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FRENET FRAME OF INVOLUTE CURVES OF BIHARMONIC
CURVES IN THE HEISENBERG GROUP

TALAT KORPINAR AND ESSIN TURHAN

ABSTRACT. In this paper, we study involute curves of biharmonic curves in
the Heisenberg group Heis3. Finally, we find Frenet frame of invulute curves
of biharmonic curves in the Heisenberg group Heis3.

1. INTRODUCTION

Heisenberg group Heis? can be seen as the space R? endowed with the following
multipilcation:

1 1
(,9,2)(z,y,2) = (T+2,¥+y,Z+ 2 — STy + 5@)

Heis® is a three-dimensional, connected, simply connected and 2-step nilpotent Lie

group.
The Riemannian metric g is given by

g = da* + dy? + (dz — xzdy)?.
The Lie algebra of Heis? has an orthonormal basis

0 0 0 0
(11) e = — = 5 a_ €3 = &a

for which we have the Lie products
le1,e)] = e;, [e2,€3] =[e;, €] =0
with
gler,e;) = g(ez, ey) = g(es, e3) = 1.
Let v : I — Heis® be a non geodesic curve on the Heisenberg group Heis®

parametrized by arc length. Let {T,IN,B} be the Frenet frame fields tangent to
the Heisenberg group Heis® along ~ defined as follows:

2000 Mathematics Subject Classification. Primary 53B25; Secondary 53C40.
Key words and phrases. Invulute Curve, Heisenberg group.

*AMO - Advanced Modeling and Optimization. ISSN: 1841-4311
705



706 TALAT KORPINAR AND ESSIN TURHAN

T is the unit vector field 7’ tangent to 7, N is the unit vector field in the direction
of V1T (normal to ), and B is chosen so that {T,N, B} is a positively oriented
orthonormal basis. Then, we have the following Frenet formulas:

VTT = HN,
VN = —xkT + 7B,
VTB = 7TN,

where & is the curvature of v and 7 is its torsion and
g(T,T)=1, g(NN)=1, g(B,B) =1,
9(T,N)=g¢(T,B) =¢g(N,B) =0.

Theorem 1.1. Let v : I — Heis® be a unit speed biharmonic curve with
non-zero natural curvatures. Then, the parametric equations of v are

x (8) = cosCs + Bs,

y(s) - Bil sin C sin [815 -+ 82] —+ 847

1
B

1
z(s) = i3 sinC cos C cos [Bys + Ba] + - sinC cosCsin [By s + Ba)
1

1
+ % sinCsin [Bys + Bs] — — sinC cos [Bys + Bs] + Bs,
Bl Bl

where By, Ba, B3, By, Bs are constants of integration.

2. INVOLUTE CURVES OF BIHARMONIC CURVES IN THE LORENTZIAN
HEISENBERG GROUP HEIS3

Definition 2.1. Let unit speed curve v : I — Heis® and the curve L : I —
Heis® be given. For Vs € I, then the curve C is called the involute of the curve
7, if the tangent at the point v(s) to the curve v passes through the tangent at the
point C(s) to the curve C and

¢ (T" (5),T(5)) = 0.
Let the Frenet-Serret frames of the curves v and C be {T, N, B} and {T*,N*, B*},

respectively.

Theorem 2.2. Let v : I — Heis® be a unit speed biharmonic curve and C its
involute curve on Heis3. Then, the parametric equations of C are

C(s) = [DcosC + Bsler + [(2 — s)sinC cos [Bys + Ba] + Bi sinCsin [Bys + Ba] + Byles
1
(2.1)

1 1
+ [? sinC cos C cos [Bys + Ba] + B sinC cos Csin [By s + Ba]
1 1

+ @ sinC sin [Bys + Bs] — 1 sinC cos [Bys + Ba] + Bs
Bl Bl

— [cosCs + 83][6i sinCsin [Bys + Ba] 4+ Ba] + (© — s) sinCsin [Bys + Bo]les,
1
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where By, Ba, Bs, By, Bs, 0 are constants of integration.

Proof. The involute curve of v curve may be given as
(2.2) C(s) =7(s) + (© —5)T(s),

where O is constant of integration.
From Theorem 1.1, we get

T = cosCey + sinC cos [Bys + Ba] ez + sinCsin [By s + Bo] e3.
Again by using Theorem 1.1, and (2.2) we get (2.1). Hence the proof is com-
pleted.
Theorem 2.3. Let v : I — Heis® be a unit speed biharmonic curve and C its
involute curve on Heis3. Then, the parametric equations of C are

xg (8) = [P cosC + B3]

ye (8) = [(© — s)sinC cos [Bys + Ba] + Bi sinCsin [Bys + Ba] + B,
1

z¢ (8) = [DcosC + Bs][(© — s)sinC cos [B1s + Ba] + Bil sinCsin [Bys + Ba] + By]
+ [% sinC cosC cos [Bis + Ba] + Bi sin C cosC sin [Bys + Ba]
1 1

1
+ % sinCsin [Bys + Ba] — —- sinC cos [Bys + Ba] + Bs
Bl Bl

— [cosCs + B;:,][Bi sinCsin [Bys + Ba] + By] + (9 — s) sinCsin [Bys + Ba]],
1

where By, Ba, Bs, By, Bs are constants of integration.
Proof. It is obvious from Theorem 2.2.

Theorem 2.4. Let v : 1 — Heis® be a unit speed biharmonic curve and C its
involute curve on Heis3. Then, Frenet frame of C are

1 1
T = - sin? C cos [Bis + Bs]sin [Bys + Ba]e; — - sinCsin [Bys + Ba] (B1 + cosC)esy

1
+ EBl sin C cos [B1s + Bs] es,

N* = [~ pr cosC + %[Bl sin? C cos? [By s + B + sin? Csin? [Bys + Ba] (By + cosC)]ler
+ [~ prsinC cos [Bis + Ba] — %[31 cos CsinC cos [Bys + Bo]

—sin® C cos [By s + Ba] sin? [Bys + Bs]]jes

+ [—prsinCsin [Brs + Bo] — %[cosc sin C sin [Bys + Ba] (By + cosC)

+ sin® C cos? [B1 s 4 Bo] sin [Bys + Ba]]les,
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B* = [p1 cosC + p[Bi sin” C cos? [By s + Bay] + sin? Csin? [By s + Ba] (By + cosC)]]es
+ [p7sinC cos [B1s + Ba] — p[B1 cosCsinC cos [Bys + Ba]
— sin® C cos [Bys + By] sin? [Bys + Bs]]jes
+ [p7sinCsin [Bys + Ba] — p[cos CsinCsin [Bys + Bs] (B1 + cosC)
+ sin® C cos? [Bys + Bo| sin [Bys + Ba)]]es,

where By, Ba, Bs, By, Bs are constants of integration and

1
p= ViZ+ 12

Proof. Assume that v be a unit speed spacelike biharmonic curve and C its
involute curve on Heis3. Then,

Cs) =@ —s)k(s)N(s).
Also, we have
T* =N and T* = —N.
Now, we suppose that
(2.3) T* =N.

Using Theorem 2.2 and (2.3) we get

1
T* = —sin®C cos [Bys + Ba]sin [Bys + Bs] ey
K

1
(2.4) - sinCsin [Bys + Bs] (B1 + cosC)es
1
+ ;Bl sinC cos [B1s + Ba] es.
On the other hand, using (2.4) we obtain
% _ . o7 .2 2
N* = [—prcosC + ?[Bl sin“ C cos” [B1s + Ba]
+ sin? Csin? [By s + Ba] (B + cosC)]]es
_ P
K

+ [—prsinC cos [B1s + Ba) By cosCsinC cos [B1s + B

—sin® C cos [By s + Ba] sin? [Bys + Bs]]]ex

+ [—prsinCsin [Bys + Ba] — %[COSC sinCsin [Bys + Bz] (B1 + cosC)
+ sin® C cos? [By s + Ba| sin [Bys + By]]]es.

Also,



FRENET FRAME OF INVOLUTE CURVES OF ..

B* = [p7 cosC + p[B1 sin? C cos? [Bys + Ba]
+ sin? Csin? [By s + Ba] (B + cosC)]]e
+ [p7sinC cos [B1s + Ba] — p[B1 cosCsinC cos [Bys + Ba]
—sin® C cos [Bys + Bay| sin? [Bys + Bs]]ea
+ [pTsinCsin [Bys + Ba] — p[cosCsin C sin [Bys + Bs] (By + cosC)
+ sin® C cos? [Bys + Ba| sin [Bys + By)]]es.

Thus, we have theorem and the proof is finished.

3. SOME PICTURES

In this section we draw some pictures about v and C:

Fig.1

Fig.1: A unit speed biharmonic curve.
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Fig.2

Fig.2: Involute curve of a unit speed biharmonic curve.
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Fig.3

Fig.3: Using Mathematica both involute curve and its mate.
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