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TCHEBYSHEF NET ON B-TANGENT DEVELOPABLE
SURFACES OF SPACELIKE BIHARMONIC NEW TYPE
B-SLANT HELICES IN %3

TALAT KORPINAR AND ESSIN TURHAN

ABSTRACT. In this paper, we construct Tchebyshef net of tangent developable
surfaces of biharmonic spacelike new type B-slant helices according to Bishop
frame in the Lorentzian Heisenberg group H3. We give necessary and sufficient
conditions for new type B-slant helices to be biharmonic. We characterize
Tchebyshef net of B-tangent developable surfaces in the Lorentzian Heisenberg
group H3.

1. INTRODUCTION

A number of new results in web geometry have been obtained in the last twenty
years. Germs of webs defined by few foliations in general position are far from being
interesting. Basic results from differential calculus imply that the theory is locally
trivial. As soon as the number of foliations surpasses the dimension of the ambient
manifold this is no longer true. The discovery in the last years of the 1920 decade
of the curvature for 3-webs on surfaces is considered as the birth of web geometry.

On the other hand, Jiang derived the first and the second variation formula for
the bienergy in [6], showing that the Euler-Lagrange equation associated to Es is

(1.4) 7 (f) = =T (7 (f)) = —A7 (f) — traceRN (df, 7 (f)) df
=0,

where J7 is the Jacobi operator of f and 7 (f) =traceVdf. The equation 7 (f) =
0 is called the biharmonic equation. Since J is linear, any harmonic map is
biharmonic. Therefore, we are interested in proper biharmonic maps, that is non-
harmonic biharmonic maps.

This study is organised as follows: Firstly, we construct Tchebyshef net of tan-
gent developable surfaces of biharmonic spacelike new type B-slant helices according
to Bishop frame in the Lorentzian Heisenberg group H®. Secondly, we give neces-
sary and sufficient conditions for new type B-slant helices to be biharmonic. Finally,
we characterize Tchebyshef net of B-tangent developable surfaces in the Lorentzian
Heisenberg group H?3.
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2. THE LORENTZIAN HEISENBERG GROUP H?

The Heisenberg group Heis? is a Lie group which is diffeomorphic to R? and the
group operation is defined as

_ _ _ _1_ 1 _
(l’,y,Z) * (ZII,y,Z) = (Jc—i—a@y—l—y,z—i—z— §$y+ §xy)
The identity of the group is (0,0,0) and the inverse of (z,y,z) is given by
(—x, —y, —2z). The left-invariant Lorentz metric on Heis? is
g = —da? + dy? + (xdy + dz)*.

The following set of left-invariant vector fields forms an orthonormal basis for
the corresponding Lie algebra:

(1) _ 9o _90 9 0
R U T ML A S

The characterising properties of this algebra are the following commutation re-
lations, [15]:

g(elael) = 9(625e2) = 17 g(e37e3) =-1

Proposition 2.1. For the covariant derivatives of the Levi-Civita connection of
the left-invariant metric g, defined above the following is true:

1 0 €3 €9
(2) V=_ €3 0 e s
2
€y —e3 0

where the (i, j)-element in the table above equals Ve,e; for our basis

{er,k =1,2,3}.

3. SPACELIKE BIHARMONIC NEW TYPE B—SLANT HELICES WITH BISHOP
FrRAME IN THE LORENTZIAN HEISENBERG GROUP H?

Let v : I — H3 be a non geodesic spacelike curve on the Lorentzian Heisenberg
group H? parametrized by arc length. Let {t,n,b} be the Frenet frame fields
tangent to the Lorentzian Heisenberg group H? along v defined as follows:

t is the unit vector field 4" tangent to ~, n is the unit vector field in the direction
of Vit (normal to «), and b is chosen so that {t,n,b} is a positively oriented
orthonormal basis. Then, we have the following Frenet formulas:

Vtt = K1,
(3) Vin = kt + 7hb,
VB = 7n,

where k is the curvature of v and 7 is its torsion and
g(t,t)=1, g(n,n)=-1, g(b,b) =1,
g(t,n) =g (t,b) =g (n,b) =0.
In the rest of the paper, we suppose everywhere xk % 0 and 7 # 0.
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The Bishop frame or parallel transport frame is an alternative approach to defin-
ing a moving frame that is well defined even when the curve has vanishing second
derivative. The Bishop frame is expressed as

Vit = kim; — komo,
(4) Vim; = kit,
Vtmg = k‘gt,

where
g(t7t) = 17 g(mlaml) = 715 g(mg,mg) = 17
g(t,m;) =g (t,my) = g (m;,my) =0.

Here, we shall call the set {t,m;, m,} as Bishop trihedra, k; and ko as Bishop
curvatures.

Also, 7(s) = ¢’ (s) and k(s) = v/|k2 — k?|. Thus, Bishop curvatures are defined
by

k1 = k(s)sinh ) (s),

With respect to the orthonormal basis {e1, e,, €5} we can write
t = t1e1 + t292 + t393,
(5) m; = m%el + m%eg + mi’eg,

1 2 3
ms = my€1 + mses + moes.

Theorem 3.1. v: I — H? is a spacelike biharmonic curve with Bishop frame
if and only if

k? — k2 = constant = C' # 0,
(6) P p—— [1 + (m;)z] + kymiml,

k/2/ + [k% - k%] k2 = —klm%m% — k2 |:_1 + (m]i)Q} .

The condition is not altered by reparametrization, so without loss of generality
we may assume that slant helices have unit speed. The slant helices can be identified
by a simple condition on natural curvatures.

To separate a spacelike new type slant helix according to Bishop frame from that
of Frenet- Serret frame, in the rest of the paper, we shall use notation for the curve
defined above as spacelike new type B-slant helix.

Theorem 3.2. Let v : 1 — H? be a unit speed spacelike curve with non-zero
natural curvatures. Then 7y is a new type B-slant heliz if and only if

(7) kg = kl coth Q
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Corollary 3.3. v : I — H? is spacelike biharmonic new type B—slant heliz if
and only if

k1 = constant # 0,
(8) ko = constant # 0,
(k2 — k2 +1+ (m%)Q] = coth Qmim3,
k2 — k2 -1+ (m%)z] = —cothQmimj.

4. TCHEBYSHEF NET OF B—TANGENT DEVELOPABLE SURFACES OF SPACELIKE
BiHARMONIC NEW TYPE B—SLANT HELICES WITH BisHOP FRAME IN THE
LORENTZIAN HEISENBERG GROUP H3

For each fixed (so,t9) € U C R?, the curves
s — Onew(svt()) and u — Onew(s(]at)

are called the coordinate curves of O,,c,,. We say that the coordinate curves of Qe
constitute a Tchebyshef net if the lengths of the opposite sides of any quadrilateral
formed by them are equal.

By definition, Oyeq defines a Tchebyshef net iff for every two points (s, to), (s1,t1) €

U
L9 ) H ;) ) H

/tro g(%onew(ua uO)a &Onew(uﬂ Uo)) du - ,/to g(%onew(u, tl)v %Onew(uv tl)) du7
|9 ) B |9 ) z

/50 g(&onew(sm u), aonew(sovu)) du = /50 g(aonew(slau% aonew(slvu)) du.

By the Fundamental Theorem of Calculus, this is equivalent to

) ) z ) )
‘g(asonew(sa ’LL(]), %Onew(sa UO)) - ‘g(asonew(svul)v %Onew(saul))

1
2

b

[N
M

)

Onew (517 t))

9 9 0 0
’g(atonew(smt)v aonew(s()vt)) - ‘g(atonew(sht)u a

for all (so,to), (s1,t1) € U. Since
(9) E = g(%R(S,to), %R(s,to)), G= g(%R(so, t), %R(so,t))

it follows that above equations holds iff E is independent of ¢t and G is independent
of s, ie., iff

oE  0G
ot s

(10) 0.

The purpose of this section is to study B—tangent developable of biharmonic
spacelike new type B—slant helix in H3.
The B—tangent developable of v is a ruled surface

(11) Onew (s,8) =7 (s) + 17/ (s).
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Theorem 4.1. Let O,y be one-parameter family of the B—tangent developable
surface of a unit speed non-geodesic biharmonic new type B—slant heliz. Opey (8,1)
defines a Tchebyshef net if and only if

— %(sinﬂ — tky cos Q)?

= %(cosﬂ cosh [Cos + C1] + tky sinh [Cos + C4]
(12) — tky sin 9 cosh [Cos + C1])?

+ %(COSQ sinh [Cos + C1] + tky cosh [Cos + C1]

— tky sin Qsinh [Cos + C1])?,
where Cy,C1 are constants of integration and
k3 — k2 )

Proof. From our assumption, we get the following equation
(13) my = cos Qe; + sin Q cosh [Cps + C1]es + sin Q sinh [Cps + Cies.

where Cy,C; are smooth functions of time.
On the other hand, using Bishop formulas Eq.(4) and Eq.(1), we have

(14) m; = sinh [Cys + C1]ez + cosh [Cos + Ci]es.
Using above equation and Eq.(13), we get
(15) t = sin Qe + cos Q cosh [Cps + C1]es + cos Qsinh [Cos + Cq]es.
Furthermore, we have the natural frame {(Opnew), s (Onew), } given by
(Onew) s = (sinQ — tky cos Q)eq + (cos Q cosh [Cos + C1]
+ thy sinh [Cos 4 C1] — the sinQ cosh [Cys + C1])ea
+ (cos Qsinh [Cys + Cy] + tky cosh [Cos + C4]
— tky sin Q sinh [Cos + C4])es,
and
(Onew); = sinQe; + cos Q cosh [Cys + Cy]ez + cos Qsinh [Cos + C1les.

The components of the first fundamental form are

OE 9 0, 2
a = ag((onew)s s (Onew)s) = a(SIHQ - tk? COS Q)
+ %(COSQ cosh [Cps + C1] + tky sinh [Cos + C1]

— tko sin Q cosh [Cos + C1])?

+ g(cosﬂsinh [Cos + C1] + tkq cosh [Cos + C4]

ot
— thy sin Qsinh [Cos + C1])?,
G
s

From Theorem 4.1, we get the following result.
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Corollary 4.2. Let O,y be one-parameter family of the B—tangent devel-
opable surface of a unit speed non-geodesic biharmonic new type B—slant helix.

If Onew (s,t) defines a Tchebyshef net, then the coordinate curves of Opew are
orthogonal.

Theorem 4.3. Let Oy, be B—tangent developable of a unit speed non-geodesic
biharmonic spacelike new type B—slant helix. Then, the parametric equations of
B—tangent developable are

zo,., (s,t) = Cio cos 9 cosh [Cps + C1]+t cos Q sinh [Cos + C1]+Ca,

Yo,.. (s,t) = Cio cos 9 sinh [Cps + C1]+t cos Q cosh [Cos + C1]+Cs,

(16) zo,., (s,t) = sin Qs—% cos Q sinh [Cys + C4]
0

—% cos® Q(2[Cos + C1]+sinh 2[Cys + C1])+tsin Q
0

—t(CiO cos Q cosh [Cos + C1]4+Ca) cos Q cosh [Cos + C1]+Cy,

where Cy,C1,Ca,Cs are constants of integration and

vk -k
C()— W—SIHD.

We may use Mathematica in Theorem 4.3, yields

REFERENCES

[1] L. R. Bishop: There is More Than One Way to Frame a Curve, Amer. Math. Monthly 82
(3) (1975) 246-251.

[2] M.do Carmo: Differential Geometry of Curves and Surfaces, Prentice Hall, New Jersey 1976.

[3] J. Eells and J. H. Sampson: Harmonic mappings of Riemannian manifolds, Amer. J. Math.
86 (1964), 109-160.



TCHEBYSHEF NET ON B-TANGENT DEVELOPABLE ... 357

[4] R. Caddeo, S. Montaldo and P. Piu, Biharmonic curves on a surface, Rend. Mat. Appl. 21
(2001), 143-157.

[5] A. Gray: Modern Differential Geometry of Curves and Surfaces with Mathematica, CRC
Press, 1998.

[6] G.Y.Jiang: 2-harmonic isometric immersions between Riemannian manifolds, Chinese Ann.
Math. Ser. A 7(2) (1986), 130-144.

[7] T. Korpinar and E. Turhan and V. Asil: New approach on spacelike biharmonic curves with
timelike binormal in terms of one parameter subgroup according to flat metric in Lorentzian
Heisenberg group Heis3, Advanced Modeling and Optimization, 14 (1) (2012), 335-342.

[8] T. Korpmar and E. Turhan: On characterization of B-canal surfaces in terms of biharmonic
B-slant helices according to Bishop frame in Heisenberg group Heis3, J. Math. Anal. Appl.
382 (2011), 57-65.

[9] T. Korpinar and E. Turhan, One parameter family of b - ma developable surfaces of bi-
harmonic new type b - slant helices in Sol®, Advanced Modeling and Optimization, 14 (2)
(2012), 297-302.

[10] M. A. Lancret: Memoire sur les courbes ‘a double courbure, Memoires presentes allnstitut 1
(1806), 416-454.

[11] Y. Ou and Z. Wang: Linear Biharmonic Maps into Sol, Nil and Heisenberg Spaces, Mediterr.
j. math. 5 (2008), 379-394.

[12] S. Rahmani: Metrigus de Lorentz sur les groupes de Lie unimodulaires, de dimension trois,
Journal of Geometry and Physics 9 (1992), 295-302.

[13] E. Turhan and T. Korpmar, On spacelike biharmonic new type b-slant helices with timelike
m2 according to Bishop frame in Lorentzian Heisenberg group H3, Advanced Modeling and
Optimization, 14 (2) (2012), 297-302.

[14] E. Turhan and T. Korpmar: On Characterization Of Timelike Horizontal Biharmonic Curves
In The Lorentzian Heisenberg Group Heis®, Zeitschrift fiir Naturforschung A- A Journal of
Physical Sciences 65a (2010), 641-648.

[15] E. Turhan and T. Koérpinar: Parametric equations of general helices in the sol space Sol3,
Bol. Soc. Paran. Mat. 31 (1) (2013), 99-104.

FIRAT UNIVERSITY, DEPARTMENT OF MATHEMATICS,23119, ELAZIG, TURKEY
E-mail address: talatkorpinar@gmail.com, essin.turhan@gmail.com



