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1. INTRODUCTION

Spectral methods are classical techniques to resolve theoretically and numerically differen-
tial equations, partial differential equations and integral equations. These methods appear
competitive with finite differences and finite element methods. Moreover, it is possible to ver-
ify a solution of these problems easily by these methods. Physically, they are based on quest
of a solution as well-known charges series. Test functions in the case of spectral methods are
infinitely differentiable functions. They appear as tensorial products of proper functions. The
choice of test functions arrange according to three spectral schemes: Galerkin, collocation and
tau.

Galerkin approach consists to replace test functions space by a finite dimensional linear
subspace V(). Thus approach solution is in the form

N
unN = § AnPn
n=0

where a,, are reals and Vy = Span{¢o, ¢1, ..., PN }-

A most disadvantage of this approach requires integral calculus, which is not always easy
to do and at the same time very expensive.

Hence idea was then to introduce collocation approach. This approach restates again on
variational formulation but computing integrals by adapted quadrature formulae. Collocation
approach has been used first by Slater in 1934 and by Kantorovic in 1934 in some specific
applications ([2]).

In 1937, Frazer, Jones and Skan evolved this approach as a global approach to resolve
ordinary differential equations ([2]). This approach is particularly attractive because it is
easy to be applied to nonlinear problems.

Tau approach has been discovered by Lanczos in 1938 ([5]). An approach solution is given
by

N+k

unN = E anPn,
n=0

where k is the number of independent constraints of the form Buy = 0 and B is a linear
differential operator. An important difference between tau approach and Galerkin approach
is in the first, test functions do not verify boundary conditions.
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Let 2 be a bounded open set of R? (d = 1,2,3) and of regular boundary F'r($2). Consider
the following problem
—Au=f in Q
(Fo)
u=0 on Fr(f).

In this work, we study a Dirichlet problem for harmonic operator. Some theoretic spectral
approaches are given. Numerical solutions and illustrations are established to prove our
theoretic study.

To study a problem (F), we shall require some definitions and preliminary results.

2. GENERALITIES

Let V be a real Hilbert space equipped with a scalar product (.,.) and associated norm
[|.]ly,- Denote V' a dual of Hilbert space V.

Definition 1. Let a(.,.) be a bilinear form from V' x V into R. We say that a(.,.) is
(1) continuous if there exists a constant ¢ > 0 such that
la(u, 0)| < cllully [[olly» Vu, veV;
(2) V-elliptic if there exists an a > 0 such that
a(v,v)| = aljol?, e V.

Lemma 1. (Laz-Milgram) Let us given
1) a Hilbert space V' equipped with the norm ||.||;, ;
2) a continuous bilinear form a(.,.) on 'V x V and verifies a V -ellipticity condition:
Ja >0, a(v,v) > « ||UH%/, YveV,;

3) a continuous linear form I(.) on V.
Then a problem
Find uw €'V such that

(F1)
a(u,v) =1l(v), Yo e V

has one and only one solution.
Definition 2. Define

e C5°(2) : space of infinitely differentiable functions with compact support in €2, namely

C5°(Q) = {p: 9 € C™(Q), suppy C Q} =D(Q);
e D(Q) : restrictions space to Q of infinitely differentiable functions with compact sup-
port in R?;

e ©'(Q) : distributions space in Q as a dual space of C§°(£2), namely, continuous linear
forms space on D(12).

Definition 3. We call H™(2) Sobolev space of functions whose generalized derivatives up to
order m € N belong to L?(f2), namely

H™(Q) = {v:v e L*Q),0% € L*(Q);]|a| <m}.
We equip this space with the following scalar product:
(w,0) gy = [ > (0%u)(0%v)dx
Q lal<m
and associated norm )
HuHHm(Q) = (uv u);—[m(ﬂ)
Denote H{"(€2) a closure in H™(Q2) of D(£2) in comparison with a norm [[u| gym o) and H™™(Q2)
the dual of HJ*().

A characterization of spaces Hj*(2) is made by trace theorems.
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Definition 4. Let v € ©(Q2) and let n be outward normal to Fr(€2). We call trace up to
order j (j € N) of u on the boundary Fr(2), a linear mapping ; defined by
ViU — v
b = du
V= o |Fr(€)
where v = v|p(q) and g%;j
Fr(Q).

is a normal derivative up to order j on Fr(Q2) facing outward of

Theorem 1. ([4])Let m be a positive integer. Then a mapping Fm v —> va =

(YU, Y1V, <oy Ym—1v) defined on D () into (D(Fr(2)))™ is prolonged by density to a con-

m—1 .
tinuous surjective linear mapping from H™(Q) into [] Hm_]_%(FT(Q)).
j=0

Thus H{*(Q2) is characterized by
Hi'(Q) = {U € H™(Q) : vjv = gj;j =0 on Fr(?), j=0,1,....,m — 1},

where v = v|pp()-

As a consequence, we have the following result:
Corollary 1. For m > k, one has

D(Q) € H(Q) C HE(Q) € LA(Q) € Hy*(Q) ¢ Hy™(Q) C ©'(9)
with continuous and density injections.
Remark 1. The mapping |.| ym g defined in H™(£2) by
ooy = ([ 3 1o o)’
Q lal=m

is a seminorm in H™ ().

Moreover we have the following theorem:

Theorem 2. A seminorm HHW(Q) is a norm in H* () equivalent to an usual norm induced
by those of H™ ().

We can define, also Sobolev spaces using Fourier transform. Indeed, v € H™(R?) is equiv-
alent to say D% € L2(R%), V]a| < m and consequently §(D%) € L2(R?), where F(.) is
Fourier transform. This is comes to say that

€% [F(w)] € LARY) or (1+[¢*)% [§(u)| € L*(RY).

So, we will have

fulBim ey = 3 1Dl = X 1300 ag

|o|<m || <m
- |Z< 1 () z2gray < J (L+ €)™ [F(w)|* dE.
al<m Rd

The second inequality is obvious.
This last defines an equivalent norm to induced norm by the space H™(R%). By interpola-
tion, we can introduce the space H*(R%) for all real s.

Definition 5. Let s > 0 be real, denote H*(R%) the following Sobolev space:

H*RY) = {u € I2RY) : (1+1¢)F [§(w)] € LR}



434 L. BENAISSA AND N. DAILI

equipped with the norm
1
Jull gy = f 0+ €20 502 de) .
Rd
In this work, we will also need the following Sobolev spaces:
H3(Q) = {u,Q ue HRY), s e R}
and
{U‘FT(Q) cu € HS“'%(Rd)} if s >0,
H*(Fr(Q)) == L%(Fr(Q)) if s =0,

(H=*(Fr(Q))) if s < 0.

Lemma 2. (Poincaré-Friedrichs inequality)([7)) There exists a constant ¢ > 0 dependent of
Q such that

[0l 120y < €(€2) |’UHH6"(Q)7 Vo € Hy'(Q2).

Proposition 1. a) All sufficiently regular solution u of problem (Py) is a solution of problem
(P1);
b) a solution in H}(Q) of problem (Py) is a weak solution of problem (F).

Denote I the open interval ]—1,+1[ in R and € the product |—1, +1[* in R?

Definition 6. We call orthogonal system in L?(I), all family (;);cs (J is finite or countable
set) of non zeros elements of L?(I) and two by two orthogonal. Namely

+1 c ifi=j, withe>0,
/ pi()pj (2)dz =
- 0 if i # j.

Definition 7. A system (¢;);cs is said linearly independent if all finite subset of this system
is linearly independent.

Proposition 2. If elements @1, 2, ..., N form an orthogonal system, they are inevitably
linearly independents.

Definition 8. We call Legendre family of polynomials, a family (Ly,),en of polynomials in I
two by two orthogonal in L?(I).

Theorem 3. ([9]) All function u of L*(Q)) can be approzimate by polynomials serie which
converges uniformly to u.

Proposition 3. a) For all integer n > 0, a polynomial L, verifies the differential equation
d /

(1 =2")Ly,) + n(n+ 1)Ly = 0;

b) for all integer n > 0, a polynomial Ly, is given by

(=" a" 2\n

o %((1—95 ")

Ln(z) =
called Rodrigues formula.

Corollary 2. a) For all integers m > 0 and n > 0, one has

+1 +1

/ L ()L (2)(1 — o)z = n(n + 1) / Lon(2) L ()

-1 -1
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b) for all integer n > 0, a polynomial L,, verifies

+1
fng(m)d:p = 527, La(£1) = (£1)",

L (£1) = (£1)" ' in(n + 1);

c) Legendre polynomials Ly, form a system of orthogonal polynomials in L*(I). They verify
relations:
Lo(z) =1, Li(z) ==,

(n+1)Lpt1(z) — 2n+ 1)aLy(z) + nLy—1(x) =0
and
(2 — 1)L, (z) = neLy_1(z) — nL,_1(z)

=(n+1)Lpyi(x) — (n+ 1)zLy(x),
(1—2?)L, (x) — 2zL, (z) + n(n+ 1)L,(z) = 0;
d) for all integer n > 0, one has an integral equation:

/ Lo(t)dt = 2n1+1(Ln+1(x) L (2),

3. MAIN RESULTS

3.1. Approximation of the Problem (F;) by Spectral Method.
Consider the following problem:
—Au=f in Q
(Fo)
u=0 on Fr(Q).
We introduce a variational formulation of (F) as follows:

Findu € V = H}(Q) such that
(F1)
a(u,v) =1l(v), Yo eV,

where

a(u,v) = /Vqudm and [(v) = /fvdx.
Q Q

Galerkin method consists to replace test functions space by a finite dimensional linear
subspace V{(€), thus Galerkin approximatation of (P;) comes down to study the following
problem:

Find uy € VZ(Q) such that
(Pn)
a(un,v) =1(v), Yo € VE(Q).
Put
V4(Q) = Span {LK, KeN, K| < N} :
where

d
Li(x) = [ [ L, (z)), @ = (21,..;za), K| = max ([&;]).
j=1 >

Denote Py the orthogonal projection operator of L?(f2) in V]{i,(Q). This means that
(u— Pnu,én) o) =0, Von € Vi(Q),
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where

(u,v)2() = /uvda:.

Q

Theorem 4. ([3]) For all real s > 0, there exists a positive constant ¢ independent of N such
that for all function w € H*(SY), one has

lu = Pyull 20y < N2 |ull s -

Proof. o If sis even, i.e., s =2p, p > 1, we define an operator
0
2
Aj = Dj(l — Ij)Dj, Dj = arj.

Consider sets

K(N) = {K eNd: |K| > N}; KO(N)={K e K(N): ki > N}

and
KOW(N) = {K € K(N)\ UKO(N): kj > N}, j=2,..d.
<J
If
U= Z ux Lk
KeNd
then,
1 . +1
Up = 2/u(:U)LK(:L‘)al:L‘ = 2/LK/ ($’)dfﬂl/u(:ﬁ1,$,)lzk1 (z1)dzy
1Lk 720 4 1Lk [2(0) . 7y

where 2’ = (29, ...,24), K = (kg,....,kq) and Q =]—1,+1["1. But
1 d

Ly, (21) = —mdfxl((l — a}) Ly, (z1))
then
~ 1 1 N N d 2y7/
U = T kl(,ﬂﬂ)s{,LK' (z)dx _flu(@“l:ﬂ«" ) e (1= 27) Ly (z1)dzs
=——1 L [L /(x/)dx/Jrflu(acl 2 )ALy, (x1))dz
||LK|IL2(Q) kl(k1+1)Q/ K ) ) 1

and from twice integration by parts we obtain

+1
N _ 1 1 ! / /
I T P kl(lirl)g{;LKl (@)de | Ao, =) (1)

= 1 1(k11+1)£A1u(:U)LK(x)dx.

- 2
HLKHLQ(Q) k

Iterating p-time this result, we obtain

u = 1 p p
(_kl(k:l n 1)) éAlu(x)LK(CC)dl‘.

UK =
1Lk |72 0y

For 1 < j < d one has

- 1
ug

1
) i .
PR CES) é APu(a) i (2
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and
. . J A u(z) L (2)dx
’aK|2 o Q

= 2p 2
”LKH%Q(Q) (kj(kj + 1)) ( )

2
1Lkl 72(0)
implies

. (fA];u(m)LK(x)d:v)2
Q

~ 2 2 . 2
O I A e s I ADD

2
KeKU)(N) KeKU)(N) (2R FAT)

Lower k;(k; + 1) by N2, we obtain

2

S A u(z) L (z)dz
Q

> fukl Lkl g S NP X
KeKU)(N) KeKU(N)

2
IILKHL2<Q)

2

NS HA?uV L2(Q)

KeKG)(N) L2(@)
By ([1]) operator A? is continuous from H?P(€2) into L?(12), hence one has

~ 12 2 - 2
Y laxPIEklza@) < N7 ullfemq) -
KeKW(N)

< cN—P HA?U‘

But

d
9 ~ 12 2
HU—PNUHLQ(Q) = Z Z |uK’ HLKHLQ(Q)
J=1KeK @ (N)
therefore
5 B _
lu — Pyvul7a) < eN“2 [full o) = eN 7 [|ull ey -

o If sisodd, ie.,s=2p+1:
in the same way for s odd, by interpolation we obtain the result.

Proposition 4. ([5]) Let
o0
w(wi) =Y inLn(z:)
n=0
then

o0 o0
u'(zi) =Y nLy () = Y ZnLn(z:),
n=1 n=0

where
o0

Zo=2nt1) >
p=n+1, p+n odd
Lemma 3. Let u € HY(Q) and Dyu= Y. ZxLk. Then
KeNd
Z(N)LSN) + Z(N“)LgN) if N is even
PNDlu — D1PNU =
ZM LN 4z LM e N s odd,

where -
N ~
ZWN) = > > U 'y Lt
K'eNd—1, ’K' ’ooSN m=N+1, m+N odd
(N+1) = ~
A = Z Z u(m,K’)LK,

K’ENdil, ’K” <N m=N+2, m+N+1 odd
oo
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and
N N
B0 S s £ Y @i,
11=0, I even l1=1, 11 odd

Proof. By Proposition 4 one has

[e.o]

Zx = (2k1 + 1) > )
m=k1+1, m+k; odd

therefore, one has

oo
Diu= Y ((2k+1) > U 1)) L
KeNd m=k1+1, m+k1 odd
and
N 00
PyDyu = > Ly (O (20 +1)( > U ) L)
K'eNd-1 |K'| <N I1=0 k1=l14+1, k1+11 odd
N-1 N
D1 Pyu = Z LK' (Z(2l1+1)( Z ﬁ(th/))Lll).
K’eNdfl’ K" <N 11=0 k1=l1+1, k1+11 odd
Then
N 00 N
PyDiu— D1 Pyu = Z LK/( Z (2l1 + 1)( Z u(k’l K’))Lll)
K'eNa-1,|K'| <N 11=0 k1=l141, k1411 odd ’
N-1 N N
_ Z LK/ ( Z (2l1 + 1)( Z u(kl’K/))Lh).
K’ENdfl’ K’| <N 11=0 ki1=l1+1, k1+11 odd
But
N N N
D= >t X
11=0 11=0, 1 even 11=1, 11 odd
So
N (e R
PNDlu—Dleu: E LK/(( Z (2[1 + 1)( Z u(k1,K'))Lll)+
K'eNd—1, ’K, ’ooSN 11=0, I even ki1=l1+1, k1+11 odd
N [e] .
S L X AN S e
KIENd_l, ’K/ ’ooSN l1=1, 11 odd ki1=l1+1, k1+1; odd
N-1 N N
S L Y @D Y el
K’eNdfl’ |K/| <N 11=0, I even k1=l1+1, k1+11 odd

N-1 N

> LK’(( > (20 + 1)( > ﬂ(kvi/))Lll).

K’ENd—l, ’K’ ’ooSN l1=1, 1 odd k1=Il14+1, k1+11 odd
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If N is even, one has

N N
PyDiu — D1 Pyu = Z LK/(( Z (2l1 + 1)( Z ’l/;(kl K’))Lll)+
K'eNd-1, [K'|_<N 11=0, I; even k1=l1+1, k1411 odd ’
N [e] -
> Ly (( > (2h+1)( > u(th/))Lll)-l-
]{’eNd—l7 |K/ |OOSN 11=0, l; odd k1=N+1, k1+N odd
N N+1 .
S Ll S Ch( S e bt
KIGNdfl, |K’| <N 11=0, 11 odd k1=l1+1, k1+1; odd
N 00 N
> L (C > (2 +1)( > U, 1)) Ly ) —
K’ENdil, ’K/ ’ooSN 11=0, l1 odd k1=N+2, k1+N+1 odd
N-1 N R
S Le( Y AN Y g
K/GNd_l, |K’ |00§N 11=0, l; even ki1=l1+1, k1+1; odd
N-1 N R
L(C 22 (2h+1)( > Uy i) Lty)-
K,GNd717 |K/ |OOSN l1=1,11 odd ki1=l1+1, k1+1; odd
Therefore
N 00 .
PNDlu — D1PNU, = Z LK/(( Z (2[1 + 1)( Z u(kvi/))Lll)"F
K’eNd—l7 ’K,’ <N 11=0, l; even k1=N+1, k1+N odd
N 00 N
S Lol S ehen( Y e
KleNd_17 |K/ |OOSN 11217 [1 odd k‘1=]\/v<f>27 k1+N+1 odd
N N
= zM LY 4z LN,
In the same way for N odd. O

Theorem 5. ([9]) For all reals 0 < v < y1 one has
[l gy < N2 [l oy, V€ V().

Lemma 4. For all reals s and t, 0 < s <t — 1, there exists a constant ¢ > 0 such that for
any j =1,...,d, one has

s_t4 3
I(PxDj = DiPr)ull oy < eN**72 |lull oy s Vu € HY(RQ).

Proof. For j = 1, we remark that ZWM) | Zz(N+1) dependent from = (2, ...,xq) and ZWN)  z(N+1) ¢

V]flfl(ﬂ); L(()N), LgN) dependent from z7, and orthogonals in L?(I).

e For N even, one has

|(PyD; — DIPN)’UIH%Q(Q) _ (Z(N)L(()N) + Z(N+1)L§N), Z(N)L(()N) + Z(N+1)LgN))

= (2MLgY, 20Lf0) 4220, ZNHOL) 4 (0L Z0D L)

2

— ||z
|2 o

o

+ ||z ™)
)

ey 128

2
() ’ L2(Q
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And
2
2 o
L > D L I L s
K'eNd-1 |K |00§N m=N+1, m+N odd 12(9)
By Theorem 4, one has
2
_ 2 — 2
20 gy < 00 D101 < N0 il
and
2
(N+1)]|2 S o
12D ) = > 2 Ui, i) L
K’GNdil, ’K’ ’OOSN m=N+2, m+N+1 odd LQ(Q)
< ¢||Diu — PyDyul32ig) < eN20=9 | Dyulf? < N2 Jjy3
< ¢||Dyu— PyDyuf3aq) < ¢ | Dyulrqy < lul3eey
and
N 2
Cl
2 )LQ(Q)_ Y @h+ DI

11=0, 1 odd 12(9)

Bounded (2l; + 1) by (2N + 1), hence HL(()N)H < ¢N. In the same way for

2
L2(Q)
2
HLgN) H < ¢N, therefore
L2(Q)

I(Pn D1 = DiPr)ul|72 i) < eNN?C79 ful|Fe ) = eN* 7 [l 3 g -
Using Theorem 5, one has
I(PnD1 — DiPy)ull sy < eN?*|[(PnD1 — DiPy)ullr2(q)

< NN Jull oy = N3 |lull e

e In the same way for N odd.

Theorem 6. ([3]) For all reals s,t,0 < s <t, there exists a constant ¢ > 0 such that
lu = Prvuull gy < eNCO Nl regqy Vu € H(S),

where
2s—t—% if s>1,
6(87 t) =
%8 —t if 0<s<I1.
Notation: Denote Pﬁ,’o the orthogonal projection operator from Hg(Q2) on V]fl,’O(Q) with
Vﬁ,’o(Q) = {v e VE(Q); v=0 on FT(Q)}

This means that d
(u— Py’u, ¢n)100 =0, Yon € Vit (Q),
where

(u,v)1,0,0 = /Vqudx.
0

Theorem 7. ([I]) For all integer m > 1, there exists a constant ¢ > 0 dependent of m such
that for all function u € H™(2) N Hg (), one has

= Pyu| <N ] gy

H(Q)



SPECTRAL APPROXIMATIONS OF DIRICHLET PROBLEM ... 441

Theorem 8. ([1]) For all integer m > 1, there exists a constant ¢ > 0 dependent of m such
that for all function uw € H™(Q) N H(Q), one has

1,0 _
Hu Sy u‘ < N7 ull vy -

L2(Q)

Theorem 9. ([6]) For all reals v > 1, one has

_ pl0 n—v
‘u Py ’LL‘H#(Q) < eNF Y lull gy, 0<p <l

Proof. By interpolation between Theorem 7 and Theorem 8. O

Theorem 10. For all integer m > 1 and for all function u € H™(2) N HE (), one has
u—un| gy + N llu—unllp2q) < N lull gm g -

3.2. Numerical Solutions.

3.2.1. Choice of Space V]fl,’O(Q).
Galerkin approximation method of (Pp) gives

Find un € Vﬁ’O(Q) such that
(Pn)
(Vun, Voy) = (fon), Yoy € V' (),

(u,v) = / uvdx
Q

is a scalar product in L2(Q).

Galerkin approach consists to replace test functions space by high degree polynomials space.
A most disadvantage of this approach requires integral calculus, which is not always easy to
do and at the same time very expensive.

The effectiveness of numerical method which has been given in the abstract form will be
subordinate to:

(1) the way from which space V]fl,’O(Q) approaches the space V;

(i) steepness and simpleness calculus of coefficients a;; and F;

(131) steepness to resolve a linear system Au = F.

where

To satisfy the 1st criterion (i), we will consider the space V]fl,’O(Q) of enough large dimension.

To satisfy the 2nd and 3rd criteria (i¢) and (7i7), it will required obtain one sufficiently deep
matrix A such that the linear system Au = F' does not enough at cost (in time and required
space machine), and such that there are not coefficients a;; to compute.

What is to be done? Select a basis of Vf\i,’o(Q) such that a linear system to resolve being
easy and possible. To answer to this question, we need the following lemma:

Lemma 5. ([8]) Put
=g On) = cu(Li(@) — Liy2(w))

/

ajp = (¢p(2), 6;(2)), bk = ($r(2), d;(2)).
Then
1ifk=j
ajk =

0 if k#J,

crei (gt + o55s), o k=1,
bkj =0jk = —CkCj if k=742,

0 else,
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and
V]\IIVO(I) :Span{(bO(x)v (251((13), ) ¢N—2<m)}'

Distinguish three cases:

e Case 1: d=1, in this case the problem (Py) amounts to

(uy, ¢(@) = (f, du(x)), k=01, .., N—2.

Denote
N—-2
fk = (f7 ¢k(l’)), F = (f()vfla ey fN—Q)ta unN = Zuk(z)ka u = (u07u17 "'7uN—2)t7
k=0

hence, one has uy = f.
e Case 2: d=2, in this case, one has

Vel(Q) = Span {¢i(2)¢;(y), i, j = 0,1, ..., N —2}.

Denote

N-—2
un = > ukok(@)5(y), Sy = (f, dr(2)85(y))
Kk

J=0
and
U = (ukj)k,j=0,..N—2, F = (frj)kj=01,.,N-2, B = (brj)k,j=01,. ,N—2-
Put
v=¢1(x)pm(y), I,m=0,1,....N —2,
therefore the problem (Py) amounts to
(1) UB+ BU = F.

Now, let A be a diagonal matrix consists of eigenvalues of B. Let E be an orthonor-
mal matrix consists of eigenvectors of B such that E'BE = A.
Put U = EV, where V is a variable matrix, therefore equation (1) amounts to

EVB+ EAV = F.
Multiplying both two sides by E! and using a relation E'E = EE! = I, then
(2) BV'+V'A = (E'F)' = G*
where G = E'F. Now let,
Up = (Upgs Upps vy Upn_o)' a0d Gy = (Gpos Gprs -r Gpn_2)'s P=0,1, .oy N —2,
hence equation (2) amounts to
(3) (B+MI)vp=gp, p=0,1,..., N =2,

where A, are eigenvalues of a matrix B.
Therefore, to resolve (Py) in the case d = 2, we should to:
(1) compute eigenvalues and eigenvectors of a matrix B;
(ii) compute G = E'F;
(ti7) resolve system (3) to obtain V', and put U = EV.
e Case 3: d=3, in this case, one has

VI2(Q) = Span {¢i(x)b;(y)dr(2), 4, j,k=0,1, ..., N —2}.

Denote

N—2
uy = Z Un,m 1 Pn(2)0m(Y)01(2),  fije = (f, 0i(2)0;(y)or(2))

n,m,l=0

and

U = (ukj)kj=0,.N—2, F = (frj)rj=01..N-2, B=(bij)kj=01,. N2
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Put
v = ¢Z($)¢](y)¢k(z)7 7:7.7‘7 k = 07 17 7N - 27

hence the problem (Py) amounts to

Uimibjmbir + binUnjiber + bintpmibjm = fijk, 4,5,k =0,1,..., N —2
By definition of F and A, one has
bineng = Ag€iq,  €igCip = Ogp-
Put upmi = engvgmi, hence (4) can be written in the form
€iqVqmibjmbri + Ag€iqVqjibri + Ag€igUnmkbjm = fijk, 4, J,k=0,1,..., N —2
Multiplying both two sides by e;;,, we obtain
Upmibjmbir + Ap(Vpjibr + Vpmibjm) = 9pjk, 0, J,k=0,1, ..., N =2

Let VP = (Upml)OSm,lﬁN—Q and GP = (gpml)Ogm,lSN—Z? hence a system (5) can be
written in the form

BVPB+ \,(VPB+ BV?P) =GP, p=0,1, .., N—-2.
Therefore, to resolve (Fy) in the case d = 3, we should to:
(i) compute eigenvalues and eigenvectors of the matrix B;

(ii) compute gpjr = €ip fijk;
(i49) resolve system (6) to obtain V?, and put Upm; = €miVgmi-

3.2.2. Numerical Results.

Example 1. Consider the following problem

—Au = 167%sin(4rz) in Q =]-1,+1]

u=0 on Fr(Q).

This problem has one and only one solution: u(x) = sin(4rx)

FiGURE 1. Exact solution
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FiGUure 2. Comparison between exact and approach solutions for N = 11.

| —

J

Ficure 3. Comparison between exact and approach solutions for N = 13.
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FIGURE 4. Comparison between exact and approach solutions for N = 16.

Example 2. Consider the following problem
{ —Au = 872 sin(2rzx) sin(2my) in Q =]—1,+1[*

u=0 on Fr(Q).

This problem has one and only one solution: u(z,y) = sin(2nx)sin(2my).

FIGURE 5. Exact solution
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F1GURE 7. Approach solution for N=7
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F1GURE 8. Approach solution for N=9

FI1GURE 9. Approach solution for N=11
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FiGURE 10. Approach solution for N=13

4. CONCLUSIONS

Numerical tests prove the best quality of these basis functions. The choice is very efficient
in practice. Further, associated matrices to this choice are positive definite, symmetric and
sufficiently deep. Numerical tests prove our good choice and the convergence.
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