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NEW APPROACH ON SPACELIKE BIHARMONIC CURVES
WITH TIMELIKE BINORMAL IN TERMS OF ONE

PARAMETER SUBGROUP ACCORDING TO FLAT METRIC IN
LORENTZIAN HEISENBERG GROUP HEIS3

TALAT KÖRPINAR, ESSIN TURHAN AND VEDAT AS·IL

Abstract. In this paper, we obtain new approach on spacelike biharmonic
curves with timelike binormal according to �at metric in terms of one para-
meter subgroup in the Lorentzian Heisenberg group Heis3. We characterize
spacelike biharmonic curves with timelike binormal in terms of one parameter
subgroup in the Lorentzian Heisenberg group Heis3.

1. Introduction

Lie groups represent the best-developed theory of continuous symmetry of math-
ematical objects and structures, which makes them indispensable tools for many
parts of contemporary mathematics, as well as for modern theoretical physics. They
provide a natural framework for analysing the continuous symmetries of di¤eren-
tial equations (Di¤erential Galois theory), in much the same way as permutation
groups are used in Galois theory for analysing the discrete symmetries of algebraic
equations.
Such one-parameter groups are of basic importance in the theory of Lie groups,

for which every element of the associated Lie algebra de�nes such a homomor-
phism, the exponential map. In the case of matrix groups it is given by the matrix
exponential.
Firstly, harmonic maps are given as follows:
Harmonic maps f : (M; g) �! (N;h) between Riemannian manifolds are the

critical points of the energy

(1.1) E (f) =
1

2

Z
M

jdf j2 vg;

and they are therefore the solutions of the corresponding Euler�Lagrange equation.
This equation is given by the vanishing of the tension �eld

(1.2) � (f) = tracerdf:
Secondly, biharmonic maps are given as follows:
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The bienergy of a map f by

(1.3) E2 (f) =
1

2

Z
M

j� (f)j2 vg;

and say that is biharmonic if it is a critical point of the bienergy.
Jiang derived the �rst and the second variation formula for the bienergy, showing

that the Euler�Lagrange equation associated to E2 is

�2 (f) = �J f (� (f)) = ��� (f)� traceRN (df; � (f)) df(1.4)

= 0;

where J f is the Jacobi operator of f . The equation �2 (f) = 0 is called the
biharmonic equation. Since J f is linear, any harmonic map is biharmonic.
In this paper, we obtain new approach on spacelike biharmonic curves with

timelike binormal according to �at metric in terms of one parameter subgroup
in the Lorentzian Heisenberg group Heis3. We characterize spacelike biharmonic
curves with timelike binormal in terms of one parameter subgroup in the Lorentzian
Heisenberg group Heis3.

2. The Lorentzian Heisenberg Group Heis3

The Heisenberg group Heis3 is a Lie group which is di¤eomorphic to R3 and the
group operation is de�ned as

(x; y; z) � (x; y; z) = (x+ x; y + y; z + z � xy + xy):
The identity of the group is (0; 0; 0) and the inverse of (x; y; z) is given by

(�x;�y;�z). The left-invariant Lorentz metric on Heis3 is

g = dx2 + (xdy + dz)
2 � ((1� x) dy � dz)2:

The following set of left-invariant vector �elds forms an orthonormal basis for
the corresponding Lie algebra:

(2.1)
�
e1 =

@

@x
; e2 =

@

@y
+ (1� x) @

@z
; e3 =

@

@y
� x @

@z

�
:

The characterising properties of this algebra are the following commutation re-
lations:

[e2; e3] = 0; [e3; e1] = e2 � e3; [e2; e1] = e2 � e3;
with

(2.2) g(e1; e1) = g(e2; e2) = 1; g(e3; e3) = �1:

Proposition 2.1. For the covariant derivatives of the Levi-Civita connection of
the left-invariant metric g, de�ned above the following is true:

(2.3) r =

0@ 0 0 0
e2 � e3 �e1 �e1
e2 � e3 �e1 �e1

1A ;
where the (i; j)-element in the table above equals reiej for our basis

fek; k = 1; 2; 3g = fe1; e2; e3g:
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So we obtain that

(2.4) R(e1; e3) = R(e1; e2) = R(e2; e3) = 0:

Then, the Lorentz metric g is �at.

3. Spacelike Biharmonic Curves with Timelike Binormal According
to Flat Metric in the Lorentzian Heisenberg Group Heis3

Let  : I �! Heis3 be a unit speed spacelike curve with timelike binormal and
ft;n;bg are Frenet vector �elds, then Frenet formulas are as follows

rtt = �1n;
rtn = ��1t+ �2b;(3.1)

rtb = �2n;

where �1; �2 are curvature function and torsion function, respectively and

g (t; t) = 1; g (n;n) = 1; g (b;b) = �1;
g (t;n) = g (t;b) = g (n;b) = 0:

With respect to the orthonormal basis fe1; e2; e3g we can write

t = t1e1 + t2e2 + t3e3;

n = n1e1 + n2e2 + n3e3;

b = b1e1 + b2e2 + b3e3:

Theorem 3.1. If  : I �! Heis3 is a unit speed spacelike biharmonic curve
with timelike binormal according to �at metric, then

�1 = constant 6= 0;
�21 � �22 = 0;(3.2)

�2 = constant:

Corollary 3.2. If  : I �! Heis3 is a unit speed spacelike biharmonic curve
with timelike binormal, then  is a helix.
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4. Biharmonic Curves in terms of One-Parameter Subgroup of
Lorentzian Heisenberg group

One-parameter groups describe dynamical systems. Furthermore, whenever a
system of physical laws admits a one-parameter group of di¤erentiable symmetries,
then there is a conserved quantity, by Noether�s theorem.

De�nition 4.1. For each X 2 heis3,  : R ! Heis3; t !  (t) = exp tX
is analytic homomorphism then  is called one-parameter subgroup of Lorentzian
Heisenberg group.

The action of a one-parameter group on a set is known as a �ow.

De�nition 4.2. The mapping X! expX is called the exponential mapping.
We have the formula

exp (t+ u)X = exp tX expuX;
where 8s; u 2 R and 8X 2 heis3:

Firstly, let us calculate the arbitrary parameter t according to the arclength
parameter s: It is well known that

(4.1) s =

Z t

0

g (0 (t) ; 0 (t))
1
2 dt;

where

(4.2) 0 (t) = X; X = x1e1 + x2e2 + x3e3:
Substituting above equation in (4.1), we have

s = g (X;X)
1
2 t

The �rst, second and third derivatives of  are given as follows:

0 (s) =
X

g (X;X)
1
2

;

00 (s) =
X2

g (X;X)2
;(4.3)

000 (s) =
X3

g (X;X)
3
2

;

where

X2 = [X � X] ;
X3 =

�
X � X2

�
:

Using above sytems, we obtain following results.

Theorem 4.3. Let  : I �! Heis3 be a unit speed non-geodesic spacelike
biharmonic curve in the Heis3. Then,

X = g (X;X)
1
2 [cosh'e1 + sinh' sinh[

�1s

sinh'
+ `]e2 + sinh' cosh[

�1s

sinh'
+ `]e3];
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X2=�
g
�
X2;X2

� 1
2

�1
sinh2 '( sinh2[

�1s

cosh'
+ `] + sinh[

�1s

cosh'
+ `] cosh[

�1s

cosh'
+ `])e1

+
g
�
X2;X2

� 1
2

�1
(�1 cosh[

�1s

cosh'
+ `] + sinh' cosh' sinh[

�1s

cosh'
+ `]

+ sinh' cosh' cosh[
�1s

cosh'
+ `])e2

(4.4)

+
g
�
X2;X2

� 1
2

�1
(�1 sinh[

�1s

cosh'
+ `]� sinh' cosh' sinh[ �1s

cosh'
+ `]

� sinh' cosh' cosh[ �1s
cosh'

+ `])e3;

X3=g (X;X)
3
2 |[

1

�1
sinh' sinh[

�1s

sinh'
+ C](�1 sinh[

�1s

cosh'
+ `]

� sinh' cosh' sinh[ �1s
cosh'

+ `]� sinh' cosh' cosh[ �1s
cosh'

+ `])

� 1

�1
sinh' cosh[

�1s

sinh'
+ C](�1 cosh[

�1s

cosh'
+ `]

+ sinh' cosh' sinh[
�1s

cosh'
+ `] + sinh' cosh' cosh[

�1s

cosh'
+ `])]e1

+ g (X;X)
3
2 |[

1

�1
cosh'(�1 sinh[

�1s

cosh'
+ `]� sinh' cosh' sinh[ �1s

cosh'
+ `]

� sinh' cosh' cosh[ �1s
cosh'

+ `])

+
1

�1
sinh' cosh[

�1s

sinh'
+ C] sinh2 '( sinh2[

�1s

cosh'
+ `]

+ sinh[
�1s

cosh'
+ `] cosh[

�1s

cosh'
+ `])]e2

� g (X;X)
3
2 |[

1

�1
cosh'(�1 cosh[

�1s

cosh'
+ `] + sinh' cosh' sinh[

�1s

cosh'
+ `]

+ sinh' cosh' cosh[
�1s

cosh'
+ `]) +

1

�1
sinh3 '( sinh2[

�1s

cosh'
+ `]

+ sinh[
�1s

cosh'
+ `] cosh[

�1s

cosh'
+ `]) sinh[

�1s

sinh'
+ C]]e3

+ g
�
X3;X

�
[cosh'e1 + sinh' sinh[

�1s

sinh'
+ `]e2 + sinh' cosh[

�1s

sinh'
+ `]e3];

where ` is constant of integration and

| = [
g
�
X3;X3

�
g (X;X)3

� 2
g
�
X3;X

�2
g (X;X)

7
2

+
g
�
X3;X

�
g (X;X)3

]
1
2 :

Proof. From (3.1) and Corollary 3.2, imply

t = cosh'e1 + sinh' sinh[
�1s

sinh'
+ `]e2 + sinh' cosh[

�1s

sinh'
+ `]e3;
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where ` is constant of integration.
On the other hand, �rst equation of (3.3) we have

(4.5)

X = g (X;X)
1
2 [cosh'e1 + sinh' sinh[

�1s

sinh'
+ `]e2 + sinh' cosh[

�1s

sinh'
+ `]e3]:

So, we immediately arrive at

(4.6) n =
1

g (X2;X2)
1
2

X2:

Using �rst equation of the system (3.2) and (2.3), we have

rtt=(t01 � t22 � t2t3)e1 + (t02 + t1t2 + t1t3)e2
+ (t03 � t1t2 � t1t3)e3:

By the use of Frenet formulas and above equation, we get

X2=�
g
�
X2;X2

� 1
2

�1
sinh2 '( sinh2[

�1s

cosh'
+ `] + sinh[

�1s

cosh'
+ `] cosh[

�1s

cosh'
+ `])e1

+
g
�
X2;X2

� 1
2

�1
(�1 cosh[

�1s

cosh'
+ `] + sinh' cosh' sinh[

�1s

cosh'
+ `]

+ sinh' cosh' cosh[
�1s

cosh'
+ `])e2

+
g
�
X2;X2

� 1
2

�1
(�1 sinh[

�1s

cosh'
+ `]� sinh' cosh' sinh[ �1s

cosh'
+ `]

� sinh' cosh' cosh[ �1s
cosh'

+ `])e3:

Using same calculations we get

b =
1

|
[

X3
g (X;X)

3
2

�
g
�
X3;X

�
g (X;X)2

X];

where

| = [
g
�
X3;X3

�
g (X;X)3

� 2
g
�
X3;X

�2
g (X;X)

7
2

+
g
�
X3;X

�
g (X;X)3

]
1
2 :

From above equation, we have

X3 = g (X;X)
3
2 |b+

g
�
X3;X

�
g (X;X)

1
2

X:
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Cross product of t� n = b gives us

X3=g (X;X)
3
2 |[

1

�1
sinh' sinh[

�1s

sinh'
+ C](�1 sinh[

�1s

cosh'
+ `]

� sinh' cosh' sinh[ �1s
cosh'

+ `]� sinh' cosh' cosh[ �1s
cosh'

+ `])

� 1

�1
sinh' cosh[

�1s

sinh'
+ C](�1 cosh[

�1s

cosh'
+ `]

+ sinh' cosh' sinh[
�1s

cosh'
+ `] + sinh' cosh' cosh[

�1s

cosh'
+ `])]e1

+ g (X;X)
3
2 |[

1

�1
cosh'(�1 sinh[

�1s

cosh'
+ `]� sinh' cosh' sinh[ �1s

cosh'
+ `]

� sinh' cosh' cosh[ �1s
cosh'

+ `])

+
1

�1
sinh' cosh[

�1s

sinh'
+ C] sinh2 '( sinh2[

�1s

cosh'
+ `]

+ sinh[
�1s

cosh'
+ `] cosh[

�1s

cosh'
+ `])]e2

� g (X;X)
3
2 |[

1

�1
cosh'(�1 cosh[

�1s

cosh'
+ `] + sinh' cosh' sinh[

�1s

cosh'
+ `]

+ sinh' cosh' cosh[
�1s

cosh'
+ `]) +

1

�1
sinh3 '( sinh2[

�1s

cosh'
+ `]

+ sinh[
�1s

cosh'
+ `] cosh[

�1s

cosh'
+ `]) sinh[

�1s

sinh'
+ C]]e3

+ g
�
X3;X

�
[cosh'e1 + sinh' sinh[

�1s

sinh'
+ `]e2 + sinh' cosh[

�1s

sinh'
+ `]e3];

where

| = [
g
�
X3;X3

�
g (X;X)3

� 2
g
�
X3;X

�2
g (X;X)

7
2

+
g
�
X3;X

�
g (X;X)3

]
1
2 :

So, the proof is completed.

In the light of Theorem 4.3, we express the following corollary without proof:

Corollary 4.4.

X3 = g (X;X)
3
2 |b+g

�
X3;X

�
t;

where

| = [
g
�
X3;X3

�
g (X;X)3

� 2
g
�
X3;X

�2
g (X;X)

7
2

+
g
�
X3;X

�
g (X;X)3

]
1
2 :
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