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NEW INEXTENSIBLE FLOWS OF TIMELIKE CURVES ON THE
ORIENTED TIMELIKE SURFACES ACCORDING TO DARBOUX
FRAME IN M3

TALAT KORPINAR AND ESSIN TURHAN

ABSTRACT. In this paper, we study inextensible flows of timelike curves on
oriented time-like surface in Mil)’ We research inextensible flows of timelike
curves according to Darboux frame in M? Finally, we obtain partial differential
equations about curvatures of timelike curves.

1. INTRODUCTION

Fluid flow researchers have been studying fluid flows in various ways, and today
fluid flow is still an important field of research. The areas in which fluid flow
plays a role are numerous. Gaseous flows are studied for the development of cars,
aircraft and spacecrafts, and also for the design of machines such as turbines and
combustion engines. Liquid flow research is necessary for naval applications, such
as ship design, and is widely used in civil engineering projects such as harbour
design and coastal protection.

The visualization of fluid flow simulation data may have several different pur-
poses. Omne purpose is the verification of theoretical models in fundamental re-
search. When a flow phenomenon is described by a model, this flow model should
be compared with the ‘real’ fluid flow. The accuracy of the model can be verified
by calculation and visualization of a flow with the model, and comparison of the
results with experimental results.

This study is organised as follows: Firstly, we study inextensible flows of timelike
curves on oriented time-like surface in M. Secondly, we research inextensible flows
of timelike curves according to Darboux frame in M$. Finally, we obtain partial
differential equations about curvatures of timelike curves.

2. PRELIMINARIES

The Minkowski 3-space M provided with the standard flat metric given by
(,) = —dx? + da3 + da3,
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where (21, z2,23) is a rectangular coordinate system of M3. Recall that, the norm
of an arbitrary vector a € M3 is given by |la|| = \/(a,a). v is called a unit speed
curve if velocity vector v of v satisfies |la]| = 1.

Denote by {T, N, B} the moving Frenet—Serret frame along the timelike curve 7
in the space M3. For an arbitrary timelike curve  with first and second curvature,
x and 7 in the space M3, the following Frenet—Serret formulae is given

T = kN
(2.1) N =xkT+ 7B
B = —71N,
where
<T,T> =-1, <N7N> =1, <BaB> =1,
(T,N) =(T,B) = (N,B) =0.
Here, curvature functions are defined by « = k(s) = ||T'(s)|| and 7(s) =
—(N,B').
Torsion of the curve v is given by the aid of the mixed product
/ 1 "
I e
12

A surface M in the Minkowski 3-space M3 is said to be space-like, time-like
surface if, respectively the induced metric on the surface is a positive definite Rie-
mannian metric, Lorentz metric. In other words, the normal vector on the space-like
(time-like) surface is a time-like (space-like) vector [9].

If the surface M is an oriented time-like surface, then the curve «a(s) lying on
M is a time-like curve. Thus, the equations which describe the Darboux frame of
a(s) is given by :

T = kgP + kpn,
(2.2) P' =k,T — 7yn,
n' =k, T+7,P,
where T, P,n satisfy the following properties:
<T,T>=-1, <nn>=1, <P, P>=1,
<Tn>=<T,P>=<n,P>=0.

In this frame T is the unit tangent of the curve, n is the unit normal of the
surface M and P is a unit vector given by Txn=—-P ,nxP =T ,PxT = —n.

3. INEXTENSIBLE FLOWS OF TIMELIKE CURVES ON ORIENTED TIME-LIKE
SURFACES ACCORDING TO DARBOUX FRAME IN M3

Let a(u,t) is a one parameter family of smooth timelike curves on oriented
time-like surface in M.



NEW INEXTENSIBLE FLOWS OF TIMELIKE CURVES ... 305

The arclength of « is given by

u aa
. = —|d
(3.1) s(u) /‘au u,
0
where
1
dal |/da da\|2
0. . .
The operator 75 is given in terms of u by
s
9_10
ds  vou’

and the arclength parameter is ds = vdu.

Oa
h = | —
where v ’ 5

Any flow of a can be represented as

)
(3.3) (7? = APT + ADP + APn.

Letting the arclength variation be

u

s(u,t) = /vdu.

0

In the E3 the requirement that the curve not be subject to any elongation or
compression can be expressed by the condition

) [ v
(3.4) as(u,t) = /adu =0,
0

for all u € [0,1].

Definition 3.1. Let M be an oriented time-like surface and o lying on M in

0
Minkowski 3-space M3. The flow X on M are said to be inextensible if

ot
9 |0a _
ot | Ou|

Lemma 3.2. Let M be an oriented time-like surface and « lying on M in

Minkowski 3-space M. The flow aa—(j = APT + APP + A is ineatensible if and
only if
ov  OAP
(3.5) 8—: + 8u1 = —APvr, — ADvk,,.
Ja

Proof. Suppose that be a smooth flow of the timelike curve «. Using

ou

definition of «, we have

Oa o
2
(36) Y <8u78u>'
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0

0
— and g commute since and are independent coordinates. So, by differentiat-
U
ing of the formula (3.6), we get

0 _ 0 (00 20
vat_at ou’ Ou /"’

0 9]
On the other hand, changing 0 and —, we have
w

ot’
ov_ o0 0 da,
Yot ~\owou o’/
From (3.3), we obtain
ov  [O0a 9 , p D
vat_<8 T (APT + ADP 4 AT )>.

By the formula of the Darboux, we have

ov 0AP
ot

— =< T + APuvk > (A VK 8A2D + APur, ) P
9 a 3 n 1 H 8U 3 g

D
+ (Alp’l},‘in — APvr, + 8({;45 ) n>.

Making necessary calculations from above equation, we have (3.5), which proves
the lemma.

Theorem 3.3. Let M be an oriented time-like surface and « lying on M in
0
Minkowski 3-space M3. The flow a—(z 18 inextensible if and only if

GAD
ou

(3.7 ~APvk, — AP vk,

Proof. Assume that O be inextensible. From (3.4), we have

ot

B [o AP
(3.8) as(u,t) = a—:du = / ( (;4 + ADuk, +A3Dvnn> du =0,
0 0

Vu € [0,1] . Substituting (3.5) in (3.8) complete the proof of the theorem.

We now restrict ourselves to arc length parametrized curves. That is, v = 1
and the local coordinate u corresponds to the curve arc length s. We require the
following lemma.

Lemma 3.4.

or ([ »p OAP . OAP
(3.9) T <A1 K, s ) P+ (-’41 K — 55 | ™

OP DAY
(3.10) 8t:<A Ky + 2)4 +A3T9>T+’(/Jn,

D
(3.11) %rtlz (.A?/@n AD7, + 854 )T YP,
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where 9 = <aaltj,n> .

Proof. Using definition of a, we have

OT 9 da

O _00a _ 0 s s s
% 9 9s 6S(fllthQP+A3n).

Using the Darboux equations, we have

oT OAP OAY
(3.12) rTi < s + APvk, + A3D/<;n> <.A1 VKg + s + AP, >
OAP
D 3
+ (Al Rp — 88 > n.
Substituting (3.7) in (3.12), we get
or [ »p OAP D D OAP
E— (./41 ’UK/Q—’—W—’—AS UTg P+ ./41 Ry — as n

Also, we have

Then, a straightforward computation using above system gives
oP o OAP
a = (Al Kjg a ) T + 1/}1’1,

0 DAD
(;;:(A?nn A7y + 75 >T—¢P,

oP

—,n

ot’

Thus, we obtain the theorem.

where ¢ =

The following theorem states the conditions on the curvature and torsion for the
flow to be inextensible.
Theorem 3.5. Let M be an oriented time-like surface and o lying on M in

. 0
Minkowski 3-space M3. If 8—(: is inextensible, then the following system of partial
differential equations holds:

8% 0 024D o HAP
g — Phy = (ADRg) + 8522 + %(A?Tg) + A?nnTg - .A2D7'§ + T;Tg,

(3 13)

Okn,

0 0 0?AP OAP
o+ s = (e APn) — o (ABT) + O ) = (AP + 22 4 AT, ) 7,
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Proof. Using (3.9), we have

00T _ 0 [(p, 08 o D 9AP
asatasKAl“ Bs ) AThn = Ay7e + 5> |0
D D
= (A?ﬁg 851 + ADTg) Kg+ <A?/€n AD7, + aét ) k)T
2 A\D D
+ (;’S(A?Hg> + 2 D (Upry) + AP rry — P72+ 2 Tg> p
0 0 9?AD 0AD
(o APw) - - (AF7) + S0 = (Py + 22 4 4, ) 7in

On the other hand, from Darboux frame we have

ooJoT 0
&g = a(/ﬁ)gP + :‘inn)
0AP

= [ry <AD/€9 +t T ADTg> + (ADKn +AP7, +

0 Ok,
+ ((;tg - 1/mn> P+ < En +¢/€g>

Hence we see that

DAP
0Os >}T

5I€ 0 o2 AP o OAD
g — YKy = (ADRg) + 8522 + %(A?Tg) + .AlDHnTg - A§T§ + 833 Ty
and
Okn 0 b 92 AP DAD
Oty = (e APwn) = 2B + S0 ) = (4P, + 2 4 4, ),

Thus, we obtain the theorem.

Corollary 3.6.
0

0s2

2 AD
(i(ADHn) B % ('AQDTQ) + ’ A3 >¢H9 = aﬂ7l+<~’4?ﬂg7'g + %Tg +

Proof. Similarly, we have

om0 p aAD
0 0 62AD
~ (5 Pr) - 5 (4Fr,) + a) ~ T
OAP oY
g (A?Hn 853 ) 85]

a D
+[kn (A?Km .A2 Tq + ;l ) +74¢]n.
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On the other hand, a straight forward computation gives
0on 0
—— = — (k,T+7,P
ot s ~ ot " THTaP)
Ok, P

0A
En + <.A1D/£g7'g + 75)52 Tg + A3DT§>]T
OAP or,
—|—[<.A1D/1g/<n + a—;/{n + A?ﬁnrg + a:) P

D

0A
+ (Alpﬁi — .AEHHTQ + T;’/@” + ng> n.

Combining these we obtain the corollary.

In the light of Theorem 3.5, we express the following corollaries without proofs:
Corollary 3.7.

OAP 0 0AD
Kg <A?nn - AD7y+ 52 ) _%_ AP kg Ky,

or,
2 D YUlg
B Bs + gy AT+ 0

Corollary 3.8. Let M be an oriented time-like surface, a lying on M and the
0
flow a—(j is inextensible in Minkowski 3-space M. If « is a geodesic curve, then
o 9AD

or,
D g
a. = En — A3 KTy — —
0s 0s " 3mmte

ot

Proof. By using k; = 0 in Lemma 3.7, we get above equation. This completes
the proof.

Corollary 3.9. Let M be an oriented time-like surface, a lying on M and the
Ja
flow —

5 18 inextensible in Minkowski 3-space M:f. If « is a principal line, then
0 OAP  9AD 1o}
e T S
0s Os Os ot

8A3D 3A3D D

88 + Rn 88 - _K:n-Al Rp-

D D
= —Al Kgkn — Kg Al En,

APk, +

Proof. Substituting 7, = 0 in Lemma 3.7-3.8, we get above equation. This
completes the proof.
Corollary 3.10. Let M be an oriented time-like surface, o lying on M and the
oo

flow o is inextensible in Minkowski S-space M. If « is a asymptotic line, then

AP
AP7, + 7853 + 91, =0.

Proof. By using x,, = 0 in Lemma 3.8, we get above equation. This completes
the proof.
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