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Abstract

The quality of service provides a competitive edge to any business
firm. Lack of better service quality mechanism may lead to the dis-
satisfied customers (feedback customers). This causes loss of goodwill
among the customers and finally, the firms may lose their potential cus-
tomers. Further, due to long wait customers may get impatient, and
may abandon the queueing system before getting service. This leads to
the reduction in revenue of the firm. In this paper, we study a finite
capacity multi-server Markovian feedback queuing model with balking,
reneging and retention of reneged customers. The steady-state prob-
ability distribution of the system size is obtained and some quality of
service measures like average system size, average number of customers
served etc. are also derived. Finally, some special cases of this model
are derived and discussed.
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1 Introduction

Queuing models have effectively been used in the design and analysis of
telecommunication systems, traffic systems, service systems and many more.
A number of extensions in the basic queuing models have been made and the
concepts like vacations queuing, correlated queuing, retrial queuing, queuing
with impatience, and catastrophic queuing have come up. Of these, queuing
with customer impatience has special significance for the business world as it
has a very negative effect on the revenue generation of a firm. A customer is
said to be impatient if he tends to join the queue only when a short wait is
expected and tends to remain in the line if his wait has been sufficiently small.
Impatience generally takes three forms. The first is balking, deciding not to
join the queue at all up on arrival, the second is reneging, the reluctance to
remain in the waiting line after joining and waiting, and the third is jockeying
between lines when each of a number of parallel service channels has its own
queue, Gross and Harris [8]. An extensive review on queuing systems with
impatient customers is presented by Wang et al. [20]. They survey various
queuing systems according to various dimensions like customer impatience be-
haviors, solution methods of queuing models with impatient customers, and
associate optimization aspects.

Feedback in queueing literature represents customer dissatisfaction because
of inappropriate quality of service. In case of feedback, after getting partial or
incomplete service, customer retries for service. In computer communication,
the transmission of protocol data unit is sometimes repeated due to occurrence
of an error. This usually happens because of non-satisfactory quality of service.
Rework in production operations is also an example of queues with feedback.
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Recently, Kumar and Sharma [14] study a multi-server Markovian queuing
systems with balking, reneging and retention of reneged customers. In this
paper, the arrivals are simple Poissionian and the served customers do not
require any re-service (feedback). Kumar [15] obtains the transient solution of
an M/M/c/N queueing system with balking, reneging and retention of reneged
customers and performs cost-profit analysis of the model. We extend the work
of Kumar and Sharma [14] by incorporating the feed-back mechanism in the
M/M/c/N queuing model with balking, reneging and retention of reneged cus-
tomers. Further, some more quality of service measures like average number
of customer served, rate of abandonment, average reneging rate, average re-
tention rate etc. are obtained.

In this paper, we consider a single server, finite capacity Markovian feedback
queuing system with reneging and retention of reneged customers in which the
inter-arrival and service times follow exponential distribution. The reneging
times are assumed to be exponentially distributed. After the completion of
service,each customer may rejoin the system as a feedback customer for re-
ceiving another regular service with probability p1 or he can leave the system
with probability q1 where p1 + q1 = 1. A reneged customer can be retained in
many cases by employing certain convincing mechanisms to stay in the queue
for completion of his service. Thus, a reneged customer can be retained in
the queuing system with some probability q2 and may leave the queue without
receiving service with probability p2 = 1−q2. This effort to retain the reneging
customer in the queue for his service has positive effect on business of any firm.

Rest of the paper is arranged as follows: in section 2, the literature review
is presented; section 3 deals with the stochastic queuing model description;
in section 4 the differential-difference equations of the model are derived; The
steady-state solution of the queuing model is obtained in section 5; Some
important quality of service measures derived in section 6; Special cases of the
model are discussed in section 7, and in section 8, the paper is concluded.
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2 Literature Review

The notion of customer impatience appeared in queuing theory in the work of
Haight [9]. He studies M/M/1 queue with balking in which there is a greatest
queue length at which an arrival will not balk. Haight [10] studies queuing
with reneging. Ancker and Gafarian [1] study M/M/1/N queuing system with
balking and reneging and derive its steady-state solution. Ancker and Ga-
farian [2] obtain results for a pure balking system (no reneging) by setting
the reneging parameter equal to zero. Multi-server queuing systems with cus-
tomer impatience find their applications in many real life situations such as in
hospitals, computer-communication, retail stores etc. Montazer-Haghighi et
al. [16], Abou-El-Ata and Hariri [3], and Zohar et al. [23] study and analyze
some multi-server queuing systems with balking and reneging. Chauhan and
Sharma [5] perform the profit analysis of M/M/c queueing model with balking
and reneging. Ward and Kumar [21] construct an admission control policy
for a GI/GI/1 queue with impatient customers in heavy traffic. Al-seedy et
al. [4] study M/M/c queue with balking and reneging and derive its tran-
sient solution by using the probability generating function technique and the
properties of Bessel function. Xiong and Altiok [22] study multi-server queues
with deterministic reneging times with reference to the timeout mechanism
used in managing application servers in transaction processing environments.
Choudhury and Medhi [6] study multi-server Markovian queuing system with
balking and reneging, and discuss the design aspects associated with it.

Kapodistria [12] studies a single server Markovian queue with impatient
customers and consider the situations where customers abandon the system
simultaneously. He considers two abandonment scenarios. In the first one,
all present customers become impatient and perform synchronized abandon-
ments, while in the second scenario; the customer in service is excluded from
the abandonment procedure. He extends this analysis to the M/M/c queue
under the second abandonment scenario also. Kumar [13] investigates a corre-
lated queuing problem with catastrophic and restorative effects with impatient
customers which have special applications in agile broadband communication
networks. Mandelbaum and Momcilovic [17] study queues with many-servers
and impatient customers.
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Takacs [19] studies queue with feedback to determine the stationary pro-
cess for the queue size and the first two moments of the distribution function
of the total time spent in the system by a customer. Davignon and Disney
[7] study single server queues with state dependent feedback. Santhakumaran
and Thangaraj [18] consider a single server feedback queue with impatient and
feedback customers. They study M/M/1 queueing model for queue length at
arrival epochs and obtain result for stationary distribution, mean and variance
of queue length.

3 Stochastic Queuing Model

We consider multi-server single channel queueing system. The arrivals occur
in accordance with Poisson process with mean arrival rate λ. The inter-arrival
times are independently, identically and exponentially distributed with param-
eter λ. There are c servers and the service times at each server are indepen-
dently, identically and exponentially distributed with parameter µ. The mean
service rate for n < c is given by nµ and the service rate for c ≤ n ≤ N is
cµ where n is the number of customers in the system and N is the capacity
of the system. After completion of each service, the customer can either join
at the end of the queue with probability p1 or he can leave the system with
probability q1, where p1 +q1 = 1. The customers both newly arrived and those
that are fed back are served in order in which they join the tail of original
queue.The queue discipline is FCFS. We do not distinguish between the regu-
lar arrival and feedback arrival. The capacity of the system is taken as finite
(say, N). That is, the system can accommodate at most N customers. A queue
gets developed when the number of customers exceeds the number of servers,
that is, when n > c. Each customer upon joining the queue will wait a certain
length of time for his service to begin. If it does not begin by then, he will get
reneged and may leave the queue without getting service with probability p2
and may remain in the queue for his service with probability q2(= 1−p2). The
reneging times follow exponential distribution with parameter ξ. The arriving
customer joins the system with certain balking probability. It is assumed that
an arriving customer balks with probability n

N
, where n is the number of cus-

tomers in system and therefore joins the system with probability 1− n
N

, which
indicates that N is the measure of customer’s willingness to join the queue.
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4 Mathematical Formulation of the Model

In this section, we present a mathematical model consisting of differential-
difference equations. These equations are derived by using the general birth-
death arguments.
Define, Pn(t), 0 ≤ n ≤ N be the probability that there are n customer in the
system at time t. In an infinitesimally small interval (t, t+ δt),

Pn(t+ δt) = Prob{there are n customers in the system at time (t+ δt)}

When c+ 1 ≤ n ≤ N − 1, the equation (4.3) can be derived as follows: Here,

Pn(t+ δt) = Pn(t)
[{

1−
(
1− n

N

)
λδt

}
(1− cµq1δt)

]
+ Pn(t)

[{(
1− n

N

)
λδt

}
(cµq1δt)

]
+ Pn−1(t)

[{(
1− n− 1

N

)
λδt

}
(1− cµq1δt)

]
+ Pn+1(t)

[{
1−

(
1− n+ 1

N

)
λδt

}
(cµq1δt)

]
+ Pn(t)

[{
1−

(
1− n

N

)
λδt

}
(1− cµq1δt){(n− c)ξq2δt}

]
+ Pn+1(t)

[{
1−

(
1− n+ 1

N

)
λδt

}
(1− cµq1δt){(n− c)ξp2δt}

]
Finding the difference Pn(t+ δt)−Pn(t), dividing both sides by δt and taking
limit δt→ 0 leads to the differential-difference equation (4.3). o(δt) approaches
to zero as rapidly as δt → 0. The other equations (4.1), (4.2) and (4.4) are
also derived in the same way. Therefore, the differential-difference equations
of the model are:

dP0(t)

dt
= −λP0(t) + µq1P1(t) (4.1)

dPn(t)

dt
= −

[(
1− n

N

)
λ+ nµq1

]
Pn(t) + (n+ 1)µq1Pn+1(t)

+
(
1− n− 1

N

)
λPn−1(t), 1 ≤ n ≤ c (4.2)

dPn(t)

dt
= −

[(
1− n

N

)
λ+µq1+(n−c)ξp2

]
Pn(t)+[cµq1+{(n+1)−c}ξp2]Pn+1(t)

+
(
1− n− 1

N

)
λPn−1(t), c+ 1 ≤ n ≤ N − 1 (4.3)
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dPN(t)

dt
=
(
1− N − 1

N

)
λPN−1(t)− [cµq1 + (N − c)ξp2]PN(t) (4.4)

5 Steady-State Solution of the Model

In this section, we obtain the steady-state solution of the model iteratively.
In steady-state, lim

t→∞
Pn(t) = Pn and therefore, the steady-state equations cor-

responding to equations (4.1) - (4.4) are as follows: The steady-state equations
of the model are

0 = −λP0 + µq1P1 (5.1)

0 = −
[(

1− n

N

)
λ+nµq1

]
Pn +(n+1)µq1Pn+1 +

(
1− n− 1

N

)
λPn−1, 1 ≤ n < c

(5.2)

0 = −
[(

1− n

N

)
λ+ cµq1 + (n− c)ξp2

]
Pn + [cµq1 + {(n+ 1)− c}ξp2]Pn+1

+
(
1− n− 1

N

)
λPn−1, c ≤ n ≤ N − 1 (5.3)

0 =
(
1− N − 1

N

)
λPN−1 − [cµq1 + (N − c)ξp2]PN , n = N (5.4)

From equation (5.1), we have

µq1P1 = λP0

P1 =
λ

µq1
P0 (5.5)

Substitute n = 1 in (5.2), we get

2µq1P2 =
[(

1− 1

N

)
λ+ µq1

]
P1 − λP0

P2 =
N − 1

N

λ2

2!(µq1)2
P0 {of (5.1)} (5.6)

For n = 2 in (5.2), we have

P3 =
3∏

k=1

N − (k − 1)

N

λ3

3!(µq1)3
P0

Proceeding in the same way, we get

Pn =
n∏

k=1

N − (k − 1)

N

λn

n!(µq1)n
P0, 1 ≤ n ≤ c (5.7)
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Now for n = c, (5.3) become

(cµq1 + ξp2)Pc+1 = −
[(

1− c

N

)
λ+ cµq1

]
Pc −

(
1− c− 1

N

)
λPc−1

{cµq1Pc =
(
1− c− 1

N

)
λPc−1}

Pc+1 =
c+1∏
k=c

N − (k − 1)

N

λ

cµq1 + (k − c)ξp2
Pc (5.8)

Similarly, from (5.3) and (5.4), for c+ 1 ≤ n ≤ N , we get

Pn =
n∏

k=c

λ

cµq1 + (k − c)ξp2
Pc (5.9)

Thus, the steady-state solution of the model is

Pn =



n∏
k=1

N − (k − 1)

N

λn

n!(µq1)n
P0, 1 ≤ n < c

n∏
k=c

N − (k − 1)

N

λ

cµq1 + (k − c)ξp2

{ c−1∏
r=1

N − (r − 1)

N

λr

r!(µq1)r

}
P0

, c ≤ n ≤ N
(5.10)

Using the normalization condition,
N∑

n=0

Pn = 1, we get

P0 =
1

1 +Q1 +Q2

(5.11)

Q1 =
c−1∑
n=1

n∏
k=1

N − (k − 1)

N

λn

n!(µq1)n
P0

and

Q2 =
N∑
n=c

n∏
k=c

N − (k − 1)

N

λ

cµq1 + (k − c)ξp2

{ c−1∏
r=1

N − (r − 1)

N

λr

r!(µq1)r

}
Hence, the steady-state probabilities of the system size are derived explicitly.
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6 Quality of Service Measures

(i) The Expected System Size (Ls)

Ls =
c−1∑
n=1

n
{ n∏

k=1

N − (k − 1)

N

λn

n!(µq1)n

}
P0

+
N∑
n=c

n
{ n∏

k=c

N − (k − 1)

N

λ

cµq1 + (k − c)ξp2

{ c−1∏
r=1

N − (r − 1)

N

λr

r!(µq1)r

}}
P0

(ii) The Expected Number of Customers Served (E(C.S.))

E(C.S.) =
c∑

n=1

nµq1
{ n∏

k=1

N − (k − 1)

N

λn

n!(µq1)n

}
P0

+
N∑

n=c+1

cµq1
{ n∏

k=c

N − (k − 1)

N

λ

cµq1 + (k − c)ξp2

{ c−1∏
r=1

N − (r − 1)

N

λr

r!(µq1)r

}}
P0

(iii) Rate of Abandonment (Raband)

Raband = λ−
c∑

n=1

nµq1
{ n∏

k=1

N − (k − 1)

N

λn

n!(µq1)n

}
P0

−
N∑

n=c+1

cµq1
{ n∏

k=c

N − (k − 1)

N

λ

cµq1 + (k − c)ξp2

{ c−1∏
r=1

N − (r − 1)

N

λr

r!(µq1)r

}}
P0

(iii) Average Reneging Rate (Rr)

Rr =
N∑
n=c

(n−c)ξp2
{ n∏

k=c

N − (k − 1)

N

λ

cµq1 + (k − c)ξp2

{ c−1∏
r=1

N − (r − 1)

N

λr

r!(µq1)r

}}
P0

(iv) Average Balking Rate (Rb)

Rb =
c−1∑
n=1

nλ

N

{ n∏
k=1

N − (k − 1)

N

λn

n!(µq1)n

}
P0

+
N∑
n=c

nλ

N

{ n∏
k=c

N − (k − 1)

N

λ

cµq1 + (k − c)ξp2

{ c−1∏
r=1

N − (r − 1)

N

λr

r!(µq1)r

}}
P0

(v) Average Retention Rate (RR)

RR =
N∑

n=1

(n−c)ξq2
{ n∏

k=c

N − (k − 1)

N

λ

cµq1 + (k − c)ξp2

{ c−1∏
r=1

N − (r − 1)

N

λr

r!(µq1)r

}}
P0

where P0 is computed in (5.11).
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Special Cases

1 In the absence of feedback i.e. for q1 = 1, the queueing model reduces
to an M/M/c/N queueing model with balking, reneging and retention of
reneged customers as studied Kumar and Sharma [14].

2 In the absence of retention of reneged customer i.e. for q2 = 0, our
model reduces to an M/M/c/N queuing model with feedback, balking
and reneging.

7 Conlusions

In this paper, we study a finite capacity multi-server Markovian feedback
queuing model with balking, reneging and retention of reneged customers.
The steady-state solution of the model is obtained and some quality of service
measures are also derived. The model results may be useful in modeling various
production and service processes involving feedback and impatient customers.

The model analysis is limited to finite capacity. The infinite capacity
case of the model can also be studied. Further, the model can be solved in
transient state to get time-dependent results.

References

[1] Ancker Jr., C. J. and Gafarian, A. V.,(1963), Some Queuing Problems
with Balking and Reneging. I,Operations Research,Vol. 11,No. 1, pp. 88-
100 .

[2] Ancker Jr., C. J. and Gafarian, A. V.,(1963), Some Queuing Problems
with Balking and Reneging. II,Operations Research,Vol. 11,No. 6, pp.
928-937.

[3] Abou-El-Ata, M.O., Hariri, A.M.A.,(1992), The M/M/c/N Queue with
Balking and Reneging,Comput Oper. Res.Vol. 19, pp. 713-716.

[4] Al-Seedy, R.O., EI-Sherbiny, A.A., EI-Shehawy, S.A. and Ammar, S.I.,
(2009), Transient Solution of the M/M/c Queue with Balking and Reneg-
ing, Computers & Mathematics with Applications,57, pp. 1280-1285.

[5] Chauhan, M.S. and Sharma, G.C.,(1996), Profit Analysis of Queueing
Model with Reneging and Balking, Monte Carlo Methods and applica-
tion,Vol. 2, pp. 139-144.

404



A Multi-Server Markovian Feedback Queue with Balking
Reneging and Retention of Reneged Customers

[6] Choudhury, A. and Medhi, P. (2011), Balking and reneging in multiserver
Markovian queuing system, International Journal of Mathematics in Op-
erational ResearchVol. 3, pp. 377-394.

[7] D’Avignon, G.R. and Disney, R.L.,(1976) Single Server Queue with State
Dependent Feedback,INFOR, Vol. 14, pp. 71-85.

[8] Gross, D. and Harris, C. M. (1985) Fundamentals of Queuing theory,
Second Edition,Wiley, Hoboken, NJ.

[9] Haight, F. A.,(1957) Queuing with balking, I, Biometrika, Vol. 44,pp.
360-369 .

[10] Haight, F. A.,(1959), Queueing with Reneging, Metrika. Vol.2, pp. 186-
197 .

[11] Ibrahim, R. and Whitt, W. (2011) Wait-Time Predictors for Customer
Service Systems with Time-Varying Demand and Capacity,Operations Re-
search, Vol. 59, pp. 1106-1118.

[12] Kapodistria, S. (2011) The M/M/1 Queue with Synchronized Abandon-
ments, Queuing Systems, Vol. 68, pp. 79-109.

[13] Kumar, R. (2012) A Catastrophic-cum-Restorative Queuing Problem with
Correlated Input and Impatient Customers, International Journal of Agile
Systems and Management, Vol. 5, pp. 122-131.

[14] Kumar, R. and Sharma (2013) A Markovian Multi-server Queuing Model
with Retention of Reneged Customers and Balking, International Journal
of Operational Research,In Press .

[15] Kumar, R. (2013) Economic Analysis of M/M/c/N Queue with Balk-
ing, Reneging and Retention of Reneged Customers, Opsearch, DOI
10.1007/s12597-012-0114-I.

[16] Montazer-Hagighi, A., Medhi, J. and Mohanty, S. G. (1986) On a Multi-
server Markovian Queuing System with Balking and Reneging, Computers
and Operations Research, Vol. 13, pp. 421-425.

[17] Mandelblaum, A. and Momcilovic, P. (2012) Queues with Many Servers
and Impatient Customers, Mathematics of Operations Research, Vol. 37,
pp. 141-65.

405



Rakesh Kumar and Sumeet Kumar Sharma

[18] Santhakumaran, A. and Thangaraj, V., (2000) A Single Server Queue
with Impatient and Feedback Customers,Information and Management
Science,Vol. 11, No. 3, pp. 71-79.

[19] Takacs, L.,(1963), A Single Server Queue with Feedback,The Bell System
Tech. Journal, vol. 42, pp. 134-149.

[20] Wang, K., Li, N. and Jiang, Z. (2010) Queuing System with Impatient
Customers: A Review, 2010 IEEE International Conference on Service
Operations and Logistics and Informatics, 15-17 July, 2010, Shandong,
pp. 82-87.

[21] Ward, A.R. and Kumar, S. (2008) Asymptotically Optimal Admission
Control of a Queue with Impatient Customers, Mathematics of Operations
Research, Vol. 33, pp. 167-202.

[22] Xiong, W. and Altiok, T. (2009) An Approximation for Multi-Server
Queues with Deterministic Reneging Times, Annals of Operations Re-
search Vol. 172, pp. 143-151.

[23] Zohar, E., Mandelbaum, A. and Shimkin, N. (2002) Adaptive Behaviour
of Impatient Customers in Tele-Queues: Theory and Empirical Support,
Management Science, Vol. 48, pp. 566-583.

406


