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CONSTRUCTION OF DUAL FOCAL CURVES IN D?

VEDAT ASIL, TALAT KORPINAR AND SELCUK BAS

ABSTRACT. In this paper, we study dual focal curves in the Dual 3-space D3.
We characterize dual focal curves in terms of their dual focal curvatures.

1. INTRODUCTION

The application of dual numbers to the lines of the 3-space is carried out by the
principle of transference which has been formulated by Study and Kotelnikov. It
allows a complete generalization of the mathematical expression for the spherical
point geometry to the spatial line geometry by means of dual-number extension,
i.e. replacing all ordinary quantities by the corresponding dual-number quantities.

In this paper, we study dual focal curves in the Dual 3-space 3. We characterize
dual focal curves in terms of their dual focal curvatures.

2. PRELIMINARIES

In the Euclidean 3-Space E?, lines combined with one of their two directions
can be represented by unit dual vectors over the the ring of dual numbers. The
important properties of real vector analysis are valid for the dual vectors. The
oriented lines E? are in one to one correspondence with the points of the dual unit
sphere D3.

A dual point on D? corresponds to a line in E3, two different points of D?
represents two skew lines in E3. A differentiable curve on D? represents a ruled
surface E3. If ¢ and ¢* are real numbers and €2 = 0 the combination ¢ = p+ep* is
called a dual number. The symbol ¢ designates the dual unit with the property 2 =
0. In analogy with the complex numbers W.K. Clifford defined the dual numbers
and showed that they form an algebra, not a field. Later, E.Study introduced the
dual angle subtended by two nonparallel lines E?, and defined it as ¢ = ¢ + ep*
in which ¢ and ¢* are, respectively, the projected angle and the shortest distance
between the two lines.

Let
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4:ICR—D?
s = A(s) =(s) +e77(s)

be differential unit speed dual curve in dual space D3. Denote by {T,N,B} the
moving dual frenet frame along the dual space curve 4(s) in the dual space D3.
Then ’i‘, N and B are the dual tangent, the dual principal normal and the dual
binormal vector fields, respectively. Then for the dual curve & the frenet formulae
are given by,

T = kN + &(k*N + kN*),
N' = —-kT+7B+¢e(—+'T — kKT" + 7B + 7B*),
B = —7N-¢ (T*N + 7N*) |

where 4 = Kk + exk™ is nowhere pure dual natural curvatures and 7 =7+ e7* is
nowhere pure dual torsion.

3. DuaL FocAL CURVES ACCORDING To DuAL FrReENET FraME IN D3

Denoting the dual focal curve by ¢ we can write
(3.1) 9(s) = (3 + &N + §2B) (),

where the coefficients g1, g2 are smooth functions of the parameter of the curve 4,
called the first and second dual focal curvatures of ¥, respectively.

The formula (3.1) is separed into the real and dual part, we have

(3.2) o(s) = (v + a1 N + q2B)(s),
9" (s) = (7" + q1N" + qiN + q2B* 4 q5B) (s).

Theorem 3.1. Let 4 : I — D? be a unit speed dual curve and ¢ its dual focal
curve on D3, Then,

1 !
(3.3) p=v+-N- B,

K K21

1 K* k'
3.4 f="+ -N*"— —=N-— B*
(3-4) =T K K2 K21 +
_(Kl*)//i2 +2/€K,*/€/ N T*R! B.
KA K272

Proof. Assume that 4 is a unit speed dual curve and ¢ its dual focal curve on
D3.
So, by differentiating of the formula (3.1), we get

(3.5) p(s)' = (1 — k)T + (3] — 762)N + (741 + 32)B.
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Using above equation, the first 2 components vanish, we have
(3.6) 1— iy =0,
(3.7) dy — 742 = 0.
Equations (3.6) and (3.7) are separed into the real and dual part, we have
Ky =1,
K4 + K q1 =0,
9y — 792 =0,
(a7) — 795 — 7792 = 0.

Since,
1
g1 = —,
K
N
. K
91 = T2
K‘/l
Q2 = —
K21’
. — (k)R 426k TR
s = .
2 kAT <272

From above system, we express (3.3) and (3.4). This completes the proof.

Corollary 3.2. Let 4 : I — D3 be a unit speed dual curve and § its dual focal
curve on 3. Then, real and dual part of dual focal curvatures of ¢ are

1
g1 = —,
K
"
*
9= ——=
1 Hg’
H/
q2 = —
K27’
. —(K)'K2 426k TR
s = .
2 kAT K272

In the light of Theorem 3.1 and Corollary 3.2, we express the following corollary
without proof:

Corollary 3.3. Let ¥ : I — D3 be a unit speed dual curve and ¢ its dual
focal curve on D3. If & and 7 are constant then, treal and dual part of dual focal
curvatures of  are

q1 = constant # 0,
q; = constant # 0,
g2 =0,
q; =0.
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