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ASSOCIATED CURVES ACCORDING TO BISHOP FRAME IN
EUCLIDEAN 3-SPACE

TALAT KORPINAR, MUHAMMED T. SARIAYDIN AND ESSIN TURHAN

ABSTRACT. In this paper, we study associated curves in the Euclidean 3-
space by utilizing the Bishop frame. Moreover, we define new curves called
M —Direction Curve, Ma—Direction Curve, Mi—Donor Curve, Ma-Donor
Curve. Finally, we charcterize new associated curves according to Bishop
frame.

1. INTRODUCTION

The associated curves is called curves that found in a differential and mathemat-
ical relationship between two or more curves. Then, associated curves use a lot in
the field of differential geometry such that Caustic curves, Inverse curves, Bertrand
curves, etc. On these curves have been many studies, for example, Burke examined
bertrand curves associated a pair of curves in [1], Niino also examined associated
curves of a holomorphic curve in [10], Duquesne explored the infinite family of ellip-
tic curves associated with simplest cubic fields in [4] and in [3], Choi introduce the
notion of the principal (binormal)-direction curve and principal (binormal)-donor
curve of a Frenet curve in E?.

Bishop frame, which is also called alternetive or parallel frame of the curves,
was introduced by L.R. Bishop in 1975 by means of parallel vector fields. Recently,
many research papers related to this concept have been treated in Euclidean space.
For example, in [8] the outhors introduced a new version of Bishop frame and an
application to spherical images and in [9] the outhors studied Minkowski space in
B3,

In this paper, we obtain a new associated curves by using Bishop frame in E3.
Firstly, we summarize properties Bishop frame and Frenet frame which are parame-
terized by arc-length parameter s and the basic concepts on curves. The Finally, we
give Bishop frame, curvature and torsion of associated curves according to Bishop
frame in 3.
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2. PRELIMINARIES

Suppose M is a smooth manifold. Recall that a smooth curve in M is a smooth
map 7y : I — M, where [ is an interval in R. For any a € I, the tangent vector of

~ at the point v (a) is
@=L @=dn (5
'7 - dS - ’Ya dS 9

where % is the standard coordinate tangent vector of R.

Definition 2.1. Let X be a smooth vector field on M. We say that a smooth
curve vy : I — M is an integral curve of X if for any t € 1,

(2.1) 7 (1) = Xy)-

Denote by {T,N,B} the moving Frenet—Serret frame along the curve v in the
space E2. For an arbitrary curve v with first and second curvature, x and 7 in the
space E3, the following Frenet-Serret formulae is given

T’ = kN,
(2.2) N’ = —kT + 7B,
B’ = —7N,
where curvature functions are defined by k = k (s) = || T’ (s)| and 7 (s) = — (B’,N)

the rest of the paper, we suppose everywhere k # 0 and 7 # 0.

The Bishop frame or parallel transport frame is an alternative approach to defin-
ing a moving frame that is well defined even when the curve has vanishing second
derivative. One can express parallel transport of an orthonormal frame along a
curve simply by parallel transporting each component of the frame. The tangent
vector and any convenient arbitrary basis for the remainder of the frame are used.
The Bishop frame is expressed as

T = kyM; + kyMo,
(2.3) M, = —k,T,
M, = —k,T,

where we shall call the set {T,M;, M} as Bishop trihedra and k; and ks as Bishop
curvatures.

Now, we define some associated curves of a curve 7 in E? defined on an open
interval I. For a Frenet curve v : I — M, consider a vector field V' given by

(2.4) Vi(s) =u(s) T (s) +v(s) N(s) +w(s) B(s),

where u, v and w are functions on I satisfying u? (s) + v? (s) + w? (s) = 1. Then,
an integral curve 7 (s) of V defined on I is a unit speed curve in E3, [3].

Remark 2.2. A principal-direction (resp. the binormal) curve is an integral
curve of V (s) with u(s) =w(s) =0, v(s) =1 (resp. u(s) =v(s) =0, w(s)=1)
for all s in (2.6), [3].

.In
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Proposition 2.3. Let v be a Frenet curve in B3 and 4 an integral curve of
(2.4). Then, the principal-direction curve of ¥ equals to v up to translation if and

only if
u(s) =0, v(s) = —cos(/T(s) ds) £ 0, w(s) = sin(/T (s)ds),

In rest of the article, we may assume that § = s without loss of generality.

3. M;—DirecTION CURVE AND M;—DoONOR CURVE IN E3

Definition 3.1. Let § be a Frenet curve in E3. An integral curve of M is
called My — Direction Curve of B according to Bishop frame. Then, a M1 — Direction
Curve is an integral curve of
(3.1) V(s)=u(s)T(s)+v(s)M(s)+w(s) Ma(s)
with u (s) =w(s) =0, v(s) = 1.

Definition 3.2. Let 3 be a Frenet curve in E3. An integral curve of My is
called My— Direction Curve of B according to Bishop frame. Then, a My— Direction
Curve is an integral curve of (8.1) with u(s) = v(s) =0, w(s) = 1.

Theorem 3.3. Let 3 be a Frenet curve in E3 and 3 be an integral curve of (3.1).
Then, the M1— Direction curve of B equals to B up to translation if and only if
(3.2) u(s) =0, v(s) =—1, w(s) =0.

Definition 3.4. An integral curve of —M;y is called a My—Donor Curve of
B according to Bishop frame.

Theorem 3.5. Let 8 be a Frenet curve in E3 with the curvature k and the
torsion T and (3 be the My—Direction Curve of [ with the curvature K and the
torsion T. Then, the Frenet frame of (5 are

T(s)= M (s), N(s)= —T(s), B(s)= Ma(s)
and curvature & and torsion T of B are given by
R(s) = ki(s) and 7(s)= —ka(s).

Proof. From definition 3.1, we write

(3.3) B =T =M,.
If we take the norm of the derivative of (3.3), then we get, for k1 > 0,
(3.4) R(s) = ki(s).

On the other hand, we write by

(3.5) 7=— (B N) = —ko.



716 TALAT KORPINAR, MUHAMMED T. SARIAYDIN AND ESSIN TURHAN

Corollary 3.6. Let (8 be a Frenet curve in E? with the curvature k and the
torsion T and [ be the M;—Direction Curve of [ with the curvature K and the
torsion T. Then, the Bishop fmme of B are given by

T (s)=M (s
)= — cos /kg )ds)T +sin(/ ka(s)ds)Ma(s),
M, (s) = bln(/ ko(s)ds)T(s)+ COS(/ ko(s)ds)Ms(s).

Theorem 3.7. If a curve B in B3 is a M;—Donor Curve of a curve [ with the
curvature & and the torsion T, then the curvature x and the torsion T of the curve
B are given by

, - ) ()Y
k(8) = /R2(s) + T2(s) and 7(s) = — - (_ ) .
R2(s) +7%(s)

Proof. If we take the squares of (3.4), (3.5) and sum side by side this equalities,
then we get

k(8) = /R2(s) + T2(s).
Proof of 7(s) is clear from (3.5).

Corollary 3.8. Let 3 be a Frenet curve in E? with the curvature k and the
torsion T and (B be the My—Direction Curve of [ with the curvature & and the
torsion 7. Then, it satisfies

\\ |

() = —tanf(s),

A(s) B -
5t ()

) (R2(s) +72(s))"

3

=

Theorem 3.9. Let 8 be a Frenet curve in E? and B be an integral curve of
(8.1). Then, the My—Direction curve of [ equals to 8 up to translation if and
only if

u(s) = a, v(s) = —V1—a?siné(s), w(s) =1 —a?cosb(s).

Definition 3.10. An integral curve of

aT (s) — V1 —a?sinf(s)M; (s) + V1 —a?cosf(s)Ms (s)
is called a My—Donor Curve of B according to Bishop frame.
Theorem 3.11. Let 8 be a Frenet curve in E® with the curvature s and the

torsion T and B be the My— Direction Curve of B with the curvature K and the
torsion 7. Then, curvature K and torsion T of B are given by

R(s) = ka(s) and 7(s) = ki(s).
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Corollary 3.12. Let 8 be a Frenetl curve in E3 with the curvature k and the
torsion T and [ be the May—Direction Curve of [ with the curvature K and the
torsion 7. Then, the Bishop frame of (8 are given by

T(s)=Ma(s),

M (s) = — cos( / ka1 (5)ds)T(s)+ sin / o (5)ds) M (s),

My(s) = fsin(/ kl(s)ds)T(s)fcos(/ k1(s)ds)My(s).

Corollary 3.13. If a curve B in B> is a My—Donor Curve of a curve f3 with

the curvature K and the torsion T, then the curvature k and the torsion T of the
curve B are given by

7—-2 S R(s '
k(s) = \/R2(s) + 72(s) and 7(s) = R2(s) +7)-2(s) ( : )> '

Corollary 3.14. Let 3 be a Frenet curve in E? with the curvature x and the
torsion T and B be the Mj— Direction Curve of (8 with the curvature & and the
torsion 7. Then, it satisfies

7(s)

70) = cot 0(s),

m(s) _ 72(s) R(s)\

K(s)  (R2(s) + 72(s)) (T(S)) '
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