg (%)

L 2A-pa(q))A—pp (%))
2—pa(%) —pg (%)

[ [ia e 06 + a0 e »}}

}

i=1 3

3

Zn:{|:uA(Xi)+\/“A(Xi)HB(Xi) +ug (%) + Z—HA(Xi)—HB(Xi)+«/(1—HA(Xi))(1—HB(Xi))

Theorem 1: All the measures defined above are valid measure of fuzzy directed divergence.

Proof: (i) Non-negativity: The condition of non-negativity clearly holds.

(if) Symmetry: All the purposed measures are symmetric in nature.

(iii) Convexity:

We now prove the condition of convexity

D 0*Dgs _
G
[ ug (1-pg)® Jl 2, | 2 R T
(atne)® @-pa-ug)®) 2(\Wh+nd \@Q-na)?+0-np)? ) 2 2
2) 0*Den _ 1 (1-pg)? (\/HB N ]
a8 el Cona—e)) 12( 02 @opg)
3) aZDC(;: 1 (1-pg)? {\/HB J1-1g J
a2 (arue)  @ona-ue)®) 2(ud? " @-pg)??
a) 0*Der _8 ug (1-pg)? -0
aH,ZA 3 (MA+HB)3 (Z—HA—HB)S
2 2
5) aDCA { (d-pp) 3J>0
(MA+HB) (Z—MA—MB)
2 2
6) 0 DCH _8 (1-pg) 3J>0
(HA+HB) (Z—HA—HB)
7 aZDAG }(\/HB N j
aMA 4| p3? (1- HA)3/2
2 2
8) 0 DAH_ (1-pg) 3J>0
(MA+MB) (Z—HA—HB)
9) aZDAN = [\/HB \ﬁ_“B j
TS AT S (TS
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Sequence of fuzzy divergence measures and inequalities

10) @{ui\(}“i“‘% bl |2 +(1—uA)2\/(1‘“A’2;(1‘“B)2}o

o 2 \I/Hiﬂlzs \[/(1—HA)2+(1—MB)2

11 a DNG_E \E \IT_HB J
6

oua 3/2 Q-pa)¥?

2 *Dea _4 (1-pg)? }0
5HA 3 (HA+HB) (Z—HA—MB)3

aDRG (1-pg)° J [\E \ﬁ_HB J
2

5HA 3((MA+“B) (2-ppa-np)° 32 ((RTHN )32

Ha
2
14)6DRH:§( ua () }O

5MA (MAﬂlB) (Z—HA—HB)3
9°Dgy,
15 =
: G
2 ui+ué+ll 2| 2 )’ \/(1—MA)2+(1—MB)2 [ﬁ \ﬁ—uBJ
V212 @-pp)? + A pp)? 2 T2 W77 T )
azDRN _4 HZB (1—HB)2 \/ﬁ \ﬁ_HB
16) 2 3+ 32 3/2
a3\ (atie) @-na-ne)) 12\ w37 A-pp)?
aZDSG_
17) F
whrng [ 2 2 Ly Qo)+ ape)® | [E ﬁ—uBJ
{“A NiErd @y TN 2 P TN
0°D + [ 2 // 2 2 1@=pp)?+A—pg)?
18) = =SH —| /2 K “B+ - A B
5H2A (HA \I/HA+HB \ﬂ(l HA) +(1- HB) Hw 2

+4[ Mg, (-pg)’ }O
(MA+HB)3 (Z—HA—HB)3

Thus, all the measures defined above are valid measures of fuzzy directed divergence.

4. INEQUALITIES AMONG FUZZY MEAN DIFFERENCE DIVERGENCE
MEASURES

Theorem 2: The above defined fuzzy divergence measures admit the following inequalities:
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3 3 Des
—Dgy —Dcn <41 3
4 7 —Dere £=D
Dga < 1 3 3 675 RGL<3Dyy
~Dgy <—Dcg 1 3
3 4 —Dgg £ =Dgg

Proof: The proof of the above theorem is based on Lemma 1 and is given in parts in the following propositions.

. 3
Proposition 1: We have Dgp < 2 Dgn

Proof: Let us consider the function gsa sy (2) :M , where
B sn (2)
" 2 " 2 1
fSA(Z) ZLM and fSN (Z) = \F 3/2 + 5 3/2 .
(2% +@-2?) (2+a-2)" 8z-7))
This gives
G o (2)= W22z -1)(z—2%)Y? (222 —22 +1)¥? (42> —42-1) {>o forz <1/2
SA_SN [Gﬁ(z—zz)g’/z +(222_22+1)3/2}2 <0 forz>1/2
1) 3
And we have Bgp gy = SUP Gsa sn(Z)=0sa sn| 5 |=— (5)
- 201 T -—\2) 4
By the application of Lemma 1 with (5), the proof holds.
. 1
Proposition 2: We have Dgp < 3 Dgy
: : - fsa(2)
Proof: Let us consider the function ggp sy (z) = —~——, where
B sH (2)
foa(2) = 2 and fq, (2)=8+ 2 _
( 2 2\2 ) 32
z°+(1-2) ) (22 -2z +1)
This gives
G o1 (2)= 12ﬁ(2z2—2z+1)“(4z_2){>0 forz <1/2
sa_sHlZ)=— >
[8(222—22+1)3/2+ﬁJ <0 forz>1/2
1) 1
And we have Bsp sy = SUP Gsa sp(2)=0sa_sh |5 |=3 (6)
zd01] 2) 3

By the application of Lemma 1 with (6), the proof holds.
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. 9
Proposition 3: We have Dg < 2 Dcr

. . fo (2
Proof: Let us consider the function gy cr(z) = —=——, where
- cr\Z

foy (z) =8+ 2 ~ and ng(z):E.
(222—22+1) 3

3

This gives

Osn_cr(2)=-

4642(2z-1) (>0 forz<1/2
49(272% -2z +1)%? |<0 forz>1/2

1) 9
And we have By cgr = SUP 9sy_cr(2) =Jsh_cr (—j =
2€[0] 2) 4

By the application of Lemma 1 with (7), the proof holds.

Proposition 4: We have Dcg < ; Dcn

f(:?lR (2)

Proof: Let us consider the function gcg cn (2) =
N en iz

, Where

" 16 ; 1
fCR(Z)Zg and foy (2) =8+ 7
6(z—zz>

This gives

, 48(z—72¥2(1-2z) (>0 forz<1/2
der_cn(2) = ( 7 ){ Y

[48(2—22)3/2+1T <0 forz>1/2

1) 4
And we have Beg oy = SUP der on(Z)=0cr on (—j ==
z€[01] 2 7

By the application of Lemma 1 with (8), the proof holds.

-, 2
Proposition 5: We have Dcg < 3 Dgg

f(;R(Z)

Proof: Let us consider the function gcg ¢ (2) = e , Where
- sclZ
" 16 " 4 1
for(z) == and fes (2) = +
CR 3 sc(2) (@22 —4212)" 2(2— 2)3/2

(7)

(®)
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This gives

8(22-1)(z—2%)Y2(42% - 47+ 2)¥? [32(2 ~2%)%2 _(42% — 42+ 2)5/2} >0 forz<1/2
dcr_sc(2) = {

[8(2—22)3/2 +(422—4z+2)3/2]2 <0 forz>1/2

1) 2
And we have Bep sg = SUP Jer_sc(2) =9cr_sG [—j =2 )
z2€/0,1 2 3

By the application of Lemma 1 with (9), the proof holds.

. 4
Proposition 6: We have Dgy < - Dcn

fS':N (2)

Proof: Let us consider the function ggy o (2) =—
- fon (2

, where

4 1 and foy (2) =8+ 1

fon(®)= (422 —4z+2)3/2 +6(Z—22)3/2 m

72(z-22)Y2(42% — 42+ 2)Y2(1- 22)| 1+ 96(z — 2%)%? — (42% - 42+ 2)%?
s gives g, g (1 2020 (4 4212 2)[1+96(2—2°)"" - (42° ~42+2) ]{>omrz<yz

(48(2—2%)%? +1)2 (422 —4z+2)3 <0 forz>1/2
1 4
And we have Bgy oy = SUP Osn con(Z) =0sn on (—) == (10)
2d[0,] 2) 7

By the application of Lemma 1 with (10), the proof holds.

. 2
Proposition 7: We have Dgy < 3 Dgg

Proof: Let us consider the function ggy s (2) = M , Where
B fse(z
" 4 1 " 4 1
(422—4z+2)/ 6(z—2%)¥ (422—4z+2)/ 2(z-2%)?

_o2\Y2.4,2 1209 0 f 2
This gives g'sN_se(Z)=l44(Z 2?2422 -4z +2)"21 22){> orz<1/

[24(2 —22Y32 . 3(47% — 47+ 2)3/2}2 <0 forz>1/2
1 2
And we have Bgy s = SUP gsn s (Z) =0sn s (—):— (11)
z€[01] 2 3

By the application of Lemma 1 with (11), the proof holds.
. 7
Proposition 8: We have D¢y < 3 Dcs
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Proof: Let us consider the function 9oy ¢5(2) = M , Where
- cs(2)
foy (2) =8+ and f. (z)—8—+
N 6(2—22)3/2 cs (42% -4z +2)%?
1) 7
And we have Boy s = SUP Jen cs(Z)=9en cs| - [= 7 (12)
0] 2) 3
By the application of Lemma 1 with (12), the proof holds.
Proposition 9: We have Drg <3Dpy
: - fes (2)
Proof: Let us consider the function gcg an (2) = —( where
- AN \Z
" 4 " 1
feg(z2)=8—————————= and f\ (2) = .
< (422 —47+2)%? AN 6(2—22)3/2

36(22-1)(2-2°) {4z~ )" - (42 ~4z+2) [ 242° ~42+2)* -1} (1 0 forz <12
This gives géS_AN(z): {

1
And we have Bcg Ay = Stip] Jes_ an () =0cs_an (E) =3 (13)
z2€(/0,1

By the application of Lemma 1 with (13), the proof holds.

. 7
Proposition 10: We have D¢y < 3 Dcg

Proof: Let us consider the function gcy g (2) = M where
B cc(2)

fon (2) = d feg(2)=8 L

on(2) =8+ 3z an ce(2) =8+ 372

6(z—z ) 2(2—2 )

_ —72\Y2 (>0 forz<1/2
This gives g'CN_CG(z):16(1 22)(z-7°) {> <Y

[16(2 _72)32 +1T <0 forz>1/2
1) 7

And we have ey cg = SUP den_ca(Z) =9en_co (—j =3 (14)
2cJ01] 2) 9

By the application of Lemma 1 with (14), the proof holds.
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Proposition 11: We have Dgg < g (DI

Proof: Let us consider the function ggg rg(2) = f.S.G(Z) , Where
- fre (2)
fog(2) = 4 L and ()=t

+
(422 47+ 2)3/2 2z-2%)%°

This gives

® 92z -{[(42” ~42+2)%? ~32(2-2°)°°1[8(2 - 2°)*° +3] -3B(z - 2°)*? + (42" — 42+ 2)**|(42° —4z+2)}{> 0 forz<1/2
9sc_ra(2)=

2(422742+2)5/2(2722)[8(2722)3/2Jrﬂ2 <0 forz>1/2

1) 6
And we have Bsg pg = SUP Usg ra(Z) =9sc_re (—j =z (15)
z€[0,1 2 5

By the application of Lemma 1 with (15), the proof holds.

Proposition 12: We have Dgg < g Dgrc

Proof: Let us consider the function gcg rg(2) = M where
- rG (2)
" 1 " 4 1
feg(2) =8+ Sz and fRG(Z)—§+m'

2(2—2 )

—22YW2(q_ 0 forz<1/2
This gives g’CG_RG(z):54O(Z ) 22){> <Y

8(z-22)%%+3 |<0 forz>1/2
1) 9
And we have Bog gg = SUP Jcg re(Z)=0cc Rre| 5 |=2 (16)
z€[0,1 2 S
(0]
By the application of Lemma 1 with (16), the proof holds.
Proposition 13: We have D <5Dp
Proof: Let us consider the function ggg an (2) = M , Where
B fan (2)
" 4 1 " 1
fra(Z)=—+———5—=5 and f\(2)=—>.
RG 3 2(z-7%)%? AN 6(2—22)3/2
>0 forz<1/2
This gives g} 2)=8(z-2%)¥%+3
g Jre_an(2) =8( ) <0 forz>12
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1
And we have Brg Ay = SUP Ore_an(2) =Jre_an (—)=5 7
2¢f01] 2

By the application of Lemma 1 with (17), the proof holds.

5. NUMERICAL EXAMPLE

In this Section we numerically verify the inequalities established in Section 4. Let us consider two standard
fuzzy sets:

A=(0.5,0.2,0.3,0.4,0.1) and B=(0.2,0.1,0.4,0.4,0.5).

From the calculated numerical values of fuzzy divergence measures given in Table 2, the inequalities proposed
in theorem 2 are verified.

Table 2
Calculated Numerical Values of Fuzzy Divergence Measures
in Inequalities for Fuzzy Sets A and B

Dsa Dgy Dsh Dsc Dcr Dy Dcs Dcg Dan Drg

0.1516 0.2091 0.4714 0.3241 0.2132 0.3773 0.1682 0.4923 0.0575 0.2791

6. CONCLUDING REMARKS

In this paper, we have proposed a sequence of fuzzy mean difference divergence measures. The validity of these
fuzzy mean difference divergence measures is proved axiomatically. Furthermore, it establishes a sequence of
inequalities among some of the proposed fuzzy divergence measures with their proof. The inequalities are also
verified numerically with the help of a numerical example. The resulting fuzzy divergence measures are much
simpler with the difference of the means involved. On establishing inequalities among them, they are therefore
much more efficient computationally.
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