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Abstract. Conjugate gradient method is a method for solving unconstrained optimization
problems, especially for large-scale problems. In this paper, a new parameter is given and we
propose a new family of conjugate gradient methods. In particular, some famous conjugate
gradient methods are special cases. The global convergence is proved with an inexact line
search.
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1 Introduction
Consider the unconstrained optimization problem
min f(z), x € R", (1.1)

where f(z) is continuously differentiable function, and g(x) is the gradient function of f(z),
ie., g(x) = Vf(z). The iterative method has the form as follows:

Tp+1 =Tk +apd, k=0,1,2,---  n. (1.2)

where x is the current iterate point, oy the step size, dj the search direction. The conjugate

gradient direction has the following formula

— Y0, k = Oa
dp=4 P (1.3)
—gk + Brdi—1, k> 1,

where g = g(x). the S has the well-know types of FR,DY,PRP,LS as follows:

FR _ lgn? DY _ 9i 9 PRP _ 9k Yr—1 LS _ Gk Yr—1 (1.4)
lgr—1l>’ A _yp’ lgr—1?’ A ye—1’
where || - || is the Euclidean norm, yx—1 = gk — gr—1, Sk—1 = T — Th—1-

In the line search method, in order to guarantee dj to be a descent direction, dj is required
to satisfy
gidy, < 0. (1.5)
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Sometimes dy, is required to satisfy gf di, < —cl|gx||*> which guarantees the global convergence.
Some literatures and related papers made a lot of work about the construction of 5 and
the convergence of the corresponding algorithm. In [1], Zhang proposed a three-term PRP

conjugate gradient method, where dj was given by

91{+1dk'
llgr|?

dis1 = —grr1 + BEEP dy — Oy, O = (1.6)

A good property of the three-term PRP conjugate gradient method is that the direction

generated by the method satisfies g{'d, = —||gx||?. Dai [4] gave the new parameter
XPRP _ g{yk_l

g P+ TS ydiy

then proposed the corresponding three-term PRP conjugate gradient method and proved its

global convergence with the standard Armijo line search
flag + apdr) < f(xr) + 5akggdk.

In [2], the author gave an Armijo-type line search. Shi [5] proposed a new Armijo-type line
search and proved the convergence of LS method. Shi [6] proved the convergence of PRP and
other conjugate gradient methods by using the Armijo-type line search [2]. Motivated by Dai

[4], we present a new [ as follows:

ngyk 1
_ = , 1.7
e = o P — gl 4

where u € [0, 1]. For u = 0, By, is the fL T, and for u = 1, B is the BES.

2 New Armijo-type line search

We firstly make the following assumption.
Assumption A:
(a) The level set

Q={z e R"|f(x) < fzo)} (2.1)

is bound.
(b) The function f is continuously differentiable with Lipschitz continuous gradient on an

open ball D containing €2, i.e., there is a constant L > 0 such that

lg(x) — gl < Lijz — yl|. (2.2)

L > 0is a Lipschitz constant and we do not know it at priori. So, it needs to be estimated.

In [7, 8], some methods of estimating L were proposed as follows:

L — ||yk71|| , (2.3)
[sk—1l
7 — gl (2.4)
‘5%1—13416—1|7
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I — ‘Sf—lykfﬂ
l[sk—1]I?

By the Armijo-type line search, we should choose Lipschitz constants as small as possible in

(2.5)

practical computation. In the kth iteration we take the estimated Lipschitz constants as:

Ly = maz{Lo, We=tlly (2.6)
-1
_ o el
Ly = max{Lo, min{— , M3}, (2.7)
|$k—1Yr—1]
|sh_1Yk—1]

Ly = max{Ly, EE 1 (2.8)

where Ly and M], being a large positive number. Motivated by [5], we present a different new
Armijo-type line search.

Moreover, we present the new Armijo-type line search. Givend € (0,1), p € (0,1), c € (3,1),

—Uu 2_'U/ A . .
and u € [0, 1], set ng = (IL;C) 4 )”ﬁZ!HQ 9k and ay, is the largest in {ne, mep, Mep®, -},
which satisfies
flag + apdr) < f(zk) + 5akggdk. (2.9)
where Ly, is estimated by (2.6),(2.7),(2.8) respectively.

Algorithm:

Step0:  Given an initial point zg € R™, dy = —go, k := 0.

Stepl:  1If ||gk|| = 0, then stop, else go to Step 2.

Step2:  Set xp41 = zk + ardi. Compute the direction dy by (1.3), where

_ g{yk_l
ﬁk: - 2 T .
(I = w)llgre-1l* — ugp_1de—
ay, is defined by the above new Armijo-type line search.

Step3:  Set k:=k + 1, go to Step 1.

Lemma 2.1. Let Assumption A hold, and the algorithm with the new Armijo-type line

search generates an infinite sequence {xy}. Then, there exist mg > 0 and My > 0 such that

Proof. By (2.6), (2.7) or (2.8), we can easy to obtain Ly > L. We take mq = Lo . For
(2.3) and (2.6), we have

lyx—1]]
llsk—1ll

Ly, = max{Ly, } <max{Ly, L}.

For (2.4) and (2.7), we have

llyk—1I?
|3£71?Jk—1|

L = maz{Lo, min{ , M} < max{Lo, M}

For (2.5) and (2.8), we have

|5£71yk—1|
L = max{Lo, W} S {LO,L}

So we can take My = maz{Lo, L, M{}. The proof is finished. I

225



Chunyan Hu, Benxin Zhang, Weijuan Shi

Lemma 2.2. Let AssumptionA hold, under the new line search, for all k > 1, it holds that

_ 00 (1= wlgl? ~ ugfds

g < 2.11
L, 44T 241
Then the following inequality
Jip1dii1 < —c|lgpsal? (2.12)
holds.
Proof. By the inequality (2.11) and the Cauchy — Schwarz inequality, we have
(1=l —wllgell” —ugidi] > arL|del®
v L[| gre1 ||| i
— iz lgr+1lllidxll
lgk-+1]]
lgk+1llllgr+1 — gl
Z 2 |g]{+1dk7|
1gk+1ll
Ger1(gri1 —g) (1= w)llge]* — ugid 1
= 2 T 2 19k
(L —w)llgrll* — ugj d llgk-+1ll
1—u)l||gx 2 —wyld,
> gy LWl 5 a1 -
g1
Therefore
(1 =) lgrs1l?* > Brs19t 1 d
And thus
—cllgr+1ll* > —llgrs1l® + Brr19ts1dk = giy 1 ditr.
The proof is finished. |

Lemma 2.3. Let AssumptionA hold, if the stepsize ay is generated by the new Armijo
line search, there exists a constant c; > 0 such that the following inequality holds for all k

sufficiently large,

ap > e ”g’“”z. (2.13)
[l dl
Proof. We have from (2.9) and Assumption A that
Z —dakgf di < +o0. (2.14)
i=1
This together with (2.12) yields
ank||gk||2 < - Zéakg,{dk < +o0. (2.15)
i=1 i=1
We prove (2.13) by considering the following two cases.
Case (i). o = (1L_:) . “‘“”‘ﬁg!ﬁ;“ggdh we can obtain
_ _ 2 _yal _ _ 2
b 120 G-l —ugfde  (1=0) (1= wlgl? 016

Ly (| [|? T Ly [l ||?
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In this case the inequality (2.13) is satisfied with ¢; = (I_C)LM

Case (ii). ap < (1L_kC) . “‘“”‘ﬁ;!ﬁ;"g?dk . By the line search condition, & = p~'ay, does not
satisfy (2.9), this means
f(xk) — f(xk + Oldk) < féakggdk. (217)
Using the mean value theorem on the left-hand side of the above inequality, there exists some
tr € (0,1) such that
—ag(zy, + tpady) " dy, < —dargy di,
ie.

g(:Ck -+ tkadk)Tdk > 50ékggdk.

By AssumptionA(b), the Cauchy — Schwarz inequality, the above inequality, and Lemma 2.1,

we have
Laldil> > llg(azk + teade)” — gill|ld|

> (g(ar + teadi)” = gi)"di > —(1 = 8)gj dy,

> (1 —0)|lgll®.
We have )

o cp(1 —0) ||gk|l
- L |ldel?

Letting ¢; = 77”L2'71{(1_C)L(1_“)7 Cp(lL_é)} , we can get ap, > ¢ ng”i . The proof is finished. I

From inequalities (2.13) and (2.15), we can easily obtain the following Zoutendijk condition.

Lemma 2.4. Suppose Assumption A holds. xj is generated by the Algorithm and oy is

generated by the new Armijo line search, then we have

4
3 lgel” 4 o (2.18)

3 Global Convergence

Theorem 3.1. Let Assumption A hold, the algorithm generates an infinite sequence {xy}.
Then we have

lim inf [|gy|| = 0. (3.1)
k—o0

Proof. For the sake of contradiction, we suppose that the conclusion is not true. Then

there exists a constant € > 0 such that
lgell > €, Vk>0. (3.2)
Since g # 0 and with (2.12), it follows that dj, # 0.

LU= (- w)llge||® — ugl dy (=09 (—w)llgel” — ugy dy
T Ly [l [|? - omo [l ||?

Qg
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By the Bx formula and the Cauchy — Schwarz inequality, we have

ldrsall = [ = grr1 + Bry1dill
lgk11(gr11 — gr)l
l|d||

< grgall +
(1 —u)llgrll?> — ugi di
o L|d ||?

< | gra |l + )

(1 —u)|lgrll® — ugl dy

L(l—c¢
< lgenlla+ HE=.

m

Letv/A = (1+ 2U=9) then ||dy[[? < Allgx%. So
o llgell* < €
> — = Q.
Z TAE —Z 4>
k=0 k=0

Which contradicts with (2.18). Hence, klim inf ||gx|| = 0.
— 00

4 Numerical experiments

In this section, we carry out some numerical experiments. Our algorithm has been tested

on some problems as follows, where x is the initial point, and xj is the final point.

Example 1 f(z) =4x (z1 —5)? + (v2 — 6)2, 7o = (8,9), zx = (5.0000, 6.0000).

Example 2 f(z) = (2 — 2%)? + 100 * (1 — 21)?, o = (—1.2,1), 2, = (1.0000, 1.0000).

Example 3 f(z) = (z1 — 22+ 23)% + (=21 + 20 + 23)% + (z1 + 22 — 23)2, 20 = (1,2, 3),
zr = (0,0,0).

Example 4 f(z) = (27 4+ 22 — 11)? + (21 + 23 — 7)%, 29 = (1, 1), 21 = (3.0000, 2.0000).

Example 5 f(z) = (z1 —2)? + (22 — 1)* 4+ 0.04/(—2% /4 — 23 + 1) + (21 — 222 + 1)2/0.2,
2o = (2,2), z), = (1.7954,1.3779).

Example 6 f(z) = Xn:(16 —i)(z(i) — 1)* + 10 * zn:(lﬁ — i) ((x(i) — 1)?)2, 29 = (0,--- ,0),
xp=(1,---,1).

i=1 i=1
n—1
Example 7 f(l‘) = Z ng + (xi‘f‘l +.’L‘12)2, Lo = (17 T 51)7 T = (07 o ,0)
=1

Example 8 f(z)= Y iz? + () 22)%, 2o = (1, ,1), 2 = (0,--- ,0).
i=1 i=1

Example 9 f(z) = > (e —x;), 2o = (1,---,1), 2 = (0,--- ,0).

We set the parameter;_é =0.25,p = 0.5,¢ = 0.75 and L = 1 in the numerical experiment.
For the parameters u = 0,0.5, 1, we named LS method (corresponding to u = 0), L+P method
(corresponding to v = 0.5) and PRP method (corresponding to u = 1). The results are
summarized in Table 1. For the test problem, n is the dimension, ||gx|| is the norm maximum
of the LS, L4+P and PRP methods, and & is the number of iteration for the problem. The stop
criterion is

gl < 107°,

and the numerical results are given in Table 1.
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Table 1 The detail information of numerical experiments for our algorithm

NO. n lgl k(u=0) k(u=0.5) k(u=1)
1 2 1.9439e-007 23 18 21
2 2 2.6062e-007 28 34 21
3 3 7.0589e-007 34 37 40
4 2 2.8989e-007 18 24 18
) 2 6.2970e-007 31 23 29
6 10 5.9188e-007 45 45 23
7 50 6.7852e-007 18 24 31
8 100 5.7160e-007 67 67 34
9 1000 9.3892e-007 30 37 46

10000  9.3807e-007 31 38 46

Table 1 shows the performance of the our algorithm about relative to the iteration. It is
easy to see that, for all problems, the algorithm is very efficient. The results for each problem

are accurate, and with less number of times of iteration.

5 Conclusions

In this paper, we propose a new family conjugate gradient formula for computing un-
constrained optimization problems. PRP and LS conjugate gradient methods are special cases.
Motivated by [5], we present a different new Armijo-type line search. The global convergence

of this method is established under the new Armijo line search.
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