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Abstract

This paper is concerned with the existence of mild solutions and the approximate
controllability for a class of fractional neutral stochastic integro-differential equations with
infinite delay in Hilbert spaces. Firstly, a sufficient condition for the existence is obtained
under non-Lipschitz conditions by means of Sadovskii’s fixed point theorem. Secondly,
the approximate controllability of nonlinear fractional stochastic system is discussed,
under the assumption that the corresponding linear system is approximately controllable.
Finally, an example is given to illustrate the theory.
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1 Introduction

The subject of fractional calculus and its applications has gained a lot of importance during
the past three decades, mainly because it has become a powerful tool in modeling several
complex phenomena in numerous seemingly diverse and widespread fields of science and
engineering [7, 10, 15]. Recently, there has been a significant development in the existence
and uniqueness of solutions of initial and boundary value problem for fractional differential
equations [24]. Neutral differential equations arise in many areas of applied mathematics and
for this reason these equations have received much attention in the last decades. But the
literature related to neutral fractional differential equations is very limited and we refer the
reader to [23].

On the other hand, the study of controllability plays an important role in the control
theory and engineering [2, 11]. In recent years, various controllability problems for different
kinds of dynamical systems have been studied in many publications [1, 3, 5, 6]. From the
mathematical point of view, the problems of exact and approximate controllability are to be
distinguished. However, the concept of exact controllability is usually too strong and has
limited applicability.
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Approximate controllability is a weaker concept than complete controllability and it is
completely adequate in applications [4, 12]. In particular, the fixed point techniques are
widely used in studying the controllability problems for nonlinear control systems. Klamka [8]
studied the practical applicability of the fixed point theorem in solving various controllability
problems for different types of dynamical control systems. Wang [22] derived a set of sufficient
conditions for the approximate controllability of differential equations with multiple delays
by implementing some natural conditions such as growth conditions for the nonlinear term
and compactness of the semigroup. Sakthivel and Anandhi [18] investigated the problem
of approximate controllability for a class of nonlinear impulsive differential equations with
state-dependent delay by using semigroup theory and fixed point technique.

Sakthivel et al. [19] studied the approximate controllability of nonlinear deterministic and
stochastic evolution systems with unbounded delay in abstract spaces. The same author et al.
[20] studied the approximate controllability of deterministic semilinear fractional differential
equations in Hilbert spaces. Kumar and Sukavanam [9] obtained a new set of sufficient
conditions for the approximate controllability of a class of semilinear delay control systems
of fractional order by using the contraction principle and the Schauder fixed point theorem.
More recently, Sakthivel et al. [21] derived a new set of sufficient conditions for approximate
controllability of fractional stochastic differential equations by using the Banach contraction
principale.

In this paper, we are interested in the existence of mild solutions and the approximate
controllability for a class of fractional neutral stochastic integro-differential equations with
infinite delay of the form

“DRLa(t) + G(t, 20)] = — Aa(t) + Bu(t) + f(t,1)
+ffoo o(t,s,xs)dw(s), teJ:=]a,b, (1)
x(t) = ¢(t), t € (—00,0].

Here, z(.) takes value in a real separable Hilbert space H with inner product (.,.) and
norm ||.||g. The fractional derivative *D®, a € (0, 1), is understood in the Caputo sense.
—A :D(—A) C H — H is the infinitesimal generator of a strongly continuous semigroup of a
bounded linear operator S(t),t > 0, on H, and the control function u(.) is given in £L%(J,U)
of admissible control functions, U/ is a Hilbert space, B is a bounded linear operator from I/
into H. Let K be another separable Hilbert space with inner product (.,.)x and norm ||.|/«.
w is a given K-valued Wiener process with a finite trace nuclear covariance operator ¢Q > 0
defined on a filtered complete probability space (92, F,{F:}t>0,P). histories z; : @ — Cp,
defined by 2y = {x(t +6),6 € (—o0, 0]} belong to the phase space C;, which will be defined in
section 2. The initial data ¢ = {¢(t),t € (—o0,0]} is an Fyp-measurable, Cp,-valued random
variable independent of w with finite second moments, and G : J xCp, = H, f: J X H — H,
o:JxJxH— LYK, H) are appropriate mappings specified later, £9(KC, H) denotes the
space of all @-HilbertSchmidt operators from X into H.

The paper is organized as follows. In section 2, we briefly present some basic notations
and preliminaries. In section 3, we give the mild solution and existence result of the system
(1) by Sadovskii’s fixed point theorem. We also study the approximate controllability of the
fractional stochastic system (1) under certain assumptions. An example is given to illustrate
our result. To avoid some lengthy calculations arising from proofs of theorems, we give an
appendix which consists of some basic estimates.
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2 Preliminaries

In this section, we shall recall some basic definitions and lemmas from fractional calculus
theory which will be used in the main results [7, 15].

Throughout this paper, (H, ||.||%) and (K, ||.||x) denote two real separable Hilbert spaces.
We denote by L(K,H) the set of all linear bounded operators from K into H equipped
with the usual operator norm ||.||. Let (2, F,{F:}t>0,P) be a filtered complete probability
space satisfying the usual condition, which means that the filtration is a right continuous
increasing family and Fj contains all IP-null sets. w = (w¢)¢>0 be a Q-Wiener process defined
on (Q,F,{Fi}+>0,P) with the covariance operator @) such that tr@Q) < co. We assume that
there exists a complete orthonormal system {ej}r>1 in K, a bounded sequence of nonnegative
real numbers \; such that Qey = Ageg, kK =1,2,... and a sequence {Sj }x>1 of independent
Brownian motions such that

(w( K—Zfek, )icBe(t), eeK,tel0,b].

Let £ = Eg(Ql/QIC H) be the space of all HilbertSchmidt operators from Q'/2K into H with
the inner product (), ) ro = triyQm*].

Let —A be the infinitesimal generator of an analytic semigroup {S(¢)};>0 of uniformly
bounded linear operators on H. For the semigroup S(t), there is an M > 1 such that
|S(t)]] < M. Let 0 € p(—A), the resolvent set of —A. Then, for 8 € (0,1], it is possible to
define the fractional power A® as a closed linear operator on its domain D(A?), being dense
in H, and we denote by Hg the Banach space D(A”) endowed with the norm ||z||z = || A%z,
which is equivalent to the graph norm of A%,

Lemma 2.1 ([14]) Suppose that the preceding conditions are satisfied.

i. 1f 0 <n < B then the embedding H, C Hg is compact whenever the resolvent operator
of A is compact.

ii. For every B € (0,1], there exists a positive constant Cg such that | APS(t)|| <% ,t>0.

Assume that h : (—o00,0] — (0, +00) with [ = fEOO h(t)dt < 400 a continuous function.
Recall that the abstract phase space Cj, is defined by

Ch = {cp : (—00,0] — H, for any a > 0, (E|p()|?)!/? is bounded and measurable

0
function on [—a, 0] with ¢(0) = 0 and / h(s) sup (Blp(0))?)/?ds < oo}.
—00 s<6<0

If C;, is endowed with the norm

lelle, = [ his) sup (Blo@))ds, o<
s<9<0

then (Cp, ||.]lc,) is a Banach space.
Let us now recall some basic definitions and results of fractional calculus. For more details
see [7].
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Definition 2.2 The fractional integral of order o with the lower limit 0 for a function f is
defined as

oppy— L[ f(s)
If(t)_F(a)/o (t—s)l—ads’ t>0,0>0

provided the right-hand side is pointwise defined on [0,00), where I" is the gamma function.

Definition 2.3 Riemann-Liouville derivative of order o with lower limit zero for a function
f:]0,00) = R can be written as

L na _ 1 ﬁ t f(S) o
D" (1) = For i / G germts 1>0n-1<a<n @)

Definition 2.4 The Caputo derivative of order o for a function f : [0,00) — R can be

written as
n—1 tk

CDaf(t):LDa<f(t)—Zk,f’“(o)), t>0n—1<a<n. (3)
k=0 "

If f(t) € C™[0,00), then

‘Df(t) = ! ] /t(t — )" (8)ds = " fM(s), t>0n—1<a<n
0

I'(n—«
If f is an abstract function with values in H, then the integrals appearing in the above
definitions are taken in Bochner’s sense.

At the end of this section, we recall the fixed point theorem of Sadovskii which is used to
establish the existence of the mild solution to the fractional stochastic control system (1).

Lemma 2.5 ([16]) Let ® be a condensing operator on a Banach space H, that is, ® is
continuous and takes bounded sets into bounded sets, and p(®(B)) < u(B) for every bounded
set B of H with (B) > 0. If ®(N) C N for a convez, closed and bounded set N of H, then
® has a fived point in H (where p(.) denotes Kuratowski’s measure of noncompactness).

3 The main results

In this section, we consider the stochastic fractional control system (1). We first present
the basic definition of the approximate controllability for the system.

Definition 3.1 ([17]) Let xp(¢;u) be the state value of (1) at the terminal time b corre-
sponding to the control u and the initial value ¢. Introduce the set

R(b, ¢) = {ap(¢3u)(0) : u(.) € L2(JU)},

which is called the reachable set of (1) at the terminal time b and its closure in H is denoted

by R(b,¢). The system (1) is said to be approximately controllable on the interval J if
R(b,p) =H.

Secondly, we present the following definition of mild solutions for the system (1).
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Definition 3.2 ([23]) An H-valued stochastic process {xz(t),t € (—oo, b]} is said to be a mild
solution of the system (1) if

i. x(t) is Fi-adapted and measurable, t > 0;

it. x(t) is continuous on [0,b] almost surely and for each s € [0,t), the function (t —
$)*LAT, (t—s)G(s,xs) is integrable such that the following stochastic integral equation

is verified:
o) = Sa(D[(0) + G(0.9)] — Glt,ar) — / (¢ = 5L AT At — 5)G(5,2,)ds
N / YT (¢ — 5)Bu(s)ds + / ) Tt — ) f(s,w)ds (4)
+ / Ja 1T t—s)[/; U(S,T,:ET)dw(T)]ds,
where Sa(t) = [ 62(0)S(t°0)2dd, Ta(t)e = o [° 064 (0)S(t°0)2d6 and &, is the

probability density function defined on (0,00).
iii. x(t) = ¢(t) on (—o0,0] satisfying H¢||%h < 00.
Lemma 3.3 ([23]) The operators S, (t) and Ty (t) have the following properties:

i. For any fized t > 0, So(t) and T, (T) are linear and bounded operators such that for
any x € H

Ma
[Sa(t)zlln < Mllzlly  and [Ttz < ﬁ” |
it. So(t) and T, (t) are strongly continuous and compact;
iti. For any x € H, € (0,1) and n € (0,1], we have

aCyI'(2 —1n)
= ten (1 + a(l—n))’

AT, () = AP, (1) APz and || A"TL(t)] € [0,b].

In order to explain our theorem on the existence of mild solutions, we need the following
assumptions.
(H1): The semigroup S(t) is a compact operator for ¢ > 0, and there exists a positive constant
M such that || S(¢)|| < M.
(H2): the function G : J x C,, — H is continuous and there exist some constants 3 € (0, 1)
and Mg > 0 such that G is ‘Hg-valued and

E|’A5G(t7x) - AﬁG(tvy)|‘%{ < MG’HQZ’ - y”%h’ ted, z,y€ Ch7
E|lA°G(t2)3, < Ma(1+]e]3,):

(H3): For each ¢ € Cp,
0
K(t) = lim o(t, s, p)dw(s)

a—o0 |_,
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exists and is continuous. Further, there exists a positive constant My such that
2
E[K(¢)l3 < M.
(H4): 0:J x J xCp, = L(K,H) satisfies the following properties:

i. for each (t,s) € D:=J x J, o(t,s,.): Cp, = L(K,H) is continuous and for each x € Cp,
(.., x): D — LK, H) is strongly measurable;

ii. there is a positive integrable function m € L'([0,b]) and a continuous nondecreasing
function A, : [0,00) — (0, 00) such that for every (¢,s,z) € J x J x Cp, we have

A (r)

r

ds =19 < o0.

t
2 2 .
| Elot.s. )3y < mOA(lald,),  lminf

(H5): f:J xCp, — H satisfies the following properties:

i. f(t,.): C, — H His continuous for each ¢t € J and for each z € Cy, f(.,z):J — H is
strongly measurable;

ii. there is a positive integrable function n € L!(]0,b]) and a continuous nondecreasing
function Ay : [0,00) — (0,00) such that for every (t,z) € J x Cp,, we have

o Ae(r
Elf(t )% <n@®Ag(lel3),  lminf s — 5 < s,

r—00 r

In order to study the approximate controllability for the fractional control system (1), we
introduce the approximate controllability of its linear part

°Dfz(t) = Ax(t)+ (Bu)(t), teJ, (5)
z(0) = ¢(0).
For this purpose, we need to introduce the relevant operator

b
o) = / (b— )21 Su(b — ) BB*S*(b — s)ds,

0
R(,0%) = (eI +8Y),
where B* denote the adjoint of B and S%(t) is the adjoint of S, (t). It is straightforward that
the operator @8 is a linear bounded operator.
We assume the following additional assumption:
(H6): eR(g,08) — 0 as ¢ — 0T in the strong operator topology.

Note that the assumption (H6) is equivalent to the fact that the linear fractional control
system (5) is approximately controllable on J (see [13]).

Lemma 3.4 ([17]) Assume that x € Cp; then for allt € J, xy € Cp,. Moreover

1 1
(Ellz(®)])2 < llztlle, <1 sup (Ellz(s)]*)2 + llollc,,

s€(0,t

0
where | = / h(s)ds < oo.
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The following lemma is required to define the control function.
Lemma 3.5 ([11]) For any & € L2(Fy, H) there exists ¢ € L2(Q; L£2(0,b; £3)) such that
p = Eiyp + /Ob d(s)dw(s).
Now for any € > 0 and & € L?(F,, 1), we define the control function
us(t) = B*Ti(b—t)(el +0O§)~*
x {Eaeb + [ )uls) ~ Sa0)19(0) + G0, 9] + G0 m}
+B*T3(b—t) /Ob(d + 00 Hb— ) LAT, (b — 5)G (s, z5)ds

BT (b —1) /O "1+ OY) L (b— £ VT (b — 5)f(s, 20)ds

BT (b—1) /Ob(d O (b= 5)* T (b — ) l/

— 00

s

o(s,T, xT)dw(T)] ds.

Our first result is the following theorem on the existence of the mild solution to the frac-
tional stochastic control system (1).

Theorem 3.6 Assume that the assumptions (H1)-(H5) hold. Then for each € > 0, the
system (1) has a mild solution on [0, b] provided that

PCE_,T2(1 4 B)b2eP L 12 M 12p2e "
——— Sup nis
B2T2(1 + af) (1 + ) ey

12 )M [2p20 42 ( aMMg \ b2
% |6+ 22 (2MMB ) O
e2\T'(a+1)) a?

21+ o) )
Proof. Let C((—o0, b], H) be the space of all continuous H-valued stochastic processes {£(t),t €
(—00,b]} and Cp = {x : & € C((—00,b], H),z0 = ¢ € Ch}. Let ||.||p be a seminorm defined by

[4MGHAB]2l2 + 4Mg

+80tr(Q)

1
Ilzlly = llzolle, + sup (Efz(s)[*)2, € C.
0<s<b

Using the control function, for any € > 0, define the operator P : C, — Cp by

¢(t)7 te (_0070]5 .
Sa(8)[6(0) + G(0, 8)] — G(t, z;) — /0 (t — 8)* AT (t — 5)Gl(s, x5)ds

(Pex)(t) = + /Ot(t —8)* 1T, (t — s)Bu®(s)ds + /Ot(t —8)* M, (t — 8) f(s,x4)ds
+/0t(t —$) T, (t — s) [/; o(s,T, $T)dw(7)] ds, telJ.
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Using Lemma 3.3, it follows that
2

D /t(t $) VAT (t — )G (s, 2)ds

H 2
(/ (2 — )" T ATt — ) AG(s, xs>||yds)

a?C?_T?2(1+4 2
< F12(§+(ozﬁ) )EQW—S)M1A5G(S’x5)‘”d8> |

Applying the Holder inequality and assumption (H2), we further derive that

IN

2
E / Y LAT, (t — 5)G (s, x4)ds
2012—5F2( +B8) t af—1 o af—1 B 2
STl /O(t—s) ds/o (t — )P E|APG (s, 24) |2,ds

0202 T2(1 + B)b™ t

-8B af—1 B 2

< _

< it /Oﬁ(t )P VE|APG (s, x,) |2, ds
02C3T2(1+ B)Mb®® i

< - af—1 2

S T ETramer O Ll

which deduces that (t —s)* AT, (t — s)G(s, z5) is integrable on J by Bochner’s theorem and
Lemma 3.4.

We shall show that P has a fixed point, by Sadovskii’s theorem, which is then a mild
solution for the system (1).
For ¢ € Cp,, define

«(t)9(0), teJ

Then ¢ € Cy. Let z(t) = ¢(t) + 2(t), t € (—o0,b]. It is clear that x satisfies (1) if and only if
zp = 0 and

é:{ ?(t), t € (—o0,0];

t

At) = Salt)G(0,0) — Glt, i+ 2) — /O (t = $)* VAT (t — 5)C(s, bs + 25)ds

+ /Ot(t —5)*7 T, (t — s)Bu®(s)ds + /Ot(t — )M (t — 8) (s, s + 25)ds

¢ a—1 s x
+ /O(t_s) Ta(t_s)[/_mg(s77a¢T+zT) dS,
where
u(t) = B*Tr(b—t)(el + @b)
X {]Exb + / — Sa(b)[$(0) + G(0,8)] + G(b, by + Zb)}

+B*T* el +6° — 5)*YAT, (b — 5)G(s, s + 25)ds

2b—1) /0 (e1+ 65 (b
BT 1) [ 1+ O T Talb — )f (s, G + =)
Ob s _
0 )/0< ) (b—s)o‘_lTa(b—s)[/ a(s,T,¢T+zT)dw(T)]ds.

—00

—B*T* el + 00!
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Let C) = {z € Cp, 20 = 0 € C}. For any z € Cf, we have

1

1 1
1]l = llzollc, + sup (E[l=(s)[*)2 = sup (Elz(s)[*)z.
0<s<b <b

su
0<s
Thus, (CJ, ||-|l») is a Banach space. For each positive number g, set
By ={y€C.lyll; < a}-
q b> b =

Then, for each ¢, B, is clearly a bounded closed convex set in C,?. From Lemma 3.4, for
z € By, we see that

16+ 22, < 2(l=l3, + 1613,
< AP sup Bl + 20l + 2 sup Bl9(s)|* + I60l,)  (6)
< 42(g+ MPBIOO)I3) + 912,

Consider the map T on Cg defined by

0, te (—oo 0];
Sa(t)G(0,6) — G(t, d + ) /0 YO TLAT, (t — 5)G (5, by + 25)ds
(T2)(t) = /t(t — 5)*7 T, (t — s)Bu®(s)ds +/ YOI (t — 8) f (s, s + 25)ds
+/ 8)* ML ( t—s)[/_ o(s, 7, ¢r + 27)|ds, teJ

Observe that T is well defined on B, for each ¢ > 0.

Moreover, it is obvious that the operator P¢ has a fixed point if and only if T has a fixed
point. Now, for t € J, we decompose T as T = Y1 + Yo, where the operator T; and T are
defined on B, respectively, by

t

(C12)(t) = Salt)G(0.0) - @@+m—4u—
(T22)(t) = /Ot(t— $) T, (t — s)Bu®(s ds+/ YOI, (t — ) f (s, s + 25)ds

+/Ot(t—s)“‘1Ta(t—S)[/_oo o(s,7,6r + 27)

S)TLATL(t — $)G (s, s + 25)ds

ds.

Thus, the theorem follows from the next theorem.
O

Theorem 3.7 Assume that assumptions (H1)-(H5) hold. Then, Y1 is a contractive map-

ping, while To is compact.

Proof. The theorem follows from lemmas in the appendix and Arzeld-Ascoli theorem.
O

Our second result is the following theorem on the approximate controllability of the frac-
tional stochastic control system (1).
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Theorem 3.8 Assume that the assumptions of Theorem 3.6 hold and, in addition, the func-
tions f,G and o are uniformly bounded on their respective domains. Further, if S(t) is
compact, then the fractional control system (1) is approzimately controllable on J.

f Let 2 be a fixed point of the operator P¢. Using the stochastic Fubini theorem, it is easy
to see that

2*() = ap—e(el +60%)~!

b,
Ez;, + /O ¢(s)dw(s) — Sa(t)[6(0) + G(0,9)] — G(b, iﬂi)]
— E/Ob(d + 00N — ) LAT, (b — 5)G(s, 25)ds
+ E/Ob(EI + 097N b — )T, (b — 5) f(s,25)ds

+ s/ob(eueg)—l(b—s)a—lTa(b—s)U

s

—0o0

o(s,T, mi)dw(ﬂ] ds.

It follows from the properties of G, f and o that || f(s, 25)||2+||o(s, 7, 25)||? < k1, [|APG (s, 25)||? <
#2 Then there is a subsequence still denoted by {APG(s, 22), f(s,25), 0 (s, 7, 25)} which con-
verges to weakly to, say, {G(s), f(s),0(s,7)}.

From the above equation, we have

E|z(b) - @)* < 9lle(el +Of) " [Edy — Sa(b)(4(0) + G(0, 9))]||?
+ 9E</Ob||e(d+@g)—1q3(s)|§gds) +9E|e(el + ©F) G (b, 25)?
1 9]E</0b(b — 5)* Yje(el + @) TATL (b — 5)[G(s,25) — G(s)]|]ds>2
+ 9]E</Ob(b —5)Ve(el + ©Y) VAT (b — S)G(S)Hds>2
+ 9]E</Ob(b —5)* el + )T (b — )[f (s, 25) — f(S)]HdS)2
+ 9E( / (b )2 le(el + O0) T (b s)f(8)||d8>2
+ 9]E</Ob(b— 5)0‘—1||5(5I+91$’)_1Ta(b—s)[/;[a(s,ﬂ ) —a(s,T)]] ||ds>2
+ 9]E</0b(b—s)a1||e(sl+@g)1Ta(b—s)[/_; a(s,T)hds)Z.

On the other hand, by assumption (H6) for all 0 < s < b, the operator (eI +©0%)~1 — 0
strongly as ¢ — 0% and moreover (el + ©%)7!|| < 1. Thus, by the Lebesgue dominated
convergence theorem and the compactness of S, (t) implies that I||2°(b) — £3]|> — 0. This
gives the approximate controllability of (1).

O

At last, an example is provided to illustrate our results.

Example 3.9
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Consider the following fractional neutral stochastic partial differential equation with infinite
delays of the form:

CD“[Zt( x) = Gt,2(t = h,2))] = 2 (t, @) + plt, ) + f(t, 2(t — h, )

+ [l 0(t,s,z2(s —h,x))dw(s), 0<z<m h>0, teJ:=][0,0b], (7)
2(t,0) = z(t,m) =0, ted,
Z(t,ﬂj‘) = ¢(tv$)a le (_0070]7

where ¢Df is a Caputo fractional partial derivative of order 0 < a < 1; ¢(t,x) is con-
tinuous; w(t) denotes a standard cylindrical Wiener process defined on a stochastic basis
(2, {F:}, F,P). To rewrite this system into the abstract form (1), let H = £2([0, n]) with
the norm |.||.

Define A: H — H by AX = z” with the domain

D(A) = {x € H;z,2’ are absolutely continuous, z” € # and z(0) = x(7) = 0}.

Then A generates a symmetric Co-semigroup e *4 in H and there exists a complete orthonor-

mal set {w,,n =1,2,...} of eigenvectors of A with w,(s) = \/%sin(ns), n=12...
o0

Then the operator A~ is given by A"2¢ = Z n(&, wy)w, on the space D(Afé) ={&(.) €

n=1
H, > onzq (€, wn)wn € H}
Now, we present a special phase space Cp,. Let h(s) = €2*, s < 0; then [ = ff
Let

h(s)ds = 1.

[e.9]

1
lolle, = [_hte) sup (Ele))Hds.

Then (Cp, ||.||c,) is a Banach space.

Define an infinite dimensional space U by U = {ul|u = 3% o upwy,, with 30°,U? < oo}.
The norm in U is defined by ||ullyy = (5%, U?)'/2. Now define a continuous linear mapping
B from U into H as Bu = 2uaow; + Y g Unwy, for u =3 0% 5 upwy, € U.

Define the bounded linear operator B : U — H by Bu(t)(z) = pu(t,z), 0 < x < 1. For
(t,) € J x Cp, where ©(0)(.) = ¢(0,.), (8,.) € (—o0,0] x [0,7], let z(¢)(.) = =z(t,.) and
define f(t,2)(.) = f(t, 2(.), G(t, 2)(.) = G(t,z(.)) and o(t,s,z)(.) = d(t,s,2(.)). Therefore,
with the above choices, the system (7) can be written to the abstract form (1) and all the
conditions of Theorem 3.6 are satisfied. Thus, there exists a mild solution for the system
(7). On the other hand, the linear system corresponding to (7) is approximately controllable
(but not exactly controllable). Hence, all the conditions of Theorem 3.8 are satisfied. Thus
by Theorem 3.8, fractional stochastic control system (7) is approximately controllable on [0, b].

Appendix. Some basic estimates
In this appendix, our main object is to prove theorem 3.7.

Lemma 3.10 Under assumptions (H1)-(H5), for each € > 0, there exists a positive number
q such that Y(By) C B,.

f If it is not true, then for each positive number ¢, there exists a function 29(.) € By, but
Y(29) ¢ By, that is, E||(T29)(t)|3, > ¢ for some t = t(q) € J. For such ¢ > 0, an elementary
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inequality can show that

¢ < ETE@3 )
-~ 3 ~
< GE|Sa(C(0,0)]3 + SBG(t, b0 + )], +6EH [ 6= ) AT = )5, 6+ 20)ds
0 H
t _ 2 " 2
+ 6E / (t = )2 VTt — 5)f(5, s + 20)ds| + 6F / (t — )%\ Tu(t — 5)Bus(s)ds
0 H 0 H
t s -
+ 6]E| / (t — ) 1T, (t — ) l/ o(s, 7,21+ ¢r)|ds
0 —00 Y
6
= 6) I
i=1
(8)
In what follows, K(a, ) is the number defined by
a?C?_T?(1+ B)
—B
K =
(@8) = s )
Let us now estimate each term above I;, ¢ = 1,...,6. By Lemma 3.4 and assumptions
(H1)-(H2), we have
I < M| A PEA°G(0,0)3, < M2 A M (1 + [9]3,). (10)
Bo$ IAPRPBIAGHG DI < MO ( e 15 1)
< Mgl API(1+4%(q + M2E|6(0)[3) + 4l6]2, ).
By Lemma 3.3 and the Holder inequality, we can deduce that
. ) 2
I; < E (/ [(t — )2 AV PTL(t — 5)APG(s, s + zg)HHds>
0
t t -
< K(@p) [ (6= s [ (=) EIAG s, 6 + ) s
0 0
K peB gt -
< BI04 5, 3, + ) s
af 0
using the assumption (H2) and (6), we derive that
K(a, B)b8 e -
Bos PO e gt (14 [+ A2, )ds
12)
McK (o, B)b**8 (
< MR (Wt 4t + MBI + 1017,
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By (6) and the assumption (H5), we have

Iy <

IA

]E —
0
Mo t o— t a— e q
: <r<1+a>> | e=spts [ 0= sy B (s, 6+ D) s
< (M ) [t =Bl (5,80 + (13)
< I'l+a) « s %o RN
Mo bt a it q
< (rtag) oot
< M« >2b2°‘

We have

I

IN

. 2
E /0 [t — ) Tt — s)BuE(s)Hd8>
M« 2 1 ¢ a—1 e 2
<F(1+a)>/o(t_s) de ) (¢ o BB ) s

2
Ma o 0% [t a-1 € 2
(F(Ha)) M= [ (= 9" Bl ()]s,

where Mp = ||B||. Further, by using the assumptions (H3)-(H5), Holder inequality and
Lemma 3.3, we get

A

1 Ma 2 ) b
E|u(s)]? < 52M]23<F(1+a)> [7|’E9€b+/0 o(s)dw(s)||®

TE[Sa(0)$(0)[* + TE[G(09) [ + TE[G(b, <5b?+ )|

_l’_

_l’_

7E /b(b — 5)¥LAT, (b — )G (s, ds + 25)ds
0

2

+

b ~
E / (b= 8)* T (b — 5) f(5, b + 25 )ds
0

T

+ 7E /Ob(b —5)* M, (b — s)

/S o(s, 7, br + ZT)dw(T)] ds

—00

2

7 ( MMpa e b2 2015112
< T(Ate [zumbn +2 [TENi)ds + M2 o],
b MEMGIA (L [01f,) + Mol AP+ 4P + PAPEISO + 01,

MagK b=
L Mo (S;)@ (L +4(% + PME6O) +[16]3,))

) 2
Mb* 2 2712 2 2 Mo

I <F(1+a)> As(4(1%q + PMPE||p(0) +||¢||ch))§ggn(8)+2<w> My

M\’
+ 2 (F(l—i—a)) 1r(Q)Ag (4(1%q + EME|6(0)|| + [|6]2,)) igm(s)l .
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Now, we have

2 2
MpMa \“b** 7 { MMpa
L<|l—/———| == =——— | Mc. 14
b= (F(l—l—a)) a? 62<F(1—|—a)> © (14)

A similar argument involves Burkholder-Davis-Gundy’s inequality and assumptions (H3)-
(H4), we obtain

2
L < E<‘/Ot (t_s)alTa(t_S)[/ 0-(377'7(5T—}—Zg)dUJ(T)‘| dS)
Ma \’b> ft 0 Nk

< (14—04) /(t— ) 1]EH/ o(s,7,¢r + 28)dw(T) Hds

< ( i\/ffa ) ya- 1<2Mk+2tr / E|o(s, T, ¢r + 22 )HEOdT)

< ( Mf ) — 5)* 7 2Mj, + 2tr(Q)m(s) Ao ([ )5 + 223,))ds

Mo 2Mkb2a Ma 22t7“(Q)52a 2 2272 2 2 \\ o
< (ries ) (F(lw)) D A4l + PIPEO) + 912, ) supo(s)

(15)
Combining these estimates (10)-(15) yields

¢ < E|T)0)]E

< Lo+ 24Mg || A7P|%1%q +

£2

2UMGC2_ T2 (1 + §)p2? - ( MpMao )2 p2o ( MMpga )2 u
C
(8%

B2 (1 + ap) I(l1+a)) a??\T(1+a)

2
Mb*
6<r<1+a>) Ay (42(q + MBI 6(O)]) + 41612, ) sup )

o 2
+ 12(%) (@A (4(Pa+ PMEISO) + [6]7,)) supm(s).

+

(16)
where
Lo = 6M*| A2 Ma(1+ [|6]2,) +6Mal A=|? (1 + 42M2E|6(0)|2) + )62, )
6MaCT_3T%(1 + f) p2es 12M;, M?b>

(1 +4PM°E[¢(0)[3,) + 4l¢ll,) +

I2(1+ap) B (1 +a)
Dividing both sides of (16) by ¢ and taking ¢ — oo, we obtain that
12C2%_T2(1 4 B)b2es 12M2p2
AMg || A=P| 212 + aMg—2F e
[ Gl AT+ Mo g1 o) T a) )

12 M2p2 42 [ aMMp 462a
- — | —] — | >1
+819”‘(Q)I‘2(1 + ) ig?m(s)] |0 g2 (I‘(a +1)) a2 | =7

which is a contradiction to our assumption. Thus for ¢ > 0, for some positive number g,
Y(B,) C By.

g
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Lemma 3.11 Let assumptions (H1)-(H5) hold. Then Y1 is contractive.

f Let u,v € By. Then

B||(T1u)(t) - (T10)(®)]I3,

2
< 2E|G(t, ¢ +w) — G(t, ¢t+Ut)HH+2EH/ YOYAT, (t — 5)G(s, ¢s + 25)ds
H 2
< 2 ATPIPMellur — we|g, + 2K (. B)E / s)*71 A% (G (s,éﬁus)—G(s,<z~>3+vs))HHds]
2K (a, B)b* o ~
< 2a Mg — ul}, + 2L [ ) B AR G+ ) — G ) s
QMK (o, B)bB wf—
< 242 Mg e w3, + 2SI [ o, — o3, ds.
af 0
Hence,

2a8
BIT1000) - ()0, < 1068 (147917 4 K (o) ) s Ble) o

where we have used the fact that ug = vg = 0; K(a, ) is defined in (9).
Thus,

0<s<t

B anﬂ
E[Tiu— Yol < 4Ml® (HA 1+ K (o, B)W> sup Ellu - o]z,
so, T is a contraction by our assumption in Theorem 3.6.

Let ¢ > 0 an To(B,) C B,.

Lemma 3.12 Let assumptions (H1)-(Hb5) hold. Then Yo maps bounded sets to bounded sets
in By.

Proof. For each t € J, z € By and € > 0, from (6), we have

2 + 22, < 41%(q + ME||(0)[I3) +4]l2, := ¢
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By the similar argument as Lemma 3.10, we obtain

2 2
E|To2(0)]3, < 3E‘ /t(t_s)alTa(t_s) F +3E‘ /t<t—s>a1:r’a<t_3>3us<s)ds
0 Y 0 .
t s 2
+ 3]E‘/(t_3)a1Ta(t—s)l/ a(s,7,$57+257)dw(7)]d3
’ 2 - H
Ma \"b [t o :
= (F(1+a)> ;/O(t—s) "n(s)A s ([|ds + 2|12, )ds
4
MBMa b2a 7
" 3<F(1+a)> az e
+ 3 ﬂ ba/t(t_s)a_l(QM +2tr(Q)m(s)A (”QZB _|_Zq”2 ))ds
Fl+a)) alo b IS sliCh
2 4
Ma b ’ MpM« b2 7
< 3ty w0+ e ) e
2 2
Mer ) Mib? Ma (@b
! 4<F(1+a)> a? +4<F(1+a)> oz Aold)supmis)
— A,

which implies that for each z € By, || Ta2z|Z < A.
O

Lemma 3.13 Let assumptions (H1)-(H5) hold. Then the set {Y2z,z € By} is an equicon-
tinuous family of functions on J.

Proof. Let 0 < e <t < b and 0 > 0 such that || To(s1) — Tu(s2)| < €, for every s1,s9 € J
with |s; — s2| < 0. For z € By, 0 < |h| <6, t + h € J, we have

E||Taz(t + h) — Toz(t) |3, )

IN

9IE /Ot[(t +h—s)*t = (t—s)* NTa(t + h — s)Bu®(s)ds

2

H
t+h
+ 9E / (t+h—8)* Tyt + h — s)Bu®(s)ds
¢

H

t 2
+ 9E /0 (t = ) Tu(t + h — 5) — Tu(t — 5)| Bu®(s)ds

e 2

+ 9E /Ot[(t +h—8)* = (t— ) Tt + h—8)f(s,ds + 25)ds

2

H
t+h -
+ 9E / (t+h—8)* Tt +h—s)f(s,bs+ z5)ds
t

H

t ~ 2
+ 9E /0 (t = )2 U[Tu(t + b — 5) = Tult — 8)|f (s, by + 25)ds

H
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2
s

— 00

o(s,7, dr + ZT)dw(T)} ds

+ 9E /Ot[<t+h—s)a—1—(t—s)a-l]Ta(Hh—s)[/
H

+ 9E /Hh(t +h—s) ML, (t+h—s) [/s o(s,7, b7 + 27 )dw(r) | ds
t

—00

H

S

+ 9E /Ot(t — ) MTu(t +h —s) — Ta(t — s)] U o (8,7, b7 + 2 )dw(r)

—00

ds

H

Applying Lemma 3.3, assumptions (H4)-(H5) and the Hélder inequality, we obtain

E|Toz(t + h) — Toz(t)|2,

2 ¢ t
- 9(%) St h=s2mt = =92 s [ e+ b= 57 = (= ) B ()]s
2 o (o
* 9(%) [ arn s 9z [ ot m ) Pas
Ma 2t o o—
+ 9<F(1+a)> /()[(tJrh—s) L (- s) Y ds
< [lt+h =27 = (= 9" n(s)A (g )ds
a 2 a t+h
* r(i‘ﬂa» T e s A s

(0%

+ 962% /Ot(t —8)* n(s)As(¢)ds

Ma \* o o
n 9<F(1+a)> /0[(t+h—s) L (= 5)* Vds

<[l h= 9 = = 2+ 2 (Qm(s) Ao s

2 (0%
+ 9 F(ﬁaa)) Z/tt+h(t+h_s>a1[2Mk+2tr<@>m<s>Aa<Q’>JdS

(07

+ 962% /Ot(t — 5)H2My, 4 2tr(Q)m(s) Ay (¢')]ds.

Therefore, for e sufficiently small, the right-hand side of the above inequality tends to zero
as h — 0. On the other hand, the compactness of T, (t),t > 0 implies the continuity in the

uniform operator topology. Thus, the set {Y22, 2 € B,} is equicontinuous.
O

Lemma 3.14 Let assumptions (H1)-(H5) hold. then Yo maps By into a precompact set in
B,.
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Proof. Let 0 < t < b be fixed and € be a real number satisfying 0 < ¢ < ¢t. For § > 0, define
an operator T5° on B, by

(Y)(t) = / a / Ot — s)*1,(0)S((t — 5)*0) Bu®(s)dds
* /t / 0(t — 5)°€a(0)S((t — $)*0) f (s, s + 25)dOds

—0o0

o(s,7,¢r + zT)dw(T)] dfds

— S(e"8)a /H /OO 0(t — 5)* L€a(0)S((t — 5)°0 — €%8) Bu®(s)dfds
+ S(¢d)a /t / ) L (0)S((t — )20 — €8) f (5, s + 25)d0ds
+ S(e%0) a/o /6 O(t — 5)> 1L (0)S((t — 5)%0 — €%0) [/ o(s, 7, b + zT)dw(T)] dfds.

—00

Since S(t), t > 0, is a compact operator, the set {(Tg’éz)(t), z € By} is precompact in H for
every € € (0,t), 6 > 0. Moreover, for each z € B, we have

BJ|(T22)(t) — (T5°2)(t)]I3,

< 6a’FE / / 0(t — )" 16a(0)S((t — 5)0) Bu® (s)dods

2

H

+ 6a2F /t/ 0(t — ) Len(0)S((t — 5)°0) Bus (s)dOds

2

H

+ 6a2F //e )2 LE (0)S((E — 5)70) (s, by + 2 )dOds

2

o

+ 6a2E /t/ B(t — )% 1€ (8)S((t — 5)76) f (s, bs + 2,)dbds

H 2

+ 60°E // —5)27 ¢, (0)S ((t—s)ae)[/s J(S,T,(iT—i-zT)dw(r)]des

—0o0

H2
s

+ 6a’E /t/ B(t — 5)° 16, (0)S ((t—s)ae)[/_ooa(s,T,qu—I—ZT)dw(T)]des

H
A similar argument as before can show that

E|[(T22)(t) — (Y5°2)(t)]3,

t a 2
< 6aM2b°‘/0 (t —s)* 1[M2 ! (ﬂ) Mc+n(8)/\f(q/)+[2Mk+2tT(Q)m(5)Aa(q/)] dsx

5 2 aM?ex « 2
(Aegww@ +&f{A;a—@“ﬂM%7<NV”f>A@+m@MAw

+ )
+2Mj, + 2tr(Q)m(s)Ag(q’)] ds —0 as €0 —0".
Therefore, there are relatively compact sets arbitrary close to the set {Y2(t),z € B,}; hence

the set {(Y22)(t), z € By} is also precompact in B,.
g
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