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Abstract. To solve a special class of variational inequalities with separable structure, this
paper proposes a descent alternating direction method based on a new residual function.
The most prominent characteristic of the method is that it is easily performed, in which,
only some orthogonal projections and function evaluations are involved at each iteration, so
its computational load is very tiny. Under mild conditions, the global convergence of the
proposed descent method is proved.
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1 Introduction

This paper considers the following variational inequality(VI) problem with separate structure: Find

u* € , such that

(u—u*) " T(u*) >0, uen (1)
where
T f(z)
u=1|y [\ Tw=1] g |,
z h(z)

Q={(z,y,2)lr e X,y e Y,z € Z, Ax + By + Cz = b},

X CR™ Y CR™ and Z C R™ are given nonempty closed convex sets; f: X — R™ g:) — R™
and h : Z — R™ are given continuous monotone operators; A € R™*™ B € R™*"2 and C € R™M*"s
are given full-rank matrices; b € R™ is a given vector. This problem arises frequently from many

application fields, e.g., network economics, traffic assignment, game theoretic problems, etc.; see [1-3]
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and the references therein. Throughout, we assume that m > max{ni,na,n3}; and that the solution of
(1) (denoted by £*) is nonempty.

By attaching a Lagrange multiplier vector A € R™ to the linear constraints Az + By + Cz = b, (1)
can be equivalently transformed into the following compact form, denoted by VIOW, @): Find w* € W,

such that
(w—w*)"Q(w*) >0, YweWw (2)

where

x flx) — AT

- BT
w=|"7 ,Qw) = 9(v) W=Xx)YxZxR™
z h(z) —CTA
A Az + By+Cz—b

We denote by W* the solution of VIIW, Q). Obviously, for any (x*,y*, 2z*) € Q*, there exists \* €
R™ such that w* := (z*,y*, 2*,\*) is a solution of VI(W, Q). Therefore, W* is nonempty under the
assumption that * is nonempty. In addition, due to the monotonicity of f, g, h, the underlying function
Q of VIIW, Q) is also monotone, thus W* is convex([5]).

The alternating direction method (ADM) proposed by Gabay and Mercier[6] and Gabay[7] is an
efficient method for solving structured VI(W, @), which decomposes the original problems into a series

subproblems with lower scale. In particular, for a given w® = (¥ y*, 2% \F) € W, the new iterate

whtl .= aF = (3, g~ 2F, 5\’“) is generated by the following procedure:
(' — ") T{f(@%) — AT[N\* — B(AZ* + By* + C2F —b)]} >0, Vo' € &, (3)
(v = ") {9(5") = BT\* = B(AZ* + BgF + C2F —b)]} >0, ¥y €, (4)
(2 = 2 T{h(EF) — CTNF — B(AzF + BjF + C2F — b))} >0, V' € 2, (5)
ML=\ B(AZF + BgF + 0zF —b), (6)

where 8 > 0 is a given penalty parameter for the linear constraints Az + By + Cz = b. Obviously,
the procedure adopts the new information whenever possible and it only requires the function values
f(x),9(y) and h(z). For the VIOV, @) with two separable operators, by applying the classical proximal
point algorithm (PPA) [8,9] to regularize the above auxiliary VIs, He et al.[11] proposed a proximal-based
ADM(PADM), which only to solve strongly monotone VIs with lower dimensions instead of the monotone
VIs (3)-(5). Then, Yuan[14] developed an improved PADM(IPADM) by performing an additional descent
step at each iteration, which inherits all the advantages of ADM, PPA, and descent-type methods.
However, the subproblems in ADM, PADM or IPADM are still variational inequality problems, which

is usually difficult to solve, except that they possess closed-form solution or can be solved efficiently. To
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overcome this difficulty, He and Zhou[12] firstly proposed a modified ADM(MADM) for a special linear
VI, which only needs a projection onto the simple and calculate some matrix-vector products. Then, the
method was extended for nonlinear monotone VI[10], the nonlinear co-coercive VI[15], and the monotone
general structured VI[4]. Motivated by the ideas in [4,12], in this paper, we propose a descent ADM
for monotone VI with three separable operators. It inherits the most advantages of the MADM. More
specifically, at each iteration, the method only need to perform some orthogonal projection to simple sets
and some function evaluations instead of solving sub-variational inequalities, such as (3)-(5).

The rest of the paper is organized as follows. We first give some basic concepts which are useful in
the following analysis in Section 2. Then, in Section 3, we describe the descent ADM method(DADM)
for structured variational inequalities, and the global convergence of the new method is proved. Some

concluding remarks are address in Sections 4.

2 Preliminaries

In this section, we summarize some basic properties and related definitions that will be used in the
following analysis. First, we denote ||v|| = VvTv as the Euclidean norm of vector v. For a given
nonempty closed convex set ¥V C R"™, the projection under Euclidean norm, denoted by Py (-), is defined

as
Py(v) := argmin{||v — u|||u € V}.

The following well-known results about the projection operator Py (-) will be used in this paper.

Lemma 2.1 Let V be a closed convex set in R"™, then the following statements hold.
(v —Py(v)) " (u— Py(v)) <0,Yv € R",u € V; (7)

| Py(v) —ull < |lv—ul],YveR"ueV. (8)

Proof. See [13].
It is well known that VIO, @) is equivalent to the projection equation

@ — Py[z — B(f(z) — ATN)]

y— Pyly — B(g(y) — BTN)]
e(w,B) :=w — Pylw — w)| = =0,
(w, 8) wlo—pau) = |

B(Ax + By +Cz —b)

where 8 > 0 is an arbitrary but fixed constant.

Lemma 2.2 VI(W, Q) is equivalent to the equation

r(w7 ﬁ) = O)
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where
r1(w, B) x — Pxlz — B(f(z) = AT(A = (Az + By + Cz = b)))]
v, e | 20| y—Pyly = Blg(y) — B' (A — (Az + By + Cz — 1)))] ()
rs(w, B) 2= Pzlz — B(h(2) = CT(A = (Az + By + Cz = b)))]
rq(w, B) B(Ax + By + Cz —b)

Proof. We only need to prove that the solutions of e(w,8) = 0 and r(w, 8) = 0 coincide. First, if
w* = (z*,y*, 2%, \*) is solution of e(w, ) = 0, then we have (Axz* + By* + Cz* —b) = 0. Since 8 > 0,
it follows that Az* + By* + Cz* — b = 0. Thus r(w*,8) = e(w*, ) = 0, which indicates that w* is a
solution of r(w, 8) = 0. On the other hand, if w* = (x*, y*, 2*, \*) is solution of r(w, 8) = 0, similarly we
can deduce e(w*, 8) = r(w*, 8) = 0, thus w* is solution of e(w, ) = 0. This completes the proof.

To make the following analysis more succinct, we denote n = ny + ny +nz, and A = A — (Az + By +
Cz —b).

Remark 2.1 The definition of r(w, 8) is motivated by the e(u, ) in [4], however, there is a little
difference between them. If we define r(w, 3) as e(u, 3) completely, then A = A — B(Ax + By + Cz — b),
however we cannot deduce the following monotonicity of ||r(w, 8)|| and ||r(w, 3)||/8 in this case.

Remark 2.2 The purpose of incorporating Az + By + Cz — b in r1 (w, §), r2(w, 8) and r3(w, B) is to
generate a descent direction of ||w — w*||?/2 whenever w € W is not a solution of VI(W, Q)(see Lemma
3.1).

Lemma 2.3 For any w € R**™ and B > 8 > 0, we have

(e, B)|| < [|r(w, B)]I, (10)
and ~
Ir(w A _ w8 )
B g
Proof. Let t := H;Eigg”, we only need to prove that 1 <t < g Note that it is equivalent to

(t—1) (t - g) <0. (12)

From (7), we have
{z = B(f(z) = ATX) = Px[z = B(f(z) - ATV}
{Pxlzr = B(f(x) = ATA) = Px[z = B(f(x) = ATA)]} > 0,
it follows from (9) that

(r1(w, B) = B(f(z) = ATN) T (r1(w, B) — r1(w, B)) = 0.
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Thus,

ri(w, B) 1 (r1(w, B) = ri(w, B)) = B(f(x) = ATN) T (r1(w, B) — r1(w, B)).

Similarly, we have

ri(w, B) " (r1(w, B) = ri(w, B)) > B(f(x) = ATN) T (r1(w, B) = ri(w, §)).

Multiplying (13) and (14) by B and B, respectively, and then adding them, we get

(Brl(waﬂ) - ﬂrl(w,ﬁ))T(Tl(w,ﬂ) - rl(waﬂ)) Z 0.

For ro(w, B), r3(w, B), we also have

(BT2<w’ﬁ) - 6T2(w’6))T(T2(w75) - Tg(w,,@)) > 0.

(Brs(w, B) = Bra(w, B)) " (rs(w, B) — ra(w, B)) > 0.
For r4(w, 8), from (9), we get
(Bm(w,ﬁ) - 57“4(10,3))T(T4(w75~) —ra(w, B8))

= (BB(Az+ By +Cz —b) — BB(Azx + By + Cz — b)) (ra(w, B) — ra(w, B))
= 0.

Thus, from (15)-(18), we obtain

(67“(11}, 6) - /B’I"(U), B))T(T(wa 6) - T(U}, 6)) Z 0.
Thus,
Bllr(w, B)II* + Blir(w, B

B+ B)r(u, B) r(w, B)
B+ B)llr(u, B)|| - I (w, B)II

IN

(
<
Dividing the above inequality by [|r(w, 3)||?, we get

B+ Bt2 < (B+ Pt

Then the inequality (12) holds and the lemma is proved. This completes the proof.

3 Algorithm and convergence

(15)

(18)

For convenience, set 7; = ri(w, 8),i = 1,2,3,4, F = f(z) — ATX\, G=g(y) — B\, H=h(z) —CT\
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Lemma 3.1 Let w* = (z*,y*, 2%, \*) € W* be an arbitrary solution of VI(W, @Q), then for any w € W

and 8 > 0, we have

(w - w*)—rd(wvﬂ) > QO(w’ﬁ)v

where
1+ Bf(x—r1) - Bf(x)
J | retBely—r2) = Byly)
(w, B) :==
rs + Bh(z —r3) — Bh(z)
T4 — ﬂATl — ﬂBTg — 607’3
and

p(w, B) = lril® + 2l + llrsl1? + Irall?/B8 + Br (f (@ — 1) — f(2))

+ B3 (9(y —r2) — 9(y)) + Brg (h(z — r3) — h(2)) — r{ (Ar1 + Bry + Crs).

Proof. Since z* € X, it follows from (3) that,
{z = BF — Px[z — BF]} {Px[z — BF] - a*} > 0,

ie.,

ri (@ —a*) 2 r? + B(f(2) = ATA) T (z — 2" — ).

As w* is a solution of VI(W, Q), we get
(Px[z — BF] — ") T (f(z") = ATA") > 0,

ie.,

Bl —ax* =) fa*) > Bz —a* —r) AT

From the monotonicity of f, we have
B(f(x—r1) = fa™) " (w —r —2%) 20,

ie.,
Bf(x—r1) (@ —a*) = pr{ f(z —r) + Bz — " — 1) f(z").
Adding (22)-(24), we get
(@ —a*) " (r1 + Bf(x —11))
lralf? + Bla —a* = 1) T (f(z) = ATX) + Br] fz —r1) + Bz — 2 —ry) TATA"
lral|* + B —2*) T f(x) + Br{ (f(z — ) = f(2) + Bl —2* —r) TAT(A" = })
(

v

26

lralf* + Bz —2*) T f(@) + Br{ (f(z — 1) = f(2)) + Bz — 2" —r1)) TAT(N = A+ 14/ B).

(19)

(21)

(22)
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Consequently, we obtain

(z —2*)T(r1+ Bf(z — 1) = Bf (@)

25
> |lrl? 4 Bri (f(x —r1) = f(2) + B(Az — Az* — Ary) T (A = X+ 74/B). =)
In a similar way, we have
(y—y") " (r2+ Bg(y —r2) — By(y)) (26)
> |lrall> + Bra (gly — r2) — g(y)) + B(By — By* — Bra) T(\* = A+ 714/8).
(z —2%) T (rs + Bh(z — r3) — Bh(2)) (27)

> |rsl? + Brs (h(z — r3) — h(2)) + B(Cz = C2* = Crs) T (X\* = A +14/B).
Adding (25)-(27) and using Az* + By* + Cz* = b, we get

(@ —a*) (1 + Bf(x —r1) = Bf(@)) + (y = y*) T (r2 + Bg(y — r2) — By(y))
+(z = 2") T (rs + Bh(z — r3) — Bh(2))
i)l 4 rall® + [lrall? + Br{ (f(@ = 1) = f(2)) + Bra (9(y —72) = 9(y))
+8r3 (h(z — 13) — h(2)) — (r4 — BAr1 — BBry — BCr3) (A = X* —14/8)
i
)

Y

= lrall® + lr2ll® + llrall? + rall®/8 + Br{ (f (@ = 1) = f()) + Bra (9(y = 72) — 9(y))
+8r4 (h(z —13) — h(2)) — (r4 — BAry — BBry — BCrs) T (A — A¥)
—r, (Ary + Bry + Cr3).
The assertion of this lemma follows from the above inequality and the definitions of d(w, 8) and ¢(w, 5).
This completes the proof.
Lemma 3.2 For any k& > 0, we have
71l + [lr2l® + [lrs]|* + Irall?/8 = r{ (Ary + Bra + Cr3)
> (1= BIAID I + @ = BIBIP)Ir2ll® + (1 = BICID sl + 35 llrall®.
Proof. It follows from Cauchy-Schwartz inequality that

2
r
]| + M — rIArl

38
Ira®
I )1 + T35~ I1Arllliral

21 [I74]|”
> o rall — = (280 Ar 112 4
>l + 33 5 Bl A" + 23
> (1-—pB|Al? 2 2
> (1= BIAPInI? + 35l
Similarly, we get
[ 1
2]l + —r4 Bra > (1= B|B|*)|ra|* + HMH2

3p
27



A descent ADM for monotone variational inequalities

(e 1
35 ri Crs > (1= BlICI»)|rs|* + @\IT4II2~

Adding the above three inequalities, we obtain (28). The proof is completed.

s |* +

Lemma 3.3 Suppose that f,g and h is continuous. If w € W is not a solution of VI(W, @), then for
any d € (0,1), there exist v > 0, such that for all 8 € (0, ],

BULf (& =r1) = F@)[[ + [lg(y — r2) =9Il + [|h(z = r3) = h(2)[]) < lr(w, B)]]. (29)

Proof. Suppose that (29) doesn’t hold, i.e., for any 8 > 0, we have

BUIf(x=r1) = f@) + llg(y —r2) — gl + [|~(z = r3) = h(2)[)) > d]Ir(w, B)]].

Let 8 — 0% and taking the limit in the above inequality, we obtain

o llr(w, Bl
0> lim 6————=>9¢ 1
> tim 31 > g, 1)
where the second inequality follows from (11). Thus, ||r(w,1)|| = 0, which contradicts that w is not a

solution of VI(W, Q). The proof is completed.
Let 0<d <1,0<f < By =min{(1-0)/[[Al]*,(1 —8)/[IBII*, (1 - 9)/IIC||*,1/(40)}, and

7 =min{l - Byl|A|* = 6,1 = Bu|| BII* - 6,1 = BullCII* — 6,1/(48y) — 8},
obviously, from the range of the parameter 5, we get 7 > 0. Then from Lemmas 3.1-3.3, we have
(’LU - w*)Td(w76) 2 W(w’ﬁ) 2 T|‘7‘(w,ﬁ)||2, (30)

which indicates that —d(w, 3) is a descent direction of the function ||w — w*||?/2. This motivates us to
design the following algorithm.

Algorithm 3.1

Step 0: Given ¢ > 0. Choose w® € W and v € (0,2), 3 > 0, 6 € (0,1), 6 € (0,1), u € (0,1),
0 < 8L < Bu, and By € (Br, Bu), where Sy satisfies the above condition. Set k := 0;

Step 1: If ||r(w”, B1)|| < €, then stop; otherwise, find the smallest nonnegative integer m;,, such that

Br = Bu™* satisfying

Br(llf(@* = ri(w”, Br)) = f@®)l + gy — r2(w", Br)) — g (")

(31)
+ R =3 (wh, Br)) — h(ZF)[I) < 8llr(w”, Bu)ll-
Step 2: Calculate d(w”, B) and ¢(w¥, B;) from (20) and (21), respectively, and the step size

(W, Br)

T dwk, Bo)l?
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Step 3: Determine the new iterate:
Wttt = Py w — yagd(w”, By)]. (32)
Step 4: If
B @ =ri(w”, )= f (@) [+l g(y* —ra(w”, ) =g (") [+lIR (" =ra(w, ) =h(z)]]) < dollr(w”, Bi)],

then set 8 = B /u, else set = Bx. Set k:= k+ 1, and go to Step 1.
It follows from (20) and (29) that

d(w", ) < (1+ 38+ Bu (Al + B + ICIN I (w”, B,

consequently, using (30) and the definition of ay, we get

T

oy > = . 33
"= 145+ Bu(A+ Bl + ) (33)

This shows that «y is lower bounded away from zero.

Theorem 3.1 Suppose that the operator f,g,h are continuous and monotone, the solution set W*
of VI(W, Q) is nonempty. Then the sequence of {w*} = {(z*,y*, 2 A\¥)} generated by the algorithm is
bounded and

okt — w2 < ok — w* |2 = A(2 = y)orlr(wh, B2 (34)

Proof. Let w* be a solution of VIOV, Q). Then from (31), we have

||wk+1 o w*”
< ot = w = yagd(w®, By
= b —w? = 2yon (w® — w*) Td(w", Br) + 12ai | d(w®, Br)[|*
< w® = w*? = 2yarp(w”, B) + Y arp(w®, Bi)
< flw® = w* P =y (2 = )orllr(w, 8|17,

where the first inequality follows from (8), the second inequality follows from Lemma 3 and the third

inequality follows from (30) and (32). Since v € (0, 2), we have
[t —w|| < —w] <<l =t

Thus, the assertion of this theorem is right. This completes the proof.
From Theorem 3.1, the sequence {w*} generated by the proposed method is Fejér monotone with
respect to W*. Now, we have already proved the convergence of the new method.

Theorem 3.2 Suppose that the assumptions in Theorem 3.1 hold. Then
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(1) Jim ()3 = 0.
(2) The whole sequence {w*} converges to a solution of VI(W, Q).
Proof. It follows from (33) that

Zn kBl < oo,

and thus
lim ||r(w", B)|| = 0. (35)
k— oo

(1) Suppose that there is an infinite index set Kj, such that
lr(w®, B)ll/ B > &> 0. Vk € Ko. (36)

From (35),(36), we have,

lim 5]@ = 0.
k—o0,ke Ky

Let \F = A — (AzF + By* 4+ C2% —b), F* = f(2*) = ATNF, GF = g(yF) — BTA\*, and H* = h(zF) —C TN,
Since {w*} is bounded, {F*},{G*} and {H*} are also bounded. Therefore, from the nonexpansivity of

the projection operator, we have
2% — Prla® — BuF* /)| < Bell F*|| /1 — 0,

ly* — Pyly* — B1.G* /]| < Bl G*||/1 — .
12 = Py[z" — BH"/ulll < Bel H* || /1 — 0.

By the choice of 8 we know that (31) is not satisfied for my — 1. That is,

1£ ") = f(Pxla® = BF" /)l + g(y*) — 9(Pyly® — BrG™ /)|
+h@)fM%z—&Wmm>ﬁ<ﬂ%%W_

Let k € Ky and set k — +00, and we get

0« |f(@") = f(Px[z" = Bl [u))ll + llg(") — g(Pyly* — BuG"/u)) |

+|h(2*) — H(Pz[* — B H" /1)
slr(w B/l
Br/

[l (w*, Be)|
Miﬁk ;

where the last inequality follows from (10). The above inequality contradicts to (36). Thus, the assertion
of (1) holds.

>
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(2) We divide our proof into two cases. (I) Suppose that klim sup By > 0, then there is ¢y > 0 and an
— o0
infinite set K71, such that B > €, if k € Ky. From (10), we have ||r(w*, Bi)|| > ||r(w”,€)||, if k € K.
Combining (35), we get

Hr(wk,eo)H — 0.

Since {w*} is bounded, it has a cluster point w such that||r(w, €)|| = 0, which implies that w is a solution
of VIIW, Q).
(IT) Suppose that klim Br = 0, then for sufficiently large &, from (11), we have
hade el

[l (w*, Br) |
B

From (1) of this theorem and the above inequality, we get

> [|r(w®, 1]

Ir(w®, 1)[| = 0.

Similarly, since {w*} is bounded, it has a cluster point @ such that||r(w, 1)|| = 0, which implies that @
is a solution of VIV, Q).
From Theorem 1, we have

[ — @] < w* — .

Therefore the whole sequence {w*} converges to w, a solution of VI(W, Q). This completes the proof.

4 Conclusions

In this paper, we have proposed a descent alternating direction method for solving structured variational
inequalities with three separable operators, which only need to perform some orthogonal projections
and calculate functional values in the solution process. Under mild conditions, we proved the global

convergence of the proposed method.
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