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CHARACTERIZATION OF SMARANDACHE M;M, CURVES OF
SPACELIKE BIHARMONIC 5-SLANT HELICES ACCORDING
TO BISHOP FRAME IN E(1,1)

TALAT KORPINAR AND ESSIN TURHAN

ABSTRACT. In this paper, we find parametric equations of Smarandache M1 M,
curves of spacelike biharmonic B—slant helices according to Bishop frame in
terms of Bishop curvatures in the Lorentzian group of rigid motions E(1,1).
Finally, we construct Bishop equations of Smarandache M1Mj curves of space-
like biharmonic B—slant helices in E(1,1).

1. INTRODUCTION

A curve of constant slope or general helix is defined by the property that the
tangent lines make a constant angle with a fixed direction. A necessary and suffi-
cient condition that a curve to be general helix is that ratio of curvature to torsion
be constant. Indeed, a helix is a special case of the gerenal helix. If both curvature
and torsion are non-zero constants, it is called a helix or only a W-curve.

On the other hand, the Bishop frame or parallel transport frame is an alternative
approach to defining a moving frame that is well defined even when the curve has
vanishing second derivative. We can parallel transport an orthonormal frame along
a curve simply by parallel transporting each component of the frame.

In this paper, we find parametric equations of Smarandache M;M, curves of
spacelike biharmonic B—slant helices according to Bishop frame in terms of Bishop
curvatures in the Lorentzian group of rigid motions E(1,1). Finally, we construct
Bishop equations of Smarandache MM, curves of spacelike biharmonic B—slant
helices in E(1,1).

2. PRELIMINARIES

Let E(1,1) be the group of rigid motions of Euclidean 2-space. This consists of
all matrices of the form
coshx sinhzx y
sinhz coshz =z

0 0 1
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Topologically, E(1, 1) is diffeomorphic to R? under the map

coshz sinhzx y
E(1,1) — R? : sinhz coshz =z | — (z,y,2),

0 0 1
It’s Lie algebra has a basis consisting of
X, = %, X, = coshxagy +sinhx%, X3 = Sinhxagy + coshx%,
for which
[Xla XQ] = X37 [X2a X3] = O? [Xl?X?)] = X2'
Put
1 2 1 3_ 1
T =,z =§(y+z), z :i(y_z)'

Then, we get

(2.1)

0 1 mla 7118 1 z1a 7$18
Xlaq:l’X22(e DI ax3>’X32<e DI am:a)

The bracket relations are
[Xla XQ] = X37 [XQa XB] =0, [X17X3] = Xa.

We consider left-invariant Lorentzian metrics which has a pseudo-orthonormal
basis {X1,X,, X3} . We consider left-invariant Lorentzian metric [12], given by

1\2 P ) 132 ) 132
g:—(dz)Jr(e””d:c +ezdm> +(e‘rd:p fexdz),
where

9(X1,Xy) = -1, g(X2,X,) = g(X3,X3) = 1.
Let coframe of our frame be defined by

! 1 o1 1
0! = dat, 02 = e da® + €% dad, 62 = e da? — e dad.

3. SMARANDACHE M;M, CURVES OF SPACELIKE BIHARMONIC B-SLANT
HELICES IN THE LORENTZIAN GROUP OF RIGID MoTIONS E(1,1)

Let v : I — E(1,1) be a non geodesic spacelike curve on the E(1,1) parame-
trized by arc length. Let {T, N, B} be the Frenet frame fields tangent to the E(1,1)
along ~ defined as follows:

T is the unit vector field 7’ tangent to v, N is the unit vector field in the direction
of VxT (normal to ), and B is chosen so that {T,N,B} is a positively oriented
orthonormal basis. Then, we have the following Frenet formulas:

VTT = KJN,
(3.1) VN =T+ 7B,
VB =71N,

where £ is the curvature of v and 7 is its torsion and
g(TaT) = la g(NvN) = _17 g(BaB) = 17
g(T,N)=¢(T,B) =g (N,B) =0.
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The Bishop frame or parallel transport frame is an alternative approach to defin-
ing a moving frame that is well defined even when the curve has vanishing second
derivative. The Bishop frame is expressed as

VT = kM — kaMp,
(3.2) VoM, = ki T,
VrMsy = kT,
where
g(T,T)=1, g(My,M;) = —1, g(M,My) =1,
g(T,M;) =g(T,Mz) = g(M;,My) =0.

Here, we shall call the set {T,M;, M,} as Bishop trihedra, k; and ko as Bishop
curvatures and 7(s) = ' (s), #(s) = /|k3 — kZ|. Thus, Bishop curvatures are
defined by

k1 = k(s)sinh ) (s),
ko = k(s) cosh) (s).
With respect to the orthonormal basis {e1, e,, e;} we can write
T=T'e +T%y + T3e3,
(3.3) M, = Mje; + Mie; + Mes,
M, = Mje; + Miey + Mies.

Definition 3.1. Let v : I — E(1,1) be a unit speed regular curve in the
Lorentzian group of rigid motions E(1,1). and {T,Mi,M,} be its moving Bishop
frame. Smarandache MMy curves are defined by

(3.4) ™My M, = (M1 + M,).

1
|kt + kol

Definition 3.2. [7], A regular spacelike curve v : I — E(1,1) is called a
B—slant helix provided the timelike unit vector My of the curve -y has constant
angle 6 with some fized timelike unit vector u, that is

g (M; (s),u) = coshp for all s € I.
Lemma 3.3. [7], Let v : I — TE(1,1) be a unit speed spacelike curve with
non-zero natural curvatures. Then v is a B—slant helix if and only if
k
(3.5) -1 — tanh 0.
ko

Theorem 3.4. Let v: I — E(1,1) is a non geodesic spacelike biharmonic
B—slant heliz in the Lorentzian group of rigid motions E(1,1). Then, the parametric
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equations of Smarandache MM, curves of spacelike biharmonic slant helix are

i, (5) = €(cosh 9) X
(3.6) +€(sinh pcos [D1s + Da] — sin [D1s + D3])Xo
+C(sinh psin [Dys 4+ Da] + cos[Dys + D)) X3,

where D1, Dy are constants of integration and

1

L
k1 + k2|

Proof. Assume that v is a non geodesic spacelike biharmonic B—slant helix
according to Bishop frame.
Hence, from Definition 3.2, we obtain

(3.7)  M; = cosh pX; + sinh pcos[D1s + D3] X + sinh psin [D1s + Do) Xs.
Using (2.1) in (3.7), we may be written as
(38) MQ = —sin [Dls + DQ} X2 —+ cos [Dls + DQ} X3.

Substituting (3.7) and (3.8) in (3.4) we have (3.6), which completes the proof.
Then, we obtain the following corollary.

Corollary 3.5. Let v : I — E(1,1) is a non geodesic spacelike biharmonic
B—slant heliz in the Lorentzian group of rigid motions B(1,1). Then, the parametric
equations of Smarandache MM, curves of spacelike biharmonic slant helix are

Ty, (8) = €(cosh p),
cosh o

m%,hMQ (s) = %e FiFFRal ((sinh ) cos [D1s + D] — sin [Dys + Ds))

(3.9 + %e Ty ¥R ((sinh p) sin [Dys + D3] + cos [D1s + Ds]),

cosh o

¢ _
mi/th (s) = 5¢€ FiF52T ((sinh @) cos [Dys + Do) — sin[D1s + Ds))

cosh p

¢ _
-3¢ F+kl ((sinh ) sin [Dys + Ds] + cos [Dys + Ds)),

where D1, Dy are constants of integration and

1

C—
k1 + k2|

Proof. Substituting (2.1) to (3.6), we have (3.9) as desired.
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We may use Mathematica in Corollary 3.5, yields

5

Figure 1.

4. BisHOP EQUATIONS OF SMARANDACHE MM, CURVES OF SPACELIKE
BIHARMONIC B—SLANT HELICES IN THE E(1,1)

In this section, we shall call the set {Tm,M?, M;B} as Bishop trihedra, klm and
k‘;13 as Bishop curvatures of Smarandache MM, curve.

We can now state the main result of the paper.

Theorem 4.1. Let v : I — E(1,1) is a non geodesic spacelike biharmonic
B—slant heliz in the Lorentzian group of rigid motions E(1,1). Then, the Bishop
equations of Smarandache MM,y curves of spacelike biharmonic B—slant helix are

Vs T® = ¢([(ky + k) k1 cosh p] X,
+ Q:[(kl + kg) kl sinh £ COS [Dls + DQ} - (kl + kg) ]€2 sin [Dls + DQHXQ
+ €[(k1 + ko) k1 sinh psin [Dys 4+ Da]| + (k1 + k2) k2 cos [D1s + Ds]| X3,

(4.1) Vs MP = kP €([— (k1 + ko) sinh p] X
+ kP €[~ (k1 + ko) cosh g cos [Dys + Dy]] X
+ kP €[~ (k1 + ko) cosh psin [Dys 4+ Dy]]Xs,

Vs MY = kX €([— (ky + k2) sinh )X,
+ kX €[~ (k1 + ka) cosh g cos [Dys + Dy]] X
+ kY €[~ (k1 + ko) cosh psin [Dys 4+ Dy]]Xs,
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where klm, k;ﬁ are Bishop curvatures of ym,M,, D1, D2 are constants of integration
and
1

C=———.
‘k1—|—]€2|

Proof. Assume that v is a non geodesic spacelike biharmonic B—slant helix and
its Smarandache My M, curve is v, m,-
From (3.4), we have

(4.2) TF = ¢((k1 + k2) T),

where € =——.
[k1+k2|
On the other hand, a straightforward computation gives

T% = ¢([— (k1 + k2) sinh p] X,
(4.3) + €[— (k1 + k2) cosh p cos [Dys + D3]] Xo
+ €[— (k1 + k2) cosh psin [Dys + D3]] X3.

From (2.1), we have

Vs TF = €([(ky + ko) ki cosh ] X
+ €[(k1 + ko) k1 sinh g cos [D1s + Ds] — (k1 + ka2) ko sin [D1s + D3]] Xo
+ @[(Iﬁ + kg) k1 sinh p sin [D15 + Dg] + (k‘l + k‘2) ko cos [D15 + D2HX3.

Considering Eqgs.(3.2) and (3.3), we obtain the theorem. This concludes the
proof of theorem.
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