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STRONGLY LACUNARY SUMMABLE DOUBLE SEQUENCE
SPACES IN n—NORMED SPACES DEFINED BY IDEAL
CONVERGENCE AND AN ORLICZ FUNCTION

AYHAN ESI

ABSTRACT. In this paper we introduce some certain new double sequence
spaces via ideal convergence, double lacunary sequence and an Orlicz func-
tion in n-normed spaces and examine some properties of the resulting these
spaces.

1. INTRODUCTION

Let X be a non-empty set, then a family of sets I C 2% (the class of all
subsets of X) is called an ideal if and only if for each A, B € I, we have AUB € I
and for each A € I and each B C A, we have B € I. A non-empty family of sets
F c 2% is a filter on X if and only if @ ¢ F, for each A, B € F, we have ANB € F
and each A € F' and each A C B, we have B € F. An ideal I is called non-trivial
ideal if I # @ and X ¢ I. Clearly I C 2% is a non-trivial ideal if and only if
F=F({)={X/A: AcI}isafilter on X. A non-trivial ideal I C 2% is called
admissible if and only if {{x} .x € X} C I. Further details on ideals of 2% can be
found in Kostyrko, et.al [3]. The notion was further investigated by Salat, et.al [4]
and others.

By the convergence of a double sequence we mean the convergence on the
Pringsheim sense that is, a double sequence x = (zj,;) has Pringsheim limit L
(denoted by P — lima = L) provided that given & > 0 there exists n € N
such that |zy; — L| < € whenever k,I > n, [1]. We shall write more briefly as
” P—convergent”.

The double sequence x = () is bounded if there exists a positive number
M such that |zg;| < M for all k and I. Let (2, the space of all bounded double
such that

k1]l (oo 2) = sup |k,t| < oo
The double sequence 0, s = {(k;,ls)} is called double lacunary sequence [5]
if there exist two increasing of integers such that

ko =0, hy =kn—ky_1 =00 asr—ooand Iy =0, hy = ls—ls_1 — 00 as § — oo
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Notations: k., = k;ls, hy s = hTh;, 0, s is determined by

s

kr - ls

Ir,s:{(kal):kr71<k§kr and lsfl<l§ls}vqr: y4s=
kr—l ls—l

and Qr,s = qras'

Recall in [6] that an Orlicz function M is continuous, convex, nondecreasing
function define for = > 0 such that M (0) = 0 and M (z) > 0. If convexity of Orlicz
function is replaced by M(z + y) < M (x) + M (y) then this function is called
the modulus function and characterized by Ruckle [7]. An Orlicz function M is
said to satisfy Ag—condition for all values w, if there exists K > 0 such that
M(2u) < KM (u), u > 0.

Lemma 1. Let M be an Orlicz function which satisfies As—condition and let
0 <8 < 1. Then for each t > §, we have M(t) < Kt6~1M (2) for some constant
K > 0.

A double sequence space X is said to be solid or normal if (o zk,) € X,
and for all double sequences o = (ay, ;) of scalars with |ag,| <1 for all k,l € N.
Let n € N and X be a real vector space of dimension d, where n < d. A

real-valued function ||., ..., .|| on X satisfying the following four conditions:
(1) ||lz1, 22y ...y zn|| = 0 if and only if xq, 24, ..., z,, are linearly dependent,
(ii) ||z1,z2, ..., 2, is invariant under permutation,
(iii) ||axz1, x2, ..., Tnll = || |21, 2, ..., 20|, @ € R,
(iv) ||z + 2%, 2o, ..y || < 21, 22, o Tal| + |28, 22y -0y T |
is called an n—norm on X, and the pair (X, ||.,...,.||) is called an n—normed space
[2].

A trivial example of n—normed space is X = R equipped with the following
FEuclidean n—norm:

L11.--L1n
lz1, 22, ..., zn|| p = abs
Tnl---Tpn
where x; = (21, ..., Zin) € R™ for each i = 1,2,...,n.

2. MAIN RESULTS

Let Iy be an ideal of 2V*N, 6.s be a double lacunary sequence, M be
an Orlicz function, p = (px,) be a bounded double sequence of strictly positive
real numbers and (X, ||., ..., .||) be an n—normed space. Further w (n — X) denotes
X —valued sequence space. Now, we define the following double sequence spaces:

wéivs M, p, ||y s ], = {33 = (x) ew(n—X): Ve >0,
1 Tkl Pk,
(r,s)els: — Z {M( 21,29, ey Zn—1 )} >e p el
™ (D)l p

for some p > 0 and for every z1, 23, ..., 2,1 € X} ,
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wgt IMp | ] = {2 = (20) € w(n = X) :¥e >0,

Tkl — L
T, 21,22y - Zn—1

m@ebﬁzif X:[M<

"8 (kD)€L

Pk,
>:| > € el

for some p > 0, L € X and for every 21, 22, ..., 2p,—1 € X} ,

wg? IMp, |l Mo = {7 = (@r0) € w (0 = X) : 3K >0,

1
(T78) € I’I“,S T Z |:M <Hx;’l7217227‘”72n1

Pk,
>:| > K el
"8 (k) EL 5

for some p > 0 and for every z1, 23, ..., 2n—1 € X} ,

and
wo, . [M,p, || o[y = {x = (zp1) € w(n—X): 3K >0,
1 T Pk,1
I Z {M< %721a327"~7'zn—1 )} <K
S (kl)ED, .

for some p > 0 and for every z1, 22, ..., 2n_1 € X} .

The following well-known inequality will be used in this study:
If 0 <infypry = Ho < piyi < supy; = H < 00, D = max (1,2H_1), then

|2kt — Y |”" < D {]apa P + lyea"' )

for all k,1 € N and xj;,yx,; € C. Also |.’L’k’l‘pk’l < max (1, ‘.%'k,l|H) for all z;; € C.

Theorem 1. The sets wéz (M, p, |, l], wéz [M,p, |, ||] and wéz M, p, |5 1] oo
are linear spaces over the complex field C.
Proof. We will prove only for wéi _[M;p, |, 1l], and the others can be proved sim-
ilarly. Let x,y € wéis [M,p, |, ], and «, 8 € C. Then
1 Pk,
(rys) € I gi— Z [M(’ w,zl,ZQ,...7zn,1 )} 2% € I, for some p; >0
"k el n
and
1 Pkl c
(r,s) € I’"’s:f Z {M(’ yp’z’l,zl,zQ, ooy Zp—1 )] 25 € I, for some py > 0.

Tk )EL
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Since ||.,...,.|| is a n—norm and M is an Orlicz function, the following inequality
holds:
1 T, + By, )rw
M| ||——————",21,29, ..., Zn_
e, 2 [ ( ol pr + 1Bl pe” 77

"8 (kD)€L

D
S Z |:MM (ka’l7217227-"72’n1
hT,S (k7l)€I’r‘,S |O[‘ P1 + |/B| P2 P1

D 18] <’
Y Lam Bl

"8 (kl)el,s

D Tkl
< Z {M (H =, 215225 -0y An—1
S (ke 1

D
+ o > {M(
’ (k’l)elr,s

I
)|

Yk,1
Ty 21,22y 0y Zn—1

: )} Prit
)

+

>

Ykl
3 Z1y 22y oy Zn—1
P2

From the above inequality we get

y R1y B2y +eey Bn—1

1
(r8) € Ty —— [M <‘ @y + Byt
s ehet laf p1 + (8] p2

e

I
s

Two sets on the right hand side belong to I and this completes the proof.

Tk,
y R1y B2y +ey Bn—1
1

| ™

D _
Ccq(rs)els: ™ Z M(

D Yl
Ug(r,s)elq: M 2
(r.s) ' h Z [ (‘ P2

"8 (kl)elL s

) R1y B2y +oey Bn—1

It is also easy verify that the space wg,  [M,p, ||.,...,.||], is also a linear space.
O
Theorem 2. For fized (n,m) € N x N, wq,  [M,p,|.,...,.|[]o paranormed space

with respect to the paranorm defined by

1

H
Pkl
) =

n,m 1 T
R, () =inf ppH > 0:|sup Z {M(Hk’l,zl,zg,...,zn_l
r,s Sk D)el, P

for some p > 0 and for every z1,za, ..., 2n—1 € X} )
Proof. h(nmy (0) = 0 and h(y m) (=) = hn,m) (7) are easy to prove, so we omit

them. Let us take z,y € wy, , [M,p, ||.,...,.|[] - Let

X
A(l‘): p>0:sup E |:M <Hk7l72’1,227...72n_1
r,s Irs (k) Elrs P

Pk,1
ﬂ <1,Vze X
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and
Pk,1
)] <LVzeX

Yk,
y Rl B2y ey Bn—1
P

Ay)=1{p>0:sup XE:I {M (‘

r,s Ilrs (kD)

Let p1 € A(x) and py € A(y). If p = p1 + p2, then we have

i 3 )

7,8 T,8 (k,l)Elr‘s

P1 Tkl
n suph E M Ty R15 Ry sy Bm—1

P1L T P2 rs Nps (kD) s P1

Thl + Ykl
772’,17 227 ] Zn*l

)

Yk,
y Z1y 225 +eey Bn—1

i X
su M
P D o

- + h
P1 P2 r,s .S (k)€ s

<

)|

Thus
1 + Pkl
sup - > [M< AR N )} <1
r,s Irs (kD) p1+ P2
and

T € A) and py € A(y)}

H

Bnmy (@ + ) = inf { (o1 + p2)
<inf{(p)"# i pre A(@) J+inf {(p2)"H i ppeAly)}

= h(n,m) (J:) + h(n,m) (y) .

Now, let Aty = A, where A, A € C and ) (i}, = 2k1) = 028 u — 00, We

have to show that A, ) <)\zAlx}é,l — Al’k,l) — 0 as u — oo. Let A\y; — o, where

Ak, A € Cand hy, ) (xgl — fk,l) — 0 as u — oco. Let

x’k‘l Dkl
A(z") =1 pu>0:sup Z {M( — 21, 29y ey 21 >} <1,
TS S (ke Pu
VZl,Zg, ey Zp—1 € X} .
and
x¥ — Tk, Pk,
A" —x) = pz>0:suph Z {M( k’liz,zl,zg,...,zn_l )] <1,
m S kel Pu

Vzl,ZQ, ey Zp—1 € X} .
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If p, € A(z") and p!, € A (z" — ) then we observe that

u u
)‘k,lmk,l — AT

M 3 R1y R2y +ey An—1
pu A= A+ 4 N
Al — ATE ATE | — ATk
SM ” - ; 3 Z15R2y +eey Zn—1 + ” y R1y B2y +eey Bn—1
pu [N = A|+o1 pu AL = Aok N
Pu | Ny — )\‘ i,
S M 7’)2172’27"-7'277,71
Pu (Ajg = Al + 0 A Pu
LD Ty — T
+ pu| | M( kil z 3 19 Ry ey Zm—1 )
Pu Xlé,z_)“‘FPﬂM Pu
From this inequality, it follows that
/\ )\ Pk,
U U Tk
M UL : yZ15 22y 05 Bn—1 <1

P
and consequently
h(n,m) (A%,zwz,z - )\xk,l) = inf{(pu IA%,I - >\| + Py, |/\|)MTn D pu € A(")
and p;, € A (2" — x)}
) it () e A }
AN i ()" g e A" - )
max { AL, (A i m (28 = @)

Hence by our assumption the right hand side tends to zero as u — oo. This
completes the proof. O

IN

(1N = A

IN

Corollary 1. It can be noted that h = inf,, men hin,m) also gives a paranorm on the
above sequence spaces. However if one consider the sequence space w, [M,p,||.,.....||]

which is larger space than the space wéi M, p, |||l the construction of the

paranorm is not clear and we leave it as an open problem. However it should be
noted that for a fivred F € Iy, the space

wh  IMp | e = {2 = (@n) € w(n = X) s 3K > 0, {(n.m) e Nx N
Pkl
)] > K, € ls,

for some p > 0 and for every z1, 29, ..., 2n—1 € X}

1 X
2r i 2, (M (5
(r,s)ENXN/F hrs (k,D)EL s P

which is subspace of the space wéi IMp, sl @8 @ paranormed space with the

paranorms by my for (n,m) ¢ F and hp = inf(,, myenxn/F P(n,m) -
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Theorem 3. Let M, My and My be Orlicz functions. Then we have

(i) wéi)s My, p, |- -ll, € wgi)s [MoMjy,p,|.,...,.|[], provided that p = (pr,;) is
such that H, > 0.
(i) wg [My,p, [y loNwg?  [Ma,p, ||y ooy [l], € wg?  [My+ Ma,p, | oes ], -

Proof. (i). For given € > 0, we first choose £, > 0 such that max {sf,eff’} < €.
Now using the continuity of M, choose 0 < & < 1 such that 0 < t < § implies
M (t) < e,. Let z € wéfs [My,p, -5 -]]l,- Now from the definition of the space

w2 [My,p,||.,...,.||],, for some p >0

1 Tkl Pk,1 H
A@)=<(r,s) el s:— Z M, T721,Z2,~-~7Zn—1 >4 c Ip.

" (k1) eI,
Pk,l
)] < 6

Thus if (n,m) ¢ A () then

1
E [Ml (ka’l,217227-~-,2n1
p

"8 (k)€EL s
xk;l Pk, I

= Z [Ml (H’,thmm,zn—l )] < hp 56",

(k,1)ET, o P

Tl Pkl "
= [Ml (’ 7’,2’1,227~-~72’n—1 )} < 6% for all (k,l) € I,
Tkl

=M (‘ 21, 22, ey Zp—1 ) < § for all (k,1) € I, .

Hence from above inequality and using continuity of M, we must have

M (M1 ( >) < g, for all (k1) € I,

which consequently implies that

Z |:M (Ml <Hm7213227“'72n—1
P

(ke s

2 [

Tk,
y R1y Z25 +oey Bn—1
P

Tk,
3 21422y ey Bn—1
1%

Pkl
>)] < hysmax {elf elled < h, e,
"% (k)EL o

Pk,
))] <e.
This shows that

1
(7'78) € I’I“,S : L Z |:M (Ml <Hx;’l7217227“'72n1

"8 (ke s

Pk,1
Dz Leaw
and so belongs to I5. This completes the proof.
(ii) Let = € wéﬁ Myl N wéis [Ma,p,|., ..., -|]],- Then the fact that

= oo+ (]2 )N
21, 22 ey Zn—
s 1 2 PRt 1
D Pk, D Pk,
< [M1( %721722,---,%—1 )} + — [Mz( %72172%-"’271—1 )]
hr,s P nm p

gives us the result. (I
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Theorem 4. (i) If0 <Ho < pry < 1, thenwy? [M,p, ||.yeeere|l], Cwg? M, || osevese[l],-
(i) If 1 < pry < H < 0o, thenwl? (M, |, |, Cwl? [M,p.|.......|[,.
(i4i) If 0 < pr; < qr; < oo and % s bounded, then wéi M, p, |l -|ll, C
wg? Mg, s s 1,
Proof. The proof is standard, so we omit it. O
Theorem 5. The sequence spaces wéi)s (M, p, ||y s I, wéis [M,p, ||, - -],
wg2 (M, p, |-y s W] and wo,  [M,p,||.; ., ||| are solid.
Proof. We give the proof for only wéz,s [M,p,|.,...,-|[],- The others can be proved
similarly. Let x € wéi [My,p, |-,y -]|], and o = (au;) be a double sequence of

scalars such that |ay ;| <1 for all k,! € N. Then we have

Ak 1Tk ]
3 Z1y R25 ey Zn—1

Pk,
)| =
Pk,
>:| <e € I27

where T' = maxy, ; {1, \ak,l\H}. Hence ax € wéi My, p, |l -y -|l], for all double se-

1
(r,s) €lpg: — Z {M(
"8 (k)EL 5

T Tl
Ccq(rs)els: — Z {M <H’721,22,...,zn1
" (k)E s p

quences o = (oy, ;) with |ag | < 1forall k,! € N whenever z € w(gi Myl sl
. O
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