AMO - Advanced Modeling and Optimization, Volume 14, Number 1, 2012

A Note on the Convergence Properties of the Original Three-term
Hestenes-Stiefel Method

Li Zhang! and Youhua Zhou
Department of Mathematics, Changsha University of Science and Technology,
Changsha 410004, China

Abstract

Recently, Zhang, Zhou and Li [Optim. Methods Softw., 22 (2007), pp. 697-711]
proposed a three-term Hestenes-Stiefel (THS) nonlinear conjugate gradient method
for optimization and proved its global convergence for strongly convex functions. In
this note we further investigate the convergence properties of the THS method on
convex optimization. We show that the THS method converges globally for convex
functions with the strong Wolfe line search and obtain its R-linear convergence rate
under suitable assumptions.
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1 Introduction
In this paper we consider the following unconstrained optimization problem:

min f(x), (1.1)
TER™
where f : R" — R is a smooth function and its gradient g(x) £ V f(z) is available.
In [6], Zhang et al. proposed a three-term Hestenes-Stiefel (THS) nonlinear conjugate

gradient method for nonlinear optimization, that is, the search direction generated by
the THS method is defined by

_gkv lf k = 0,
dy = ) 1.2
F { —g + BI%d, 1 — Opyp—1, if k> 1, (1.2)

where T T
s _ GkYk=1 o Yk di—1
k - 7 s o
di_ yp—1 A yk—1
Yk—1 = gk — gk—1 and g = g(zx). The THS method was proved to be globally convergent
for strongly convex functions [6]. To ensure global convergence of the THS method for
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general functions, based on the MBFGS method and CBFGS method [1, 2], two variants
of the THS method were proposed [6]. One is the modified THS method whose search
direction is given by

- —9k, if k:(),
BT ok + BMHESdy — 0Mry i k>,

where . -
BMHS 9 Vk—1 M _ 9k dg—1
2 = Up =,
dzfl'yk—l d{,f)’k—l
T
_15k—1
Vk-1 = Yk—1 + teSk—1, tr = max {0, ZM} +u

with a given constant y > 0. Another is the cautious THS method which generates the
search direction

gy =1 "9 if s k-1 < eillgr-allse—ll?,
—gk + B dp_1 — Oryk—1, otherwise,

where €1 is a given positive constant and s;_1 = x; —zp_1. These two methods converge
globally even for nonconvex optimization [6]. Extensive numerical results in [6] show
that these three methods perform very well especially for large-scale problems.

The purpose of this paper is to further study the convergence properties of the original
(unmodified) THS method (1.2) on convex optimization. In fact, in the next section we
show its global convergence for convex functions and obtain its R-linear convergence rate
for strongly convex functions under some conditions.

2 Convergence properties
In this paper we consider the following iterative process

Tpr1 = Xk +ogdr, k=0,1,..., (2.1)

where dj, is determined by the THS method (1.2) and the stepsize «j is computed by
the strong Wolfe line search

(2.2)

f(xr + ardr) < f(zx) + dangl dg,
\g(x + apdp)Tdi| < —ogidy,

where 0 < § < 0 < % An important property of (1.2) is that the direction dj, satisfies

g di = —|lgkl?, (2.3)

which is independent of line search used and the convexity of the objective function [6].
In this section, we make the following assumptions for global convergence analysis.
Assumption 2.1
(i) The level set Qo = {x € R"| f(z) < f(x0)} is bounded;
(ii) f € C? and f is a convex function.
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Assumption 2.1 implies that the gradient ¢ satisfies Lipschitz condition, that is, there
exist an neighborhood €2 of Qy and a positive constant L such that

lg(z) —gW)ll < Lllz —yl, Vz,y € Q. (2.4)

Now we present some useful lemmas for global convergence of the THS method.

Lemma 2.1. [3, Lemma 3.4] Let Assumption 2.1 hold and the sequence {xy} be generated
by (2.1), (1.2) and (2.2). Then there exists a positive constant My > 0 such that

2
Tell” < o, (2.5)

T
Sk Yk

Lemma 2.2. Let Assumption 2.1 hold and the sequence {xy} be generated by (2.1), (1.2)
and (2.2). Then there is a positive constant my such that

—gidp  lgwl?

—r =M —. 2.6
AR TAE (2:6)

oo
> —ongldy < oo, ag>m
k=0

Proof. The first inequality of (2.6) follows from the first condition in (2.2). From the
second condition in (2.2), (2.4) and (2.3), we have

Log|ldyl* = diyr > —(1 = o)gidy = (1 = o)llgxl*,

which implies that the second inequality of (2.6) holds with my = 172. O
It is clear that (2.6) and (2.3) imply
o0 4
S
k=0 117

The following result shows that the THS method converges globally.

Theorem 2.1. Let Assumption 2.1 hold and the sequence {xj} be generated by (2.1),

(1.2) and (2.2). Then
1i’§n inf ||gx|| = 0. (2.8)

Proof. From the second inequality in (2.2) and the fact ay > 0, we have
skuk < —(1 4 0)argf d,
which together with the first inequality of (2.6) means that
sgyk — 0.

This and (2.5) yield
1Y/l — 0. (2.9)

Now we assume the inequality (2.8) is not true. Then there exists a constant € > 0
such that
lgell > €, VE >0, (2.10)
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Moreover, the second inequality in (2.2) and (2.3) imply
di_1yr—1 > —(1 = 0)gg_ydip—1 = (1 = 0)[lgr—1]*. (2.11)

From the definition of the search direction (1.2), the relation (2.3) and (2.11), we
have

ldil> = —llgell® — 29 di + 18" di1 — Oryr—1 1
= lgxll? + 188 ¥ dr—1 — Oy |?
[
< 9k 244 9k ? Yk—1 o
1grll™ + 4llgrlI "1y G
1]
< Ngwll® + m——3 lgel* -1l :
(1-0)? lgr—1ll*
This together with (2.9) and (2.10) implies that
dy||? 1 lyre—1l®  Ndp-1]? dp—1|?
0 1 P el Bl
lgrll* = llgell? ~ (1 = o)llgrll® [lgr—1ll gk

holds for two positive constant My and M, which contradicts to (2.7). This finishes the

proof. O
Now we begin to prove the R-linear convergence of the THS method. We present the

following assumption.

Assumption 2.2 f € C? and f is strongly convex, namely, there are two positive

constants m and M such that

ml|d||? < dTV?f(z)d < M|d|J?, Vd € R",z € Q. (2.12)

Under Assumption 2.2, the sequence {z\} converges to the unique minimizer z* of
the problem (1.1). Moreover, Assumption 2.2 yields

Llle — 22 < f(@) - fla*) < &

5 —llg(@)II*. (2.13)

Theorem 2.2. Let Assumption 2.2 hold and the sequence {xj} be generated by (2.1),
(1.2) and (2.2). Then {xy} is R-linearly convergent in the sense that

N

flapen) = fa*) < ¥ (f(2o) = f(2")), Nops —2*|| < \/?k(%(f(wo) - f(@))*,
where 0 < r < 1 is a constant.
Proof. Assumption 2.2 implies that
di_yk—1 > moge_1||di—1]>.
This together with (1.2) and (2.4) means

2|\ gr|| Lok —1 || dp—1|? 2L
k—1Yk—1 m

el < llgell +
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From (2.6) and (2.14), we obtain

5
S > mﬁ”;l 2 . (2.15)

From the line search (2.2), (2.6) and (2.13), we have

Flar) = f(@re1) = dagllgell* = mallgel* = mam (f (zx) — f(")),

which implies that

F@ier) = f(27) < (L= mam)(f () — f(z")) < r*(f(wo) = f(a)), (2.16)

where 0 < r £ 1 — mam < 1. Then from the above inequality and (2.13), we have

N

2
m

|21 — 2| < V(= (f(zo) — f(a*))) 2.

The proof is then completed. O
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