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Abstract: This paper presents a computer aided method for model reduction of discrete interval
systems in which the denominator of the approximant is obtained by pole-clustering method while
the numerator is derived by matching the time moments as well as Markov parameters of high-order
interval system (HOIS) to those of its approximant. The time moments and Markov parameters for
discrete interval systems are derived and presented in generalized forms. The proposed method is
substantiated by a worked example.
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1. Introduction

Since the simplification of high-order systems plays an important role in many engineering
problems, the model reduction has received considerable attention of researchers. Various
techniques [1]-[12] have been proposed for model reduction of continuous-time as well as discrete-
time systems. Several methods based on power series expansion of the system transfer function for
order reduction of high-order systems are available in the literature. One of these methods, namely,
Padé approximation [1] has found to be very useful in theoretical physical research [13]-[14] due to
being computationally simple. But the approximant obtained using Padé approximation often leads
to be unstable even though the original system is stable. To resolve the problem of stability, Routh
approximation method [5] was introduced. However, it is noticed that the Routh approximation
does not always lead to good approximant since this method tends to approximate only low
frequency behaviour of high-order system [15]. Various attempts have been made to improve the
Routh approximation method [6]-[9].

Some of the above methods have been extended through interval arithmetic to derive
approximant for high-order interval systems [16]-[22]. Routh-Padé approximation [16] has been
presented for model reduction of continuous interval systems where the denominator is obtained by
direct truncation of the Routh-table and the numerator is obtained by matching the time moments of
the high-order interval system to those of its approximant. In this method, the inversion of
denominator of transfer function of the high-order interval system (or approximant) is necessary for
obtaining the time moments. Further, a method for obtaining the approximant of high-order discrete
interval system is presented in [22] where the denominator of approximant is obtained by retaining
dominant poles of the high-order system while the numerator is obtained by matching first r time
moments of the high-order interval system to those of the its approximant. In this method, only the
time moments are considered for deriving the approximant. However, for better overall time
response, both the time moments as well as Markov parameters should be considered as time
moments and Markov parameters correspond to steady state and transient state matching,
respectively.
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In this paper, a method is proposed for the model reduction of high-order discrete interval
systems where the denominator is obtained using the pole clustering technique [23]-[25] and the
numerator is obtained by matching first » time moments and Markov parameters of high-order
interval system to those of its approximant. The time moments and Markov parameters are
presented in generalized forms and obtained without inverting the system transfer function. The
brief outline of this paper is organized as follows: section-2 covers proposed reduction method, a
numerical example is included in section-3 to substantiate the method and finally, this paper is
concluded in section-4.

2. Proposed Reduction Method
Consider a stable discrete interval system given by the transfer function

[b()_’bg]+[b1_’bl+]z+"'+[bn__1,b;_1]2”_1
[a(;,ag]+[al_,al+]z+...+[an—,a;]zn

G(z)= (D

where [b,b"] for i =0,1,---,n—1 are numerator coefficients of G(z) with b and b as lower and
upper bounds of interval [b ,b]], respectively, and [q;,a’] for i=0,1,---,n are denominator
coefficients of G(z) with a; and ;" as lower and upper bounds of interval [a; ,a; ], respectively.

The transfer function G(z) can also be written in its power series expansion around z=1 and
Z =00, given as

G()= [ty 1y 1+t .17 Wz =D+ +[t, ., 1(z=1)" +--- @)
(expansion around z =1)
G(2)=[M; M1z +[M; M1z +-+[M, M 17"+ 3)

(expansion around z =oo)
where [77,t7] for i=0,1,--- are proportional to the time moments of HOIS, and [M,,M] for
i=1,2,--- are Markov parameters of HOIS.

Assuming [b,b"]=b, for i=0,1,---,n—1, [a; ,a]=a, for i=0,1,---,n, [t ,t7]=t, for i=0,1,--
and [M;,M]=M, for i=1,2,---, (1), (2) and (3) become (4), (5) and (6), respectively.
b,+bz+--+b, 7"

G(z)= p “4)
a,+az+--+a,z

=t,+t,(z=1)+-+t (z=1)"+-- 5)

=Mz '+M, 77+ + M 7"+ (6)

Suppose, it is desired to obtain a stable rth -order (r < n) approximant described by the transfer
function
by b1+ 1By b N2+ +[b,, b 12

A— A+ A /\+] r
Z

la,,a,1+1a, ,a 1z +---+[a, ,a;

G.(2)= (7

where [l;l._,l;f] for i=0,1,---,r—1 and [a; ,a’] for i=0,1,---,r are, respectively, numerator and
denominator coefficients of G, (z).

The transfer function G, (z) can also be written in its power series expansion around z=1 and
7 =00, given as

G,(2)= [l 1y 1416, 1 Wz =D+ 4[5, 5 1z =1)" +--- (8)
(expansion around z=1)
G.(2)=[M;, M1z +[M;,M; 1272+ +[M M1z +-- )

(expansion around z =oo)
where [fi’,f;’] for i=0,1,--- are proportional to the time moments of approximant, and [M i’,]\;l A
for i =1,2,-.- are Markov parameters of approximant.
Assuming [l;,_,l;,+]:5, for i=0,1,---,r=1, [a ,a'1=a, for i=0,1,---,r, [{,£']=%, for i=0,1,---
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and [M;,M}]=M, for i=1,2,---, (7). (8) and (9) become (10), (11) and (12), respectively.
N 7 N r—1
G .(2)= b°A+blAZ + +b,:1zr
a,+a,z+---+d,z
= by +E(z=D 4+ (=) +- (11)

=Mz + M2+ A M+ (12)

(10)

2.1 Calculation of poles of HOIS:
Consider interval polynomial D(z) given by

D(z)=[d; . d 1+[d; ,d 1z +-+[d d;_l]z"‘1+z"}

r (13)
=d,+d z++d 7" +7"

The poles [22] of discrete interval polynomial D(z) are calculated as follows:

Let L be the interval matrix given as

[0 1 0 - 0 |
0 0 I - 0

L=| : : Do : (14)

0 0 0o - 1

—-d, —d, —d, - —d

The interval matrix L can be written as

L=[L —ALL +AL] (15)

where

| (-
Lij :E(lij +lz‘j)

n—1_J

i,j—l,z,"',n (16)
Al —1 l+ l_
cij 2(1J l/)

and [, I/, are the lower and upper bounds of ijth element of L.

ij?

The real part A and imaginary part A” of the ith eigenvalue A" of L are given as

A W)=[ A7 (L, ~ALoM"), 47 (L +ALoM")]

A= A°(L~ALoN'), 2°(L +ALoN')] (17)
i=12,--,n

where o denotes component wise multiplication; elements of matrices M' and N'are given by
M| =sgn(n,mi +nl, m ) -
N;; =sgn (ny,m),; —ni,oml;)

where m and n are, respectively, the ith eigenvector and reciprocal eigenvector of L_, with o and
o denoting the real and imaginary parts, respectively.

2.2 Procedure to obtain time moments of HOIS and approximant:
Putting z=¢&+1 in (4), G(z) becomes

by +b (E+ D)+ 4D, (E+DT
G = a, +a,(E+1)+-+a, (E+1)

19)
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Bo + B1‘§ +ee+ Bn—l":n_l

A FASH A AL
G(¢$) in (20) can be expanded through interval arithmetic (Appendix I) around £=0 as given in

(21)-(23):

(20)

(P,—4.) 45 4,
—_— T s +.+
( ttt, Gt t, a|s

((pn—l_qn—l) 4.5 9.3 —q };1—4 1+
tet,  tt, t, q,&+
GE =t 1t &, E 1t E ]+ L Tt D & .o Q1)
=t 1+ +H + o — S S T+ H
L I e B ttt, tt, t, ~s ot
— _ qn—lén_l-i_
i_h_qn_z g" 2+ i,
Lty & q,$
(_qn _qn_lan 1 qnfn
t3
=t,+tt E+ttt,E’ +---+(Ht,)§" oo (22)
i=0
:(0+(1§+(2§2+“.+(n§”+“. (23)
where
k
(kzl—[ti k=0,1,2,- (24)
i=0
with
B,/ A, k=0
l,= P4 k=1 (25)
k-1
(P, —q,)- Zq Ht ( t,j k>2
=1
where
B Vie[0,n—1]
p, =3B, (26)
0 Vizn
and
i Viel0,n]
=14, (27)
0 Vizn+l
Putting £=z—1 in (23), G(z) then can be obtained as follows
G(2)=¢,+{ (z-D+{,(z=1)* +-+
(2)=4,+{, (z-D+{,(z-1) 28)

+4,(z=D" 4
Therefore, the time moments of HOIS [26]-[27], in terms of {, parameters, are
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Z, i=0
T = < )
| ewz%@wwwﬂ

where 9 is the sampling frequency and w;; is defined as

i=1,2,

1 j=1
0 i<j
RCAT i=j

Wt W, i>]

Similarly, time moments of the approximant are given by

A

¢ i=0

e <—1>"i%<p>fw,,(;‘,) =12,

where 0 is sampling frequency, w;

1

meaning as ¢, for i=0,1,2,--- in (24) for HOIS.

2.3 Procedure to obtain Markov parameters of HOIS and approximant:

Expanding (4) through interval arithmetic (Appendix I) around z =00, G(z) becomes

14{ (in—S_zn—4) _ zn—3
b, I,

G(=uz"

I,z

Iz

b,z

LY,
_)to
KU,

i=1

_iJZ—(n—Z){
A,

YL A

=2+ LT +---+(Hﬂ,-jz‘” e

=M 7'+ M,z + M7+ + M, 7"+

where

M = #— 4

n—1

J

i=1

with

(w,,_k Ak (Hﬂ D {Hﬂz
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_ /tn—z ]Z—l
1,

L, Ll d,
_)to

(%, _)tl) _ /tz _ 23 JZ—(11—4)+

_)to JZ—(H—I)
A,

1+
A 7'+

-2
| A2+

A7+
—-n
Az

(29)

(30)

€2y

is given by (30) and Z, for i=0,1,2,--- have the same

(32)

(33)

(34)

(35)
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b ieto.n-1
ﬁi = bn—l (36)
0 Vizn
and
L Vielon]
4 ={a, (37)
0 Vizn+l
Hence, the Markov parameters of HOIS are
k
M =[x k=12 (38)
i=1
Similarly, Markov parameters of the approximant are given by
k
M =[]g k=12 (39)
i=1

where fi for i=1,2,--- have the same meaning as g for i =1,2,--- in (35) for HOIS.

2.4 Procedure to obtain denominator polynomial of approximant:

In pole clustering technique [23]-[25], cluster center is obtained by grouping the poles of HOIS
which is based on relative distance between the poles and desired order. In the process of modeling,
separate clusters should be made for real poles and complex conjugate poles and then each cluster
center or pair of cluster centers is replaced by single pole or pair of complex conjugate poles of
approximant, respectively.

For obtaining rth order approximant, r cluster centers should be obtained. The inverse distance
measure (IDM) criterion [23]-[25] is used for pole clustering. The steps for IDM criteion follow as:
Step 1: Form r cluster partitions from the poles of HOIS by collecting the real and complex
conjugate poles of HOIS in separate cluster partitions.

Step 2: Calculate the cluster centers:
The cluster center for real poles is obtained as

e

where &€ is cluster center of cluster partition in which & real poles (¢, @,, -+, ,) are grouped.

The pair of cluster centers for complex conjugate poles in the form of 6% + j§' is obtained as

(g

where 6" and &' are, respectively, real and imaginary part of cluster pair §* £ j§' in which [

(41)

pairs of complex conjugate poles ((alR + ja{),(af + jazl),---,(alR t jo/ )) are grouped.

Step 3: Obtain the denominator of approximant:
Case 1: If all obtained cluster centers are real, the denominator polynomial of rth-order
approximant becomes

D,(0)=]]_(z-5°) (42)
Case 2: If one pair of cluster center is complex conjugate and (r—2) cluster centers are real, the
denominator polynomial of rth -order approximant becomes
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. . r=2
D,(2)=(z— (5 +jo))(z— (& = jsH)[ ] (z= ) (43)
Case 3: If all obtained cluster centers are complex conjugate, the denominator polynomial of rth -
order approximant becomes

r/ . .
D.(2)=[]" (2= +jdH)(z= (5" - ja") (44)
The denominator polynomial of the approximant is obtained by (42), (43) or (44) depending upon

whether obtained cluster centers are all real, mixture of real and imaginary or all imaginary,
respectively.

2.5 Procedure to obtain numerator polynomial of approximant:

Once the denominator polynomial of approximant is determined, the numerator polynomial is
obtained by matching first » time moments and Markov parameters of HOIS to those of
approximant. The time moments of the HOIS and those of the approximant are obtained by (29) and
(31), respectively while the Markov parameters of the HOIS and those of the approximant are
obtained by (38) and (39), respectively. The numerator parameters of approximant are obtained by
matching first time moments and Markov parameters of HOIS to those of its approximant as given
below

Case 1: r even

T -T =0 i=0,1,(r/2-1)

P (45)
M -M, =0 i=12,--,r/2
Case 2: r odd
T -T =0 i=0,1,-,(r=1)/2

P (46)
M -M, =0 i=12,--,(r=10/2

3. Numerical Section
Let the transfer function [22] of a third-order interval system be given as
8,10]+[3,4]1z +[1,2]z> N

G(z) = [8,10]+([3,4]z+[1,2]z _N(2) @7

©[0.8,0.85]+[4.9,512+[9,9.5]z> +[6,6]z D(z)
Suppose, it is desired to obtain a second-order approximant (r=2) described by the transfer function

[by b 1+1b; b, 1z ___btbz  _N@©
(G, a,1+1a, .a; 1z + [&2_’&;]12 dy+a,z +ﬁ2Z2 D,(z)
The poles calculated, using (17), of the HOIS (47) are

Al =[-0.5340,-0.2680]
A} =[-0.7125,-0.5361] (49)
Al =[-0.8534,-0.7203]

Since poles (49) are real, thus, using (40), the cluster centers obtained by grouping 4, and A, in

Gy (2)= (48)

one cluster partition and /4, in another cluster partition are
8¢ =[-0.7766,-0.6147], &5 =[-0.5340,-0.2680] (50)
and the denominator obtained using (42) is
D,()=(z=8)(z=3))
=(z—[-0.7766,-0.6147])(z —[-0.5340,-0.2680])
=[0.1647,0.4147]+[0.8827,1.3106]z +[1,1]z>

A— A4 A— A4

A At 2
=[a,.a,1+1a, .4 1z+a,,a, Iz

61y
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First time moment and Markov parameter, as given by (29) and (38), respectively, of the HOIS
are

T, =[0.5621,0.7729]
M, =[0.1667,0.3333]

and the first time moment and Markov parameter, as given by (31) and (39), respectively, of the
approximant are

(52)

f _ BO -|'bA1
° 4,+a, +a,
. (53)
W, =2
aZ

Using (45), numerator parameters are obtained as
T, =T, b, =[0.9841,1.7731]
A : A
M =M, b, =10.1667,0.3333]
Thus, from (51) and (54), the second-order approximant obtained is
0.9841,1.7731]+[0.1667,0.3333

G (z)=—L 1+l le (55)
[0.1647,0.4147]+[0.8827,1.3106]z +[1,1]z
and the second-order approximant proposed in [22] is

0 0.8845,0.9]+[0.5921,0.6055]z
Gi()=—1 1 ] (56)

[0.1437,0.3805]+[0.8041,1.2465]z +[1,1]z

The step and impulse responses of some of the systems constructed with the help of Kharitonov
polynomials (Appendix II) of numerator and denominator of HOIS, approximant in [22] and
proposed approximant are shown in Fig. 1-2 and Fig. 3-4, respectively.

(54)

Step Response

(]
T
2 I3
= Fores
£
<
. e (47)
0 i (55)
] -=+-- (56
0.5 : ‘ ‘ (56)
0 5 10 15 20 25

Time (sec)
Fig. 1. Step Responses of HOIS and approximants.
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Step Response
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Fig. 2. Step Responses of HOIS and approximants.
Impulse Response

1.5

(]

T

2

S ]

£ HH

:::: ..... PO (47)
-1¢ : H (55)
==<== (56
-1.5 : : : (56)
0 5 10 15 20 25
Time (sec)

Fig. 3. Impulse Responses of HOIS and approximants.

Impulse Response
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Time (sec)
Fig. 4. Impulse Responses of HOIS and approximants.

The worst-case ISEs (Appendix III) of impulse responses for (55) and (56) are given in Table 1.

Table I
Worst-case ISE for impulse response

Model | Worst-case ISE
(55) 73.5781
(56) 132.9109
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It is noticed from Fig. 1-4 that the overall time response obtained by proposed approximant (55)
is better than that of (56) and also worst-case ISE of (55) is lower than that of (56). This confirms
the applicability of proposed method to derive approximant for high-order interval systems.

4. Conclusion

A computer aided method is proposed for obtaining approximant of given high-order interval
system in which the denominator is obtained by pole-clustering method and the numerator is
obtained by matching Markov parameters in addition to time moments. The time moments and
Markov parameters are presented in generalized forms and obtained, in contrast to [16], without
inverting the system transfer function. The proposed method is validated by a numerical example.
The method based on combining neural network with pole clustering [28] is worth mentioning. This
problem, in this context, is open to investigation and it would be interesting to compare the present
approach with neural network based pole clustering [28].

Appendix I
Interval Arithmetic
The rules of interval arithmetic [19] are defined as follows:

Suppose, a=[a",a"] and b=[b",b"] are two intervals.

Addition:

a+b=[a ,a"|+[b",b]=[a +b ,a" +b"]
Subtraction:

a-b=[a",a’ |-[b",b'1=[a —b",a" —b]
Multiplication:

ab=[a ,a"1[b",b"|=[min(a b ,a b*,a’b ,a’b"),max(a b ,a b",a’b”,a’b")]
Division:
alb=la ,a’l/[b",b'1=[a",a"1/[1/b",1/b"]; ala=[a ,a"]/[a ,a’]=1

Appendix II
Kharitonov Polynomials
Consider a family f of real interval polynomials [29]:

D)=oy+ez+ans’ ++a, 2" e, }

=lag,a 1+e] a1z +[0;, o617+ +[a, & 12"
The four Kharitonov polynomials associated with f are given below:
D/(d)=a, +a 2+, +o o o o e+
sz(z) =o, v+, 7+, 7+ e o e e+
Df3(z) =o, +a 7+, 7+, e e e e+
Di()=ay +az+a, oy o o o e+

APPENDIX III
ISE of Impulse Response

The integral-squared-error (ISE) for impulse responses between G(z) and G, (z) is obtained as
1 a1
J=——0E()E(z )—dz
27i Cﬁ (DEC )z

where
E(z2)=G(2)—-G,(2)
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B, (z)

mn=12,---,4.
A, (2)

Eachof B, (z) and A (z) represents four Kharitonov polynomials (Appendix II).
The ISE can recursively [30],[15] be obtained as

1

where n is the order of error signal E(z) and A/, B!, and A| are defined in [30].
The worst-case ISE [31] is obtained as

ISE

worst—case

[1].
[2].
[3].
[4].
[5].
[6].
[7].

[8].
[9].

[10].

[11].

[12].

[13].

[14].

[15].

[16].

[17].

= max4J(Bm,An)

m,n=l, -,

References
Y. Shamash, “Stable reduced order models using Padé type approximation,” IEEE Trans.
Auto. Cont., vol. 19, pp. 615-616, 1974.
K. Glover, “All optimal Hankel-norm approximants of linear multivariable systems and

their H™ error bounds,” Int. Jr. Control, vol 39, no. 6, pp. 1115-1193, 1984.

M. Aoki, “Control of large-scale dynamic systems by aggregation,” IEEE Trans. Auto.
Cont., vol. 13, pp. 246-253, 1968.

N. K. Sinha, and B. Kuszta, “Modeling and identification of dynamic systems,” New York:
Van Nostand Reinhold, pp. 133-163, 1983.

M. F. Hutton, and B. Friedland, “Routh approximations for reducing the order of linear
time-invariant systems,” IEEE Trans. Autom. Control, vol 20, pp. 329-337, 1975.

Y. Shamash, “Model reduction using the Routh stability criterion and the Padé
approximation technique,” Int. Jr. Control, vol. 21, pp. 475-484, 1975.

A. S. Rao, S. S. Lamba, and S. V. Rao, “Routh-approximant time-domain reduced-order
modelling for single-input single-output systems,” IEE Proc., Control Theory Appl., vol.
125, pp. 1059-1063, 1978.

V. Singh, D. Chandra, and H. Kar, “Improved Routh-Padé approximants: a computer-aided
approach,” IEEE Trans. on Automatic Control, vol. 49, no. 2, pp. 292-296, 2004.

V. Singh, D. Chandra, and H. Kar, “Optimal Routh approximants through integral squared
error minimisation: computer-aided approach,” IEE Proceedings-Control Theory and
Applications, vol. 151, no. 1, pp. 53-58, 2004.

N. L. Prajapati, D. Chandra, and D. Seshachalam, “Corrections and comments to “model
reduction of discrete linear systems via frequency-domain balanced structure”,” IEEE Trans.
on Circuits and Systems I, vol. 54, no. 3, pp. 682-683, 2007.

S. K. Mittal, and D. Chandra, “Stable optimal model reduction of linear discrete time
systems via integral squared error minimization : computer-aided approach,” Jr. of
Advanced Modeling and Optimization, vol. 11, no. 4, pp. 531-547, 2009.

S. K. Mittal, D. Chandra, and B. Dwivedi “Improved Routh-Pade approximants using vector
evaluated genetic algorithm to controller design,” Jr. of Advanced Modeling and
Optimization, vol. 11, no. 4, pp. 579-588, 2009.

G. A. Baker, “Essenstials of Padé approximants,” New York: Academic, 1975.

G. A. Baker, and P. R. Graves-Morris, “Padé approximants, Part-II: Extensions and
Applications,” London: Addison-Wesley, 1981.

Y. Choo, “Suboptimal bilinear Routh approximant for discrete systems,” ASME Jr. of
Dynamic systems, measurement, and control, vol. 128, pp. 742-745, 2006.

B. Bandyopadhyay, O. Ismail, and R. Gorez, “Routh-Padé approximation for interval
systems,” IEEE Trans. Auto. Cont., vol. 39, no. 12, pp. 2454-2456, 1994.

Y. Dolgin, and E. Zeheb, “On Routh-Padé model reduction of interval systems,” IEEE
Trans. on Auto. Control, vol. 48, no. 9, pp. 1610-1612, 2003.

55



V.P. Singh and D. Chandra

[18].
[19].

[20].

[21].

[22].

[23].
[24].

[25].

[26].
[27].

[28].

[29].
[30].

[31].

B. Bandyopadhyay, A. Upadhye, and O. Ismail, “y—J Routh approximation for interval
systems,” IEEE Trans. on Automatic Control, vol. 42, no. 8, pp. 1127-1130, 1997.

G. V. K. R. Sastry, G. Raja, and P M. Rao, “Large scale interval system modeling using
Routh approximants,” IET Journal, vol. 36, no. 8, pp. 768-769, 2000.

O. Ismail, and B. Bandyopadhyay, “Model reduction of linear interval systems using Padé
approximation,” IEEE International Symposium on Circuits and Systems (ISCAS), vol.2,
pp- 1400 — 1403, 1995.

V. P. Singh, and D. Chandra, “Routh approximation based model reduction using series
expansion of interval systems,” IEEE Inter. Conf. on Power, Control & Embedded Systems
(ICPCES), pp. 1-4, 2010.

O. Ismail, B. Bandyopadhyay, and R. Gorez, “Discrete interval system reduction using Padé
approximation to allow retention of dominant poles,” IEEE Trans. on Circuits and
Systems_I: Fundamental theory and applications, vol. 44, no. 11, pp.1075-1078, 1997.

C. B. Vishwakarma, and R. Prasad, “Clustering method for reducing order of linear system
using Pade approximation,” IETE Journal of Research, vol. 54, no. 5, pp. 326-330, 2008.

A. K. Sinha, and J. Pal, “Simulation based reduced order modeling using a clustering
technique,” Comput. Elect. Eng., vol. 16, no. 3, pp. 159-169, 1990.

W. T. Beyene, “Pole-clustering and rational-interpolation techniques for simplifying
distributed systems,” IEEE Trans. on Circuits and Systems-I: Fundamental Theory and
Applications, vol. 46, no. 12, pp.1468-1472, 1999.

C. Hwang, and Y. P. Shih, “On the time moments of discrete systems,” Int. J. Contr., vol.
34, pp. 1227-1228, 1981.

Y. Shamash, “Continued fraction methods for the reduction of discrete-time dynamic
systems,” Int. J. Contr., vol. 20, pp. 267-275, 1974.

W. T. Beyene, “Low-order rational approximation of interconnects using neural-network
based pole-clustering techniques,” IEEE International Symposium on Circuits and Systems
(ISCAS 2007), pp. 1501-1504, 2007.

V. L. Kharitonov, “Asymptotic stability of an equilibrium position of a family of system of
linear differential equation,” Differential’Nye Uravenia, vol. 14, pp. 1483-1485, 1978.

K. J. Astrom, E. L. Jury, and R. G. Agniel, “A numerical method for evaluation of complex
integrals,” IEEE Trans. on Auto. Contr., vol. 15, pp. 468-471, 1970.

C.-C. Hsu, and C.-H. Yu, “Design of optimal controller for interval plant from signal energy
point of view via evolutionary approaches,” IEEE Trans. On Systems, Manand Cybernetics-
Part B: Cybernetics, vol. 34, no. 3, pp.1609-1617, 2004.

56



