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ABSTRACT. In this paper, we propose an iterative algorithm approximating a common ele-
ment of the set of solutions of a finite family of variational inclusions, of solutions of equilib-
rium problems and of the set of fixed points of nonexpansive mappings in a Hilbert space.
We prove the strong convergence of the proposed iterative algorithm to the unique solution
of a variational inequality, which is the optimality condition for a minimization problem.
Our results extend and generalize related results.
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1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. 2 denotes the
family of all the nonempty subsets of H. Let C' be a nonempty closed convex subset of H.

Let F' be a bifunction from C' x C to R, where R is the set of real numbers. The equilibrium
problem for F': C' x C'— R is to find = € C such that

(1.1) F(z,y) >0, VYyeC.

The set of solutions of (1.1) is denoted by EP(F). The problem (1.1) is very general in the
sense that it includes, as special cases, optimization problems, variational inequalities, Nash
equilibrium problem in noncooperative games, and others.

Recall that a mapping S of a closed convex subset C' into itself is nonexpansive if there
holds that ||Sz — Sy| < ||z —y|,Vz,y € C. F(S) ={x € H : Sz = x} is the set of fixed points
of mapping S. A mapping f : C — C is called contractive if there exists a constant o € (0, 1)
such that ||fx — fy| < a|lx — y||,Vx,y € C.

Let A : H — H be a single-valued nonlinear mapping and M : H — 2H be a set-valued
mapping. The variational inclusion is to find a point v € H such that

(1.2) 0 € A(u) + M(u)
where 6 is the zero vector in H. The set of solutions of problem (1.2) is denoted by I(A, M).

If H = R™, then problem (1.2) becomes the generalized equation introduced by Robinson [16].
If A =0, then problem (1.2) becomes the inclusion problem introduced by Rockafellar [17]. If
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M =0¢: H— 2" where ¢ : H — RU{+00} is a proper convex lower semicontinuous function
and 0¢ is the sub-differential of ¢, then the variational inclusion problem (1.2) is equivalent to
called the mixed quasi-variational inequality which is to find v € H such that

(1.3) (Au, v —u) + @(y) — d(u) 20, Vy e H,

(see, e.g., [13]). If M = 8¢, where C is a nonempty closed convex subset of H and 6¢ : H —
[0, 0] is the indicator function of C, then the variational inclusion problem (1.2) is equivalent
to variational inequality problem

(1.4) (Au,v—u) >0, YveC,
(see, e.g., [11]). More generally, we can have a finite family of variational inclusions
(1.5) findu € H such that 0 € A;(u) + M;(u), Vi=1,2,...,N.

In [1], it is shown that in the case of a single variational inclusion, the formulation provides a
convenient framework for the unified study of optimal solutions in many optimization-related
areas covering mathematical programming, complementarity, variational inequalities, optimal
control, mathematical economics, equilibria, game theory, and so forth.

The formulation (1.5) extends this formalism to a finite family of variational inclusions
covering, in particular, various forms of feasibility problems (see, e.g., [3]).

Mapping W, has been intensively studied and applied to develop various iterative algo-
rithms for finding common solutions of fixed points of a finite family of nonexpansive mappings
and of other problems (see, e.g., [2, 7, 21, 22]). Since under suitable conditions (to be stated
precisely in Section 2), Ja A (I — AA) is a nonexpansive mapping, we can introduce following
mapping W, for a finite family of variational inclusions (1.5).

Up1= tn,lu])l\lm(f —AMpA)+ 1A —tpa)l,
Upp2 = tn,2j)2\2‘n(1 — Ao nA2)Un 1 + (1 =ty 2)1,

Usn-1=tan1JY "t (I = AN 1mAN_1)Unn_2+ (1 —ton_1)],

AN-1,n

W, =U,Nn = tn,NJ,J\VN,,,L (I = AN AN)Un N1+ (1 =ty n)I,

where A; : H — H is an a;-inverse-strongly monotone mapping, M; : H — 2 is a maximal
monotone mapping and the resolvent operator J;\ . associated with M; is defined by

Ty, W) = (T+XinM;) "M (), weH, ie{l,....,N},

for A; , > 0. Such a mapping W, is called the W,-mapping generated by {J/’\Ck (I=XenAp) 1,
and {t, , }_,. Nonexpansivity of .J fk,n (I — Ag,nAyg) yields the nonexpansivity of mapping W,,.

Recently, Zhang et al. [23], Peng et al. [14], Cholamjiak and Suantai [5], and Plubtieng and
Sriprad [15] studied variational inclusions and presented strong convergent results. Plubtieng
and Sriprad [15] proposed the following iterative scheme for finding a common element of the
set of solutions to the problem (1.2), the set of solutions of an equilibrium problem, and the
set of fixed points of nonexpansive mappings S,, in Hilbert space. Starting with x; € H, define
sequence {z,}, {yn}, and {u,} by

F(unay)+%<y_umun_xn>207 y € H,

Tnyl = Oén’}/f("xn) + (I — Oan)Snyn,
Yn = Jua(un — Auy), Yn>0
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where B be a strongly bounded linear operator on H. They proved that under certain ap-
propriate conditions imposed on {a;,} and {r,}, the sequences {z,}, {yn}, and {u,} converge
strongly to z € (N2, F(S:)) N EP(F)NI(A,M).

In this paper, inspired and motivated by [23, 14, 5, 15], we introduce an iterative scheme
for finding a common element of the set of solutions of a finite family of variational inclusions
problems (1.5) with multi-valued maximal monotone mappings and inverse-strongly monotone
mappings, the set of solutions of an equilibrium problem and the set of fixed points of nonex-
pansive mappings in Hilbert space. Starting with an arbitrary point x; € H, define sequences
{z,} and {u,} by

1
F(unvy)'i_i(y_unaun_xn)ZOa ?JGH,

T'n

Tp41 = €n7f(xn) + Bxy, + ((1 - B)I - enB)Sanuna

for all n € N, where €, € (0,1), {r,} C (0,00), B be a strongly bounded linear operator on H,
{S,} is a sequence of nonexpansive mappings on H and mapping W, is defined by (1.6). Under
suitable conditions, we prove that the sequences {x,}, {u,} and {W,u,} converge strongly
to x € Q= (Nn_y I(Ax, My)) N EP(F) N (N2, F(S;)) which is the unique solution of the
variational inequality

(1.7) (B=~f)z*,x—2*) >0 VreQ,

Variational inequality (1.7) is the optimality condition for the minimization problem.
1
min — (B —
min 5 (B, 2) = h(z),

where h is a potential function for «f. Our results extend and improve some corresponding
results in [23, 14, 5, 15].

2. PRELIMINARIES

Let C be a closed convex subset of H. Recall that the (nearest point) projection Pc from
H onto C assigns to each x € H the unique point Pox € C satisfying the property

— P, = mi =l
| = Poa| = min = — |
The following lemma characterizes the projection Pc.

Lemma 2.1. ([19]) Given z € H and y € C. Then Pcx = y if and only if there holds the
inequality
(x—y,y—2y>0 VzeC.

Recall that a mapping A : H — H is called a-inverse strongly monotone, if there exists an
a > 0 such that

(Az — Ay,x —y) > af| Az — Ay|®, Vz,y e H.

Let I be the identity mapping on H. It is well known that if A : H — H is an a-inverse strongly
monotone and 0 < A < 2a, then I — AA is a nonexpansive mapping.

A set-valued mapping M : H — 2 is called monotone if for all z,y € H, f € Mz, and
g € My imply (z —y, f — g) > 0. A monotone mapping M : H — 2 is maximal if its graph
GM):={(f,x) € Hx H|f € M(x)} of M is not properly contained in the graph of any other
monotone mapping. It is known that a monotone mapping M is maximal if and only if for
(x,f)e Hx H, (x —y, [ —g) >0 for every (y,g) € G(M) implies f € Mx.
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Let the set-valued mapping M : H — 2 be maximal monotone. It is worth mentioning
that the resolvent operator Jys, » associated with M is single-valued, nonexpansive, and 1-inverse
strongly monotone, (see, e.g., [4]), and that a solution of problem (1.2) is a fixed point of the
operator Jys (I — AA) for all A > 0 (see, e.g., [10]). Therefore, a solution of problem (1.5) is
an element of common set of fixed points of the operators Jys, A(I — AA;), i € {1,...,N}, for
all A > 0.

Lemma 2.2. ([18]) Let {x,} and {z,} be bounded sequences in a Banach space X and let
{Bn} be a sequence in [0,1] with 0 < liminf, . £, and limsup,, .. Bn < 1. Suppose

Tn+1 = ﬁnxn + (1 - ﬁn)zn
for all integers n > 0 and

limsup ([[2n+1 = zall = [|Tn+1 — 20|) < 0.

n—oo

Then lim,, o ||y, — 2n|| = 0.
Lemma 2.3. ([20]) Let {a,} be a sequence of nonnegative real numbers satisfying the property:

an+1 < (1 - 'Yn)an + 'Ynﬁna n>0

where {7, } is a sequence in (0,1) and {3,} is a sequence in R such that
(@) 5= 2n = +ocs

(i) limsup B, <0or > |[va0n| < +oo.
n=1

n—oo
Then lim,, .o a, = 0.
Lemma 2.4. (The Resolvent Identity) Let M be a mazimal monotone operator. For A > 0,

uw>0andz e H,

JM7>\I = JM,,u (%x—l— (1 - %) JM,AI) .

Lemma 2.5. Let A be a-inverse-strongly-monotone and M be a maximal monotone operator.
ForA>0,u>0andx € H,

1aa (T = A)a =TI = pA)z ] < |1 = 5| (1TaralI = Ad)al + |l

Proof. From Lemma 2.4, we have
T a(I — AA)x — Iag (I — pA)z||

= |12z (%I v (1 - %) JM,)\) (I =Mz — Jar (I — pA)z|

< 5T = A)a+ (1= 5) Tl = Az — (I - pA)a|

< (1 _ %‘ (1 Tarn (I = AA)z|| + ||z])) -
O

Lemma 2.6. ([12]) Assume that A is a strongly positive linear bounded operator on a Hilbert
space H with coefficient 5 > 0 and 0 < p < ||A||7'. Then || — pAl| <1 — p7.

Lemma 2.7. ([8]) Let C' be a nonempty closed convex subset of H and F' : C x C' — R satisfy
following conditions:

(Al) F(z,z) =0, Yz € C,
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(A2) F is monotone, i.e., F(x,y) + F(y,z) <0, Vz,y € C;
(A3) l1msupF(tz + (1 —t)x,y) < F(z,y), Va,y,z € C;

—0+
(A4) for each z € C, F(x,-) is convex and lower semicontinuous.
For x € C and r > 0, set T,. : H — C to be
1
Tr(x) = {z €eC:F(z,y)+ ;(y—z,z—@ >0, Vye C}.

Then T, is well defined and the following hold:

1. T is single-valued,;
2. T, is firmly nonexpansive [9], i.e., for any z,y € E,

||Tr$ - TryH2 < <Tr$ - Tryﬂf - y>;

3. F(T,) = EP(F);
4. EP(F) is closed and convex.

By the proof of Lemma 5 in [6], we have following lemma.

Lemma 2.8. Let C be a nonempty closed convex subset of a Hilbert space H and F : CxC — R
be a bifunction. Let x € C' and 1,712 € (0,00). Then

(2.1) Iy = Thpal| < | 2| (12,21 + ),

From the definition 2.6 given by Colao, Marino and Xu [7], we can give following definition.

Definition 2.9. Let C be a nonempty convex subset of a Hilbert space H. Let A; : H — H,
i € {1,...,N} be q;-inverse-strongly monotone mappings and M; : H — 2H i € {1,... N}
be maximal monotone mappings. Let ¢1,--- ,fxy be real numbers such that 0 < ¢; < 1 and
Ai € (0,2¢], 1 € {1,...,N}. We define a mapping W of C into itself as follows:

U, = tlJil (I — )\1A1) + (1 - tl)I,
Uy = taJ3, (1 — Mo Ao)Us + (1 — o)1,

Un—1=tn— 1J - (I AN-1AN_1)Un—2+ (1 —ty_1)],
W=Uy= tNJ,\N(I — ANAN)UN-1+ (1 —tn)I.

Such a mapping W is called the W-mapping generated by Jil (I—XA4y),..., Ji\fv (I —ANAN)
and tl,. .. ,tN.

Lemma 2.10. Let C be a nonempty convez set of a Hilbert space, A; : H — H,i € {1,2,...,N}
be a;-inverse-strongly monotone mappings and M; : H — 2H i € {1,2,... N} be mazimal
monotone mappings. Let {t,;}N., be sequences in [0,1] such that t,; — t; and {\in} be
sequences such that \; , € (0,204] and X\, — Ai, A € (0,20], (1 =1,...,N). Moreover for
every n € N, let W be the W-mappings generated by {JA (I — NA; )}Z 1 and ty,...,ty and
W, be the W, -mappings generated by {JAi (I = Nin A and ty1,...,ty n. Then for every
x € C, it follows that "

(2.3) lim ||Wpz —Wz| =0.
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Proof. Let x € C. For k € {1,..., N}, Uy and U, be generated by Jil (I—=XAy),..., J/{VN (I—
ANApn) and t,...,tx and JA (I Mndl),. JAN (I —AnnAn) and ty1,...,ty N TesSpec-
tively, as in Deﬁmtlon 2.8. From Lemma 2.5, we have
||Un’1l' — Ul.’EH
= ||t”71J>1\1,n, (I - )\1771A1)1‘ + (1 - tn,l)x - tl‘]il (I - AlAl)I - (1 - tl)SCH
= [[tn1(Jx,,, (I = MpAr)z — Iy, (I = MADT) + (tp,1 — t) (T3, (I = MAr)z — )|
<Ia, (I = ApAn)z = I3 (T = MADz]| + [ty — 6] [Ty, (I = MAd)z — 2|

)\177,

‘1 S (1L (T = XA + [|2]) + [t — ta|| T2, (T — XAz — ).

Let k € {2,..., N}, then
Uz — Ugz||
= [[tnk Y, . (I = MenAR)Un k12 + (1=t p)w — tr I3, (I — A Ag)Up 12
= (1 —tg)z|]
= ltnn (JM T = Nen AU gomrz — T5, (I~ Ak,nAk)Uk_lx)
b (T (T = A AU 1@ = T, (1 = AU

+ (o — tr) (JX, (I = M AR) U1z — ) |

)‘k: n
<N Up g1z = Up—r3|| + ’1 - S
k

(175 (I = MeAw)Up—12|| + |Us—12])

+ ke — trl|lJ%, (I = MeAR) U1z — ).

Hence,
(IWpz — Wz|| = ||Uy,nz — Unz|
< Z (1= 322 098, - sl + 102
e = telll 5, (1 = AeAR) U1z — )
A on

+ ‘1 - )\171 (I3, (I = MADz| + llz]]) + [taq = talll I3, (T = M Az — z]].
Since for every k € {1,..., N}, lim, o |tnx — tx| = 0 and limy, o0 | Ak — Ak| = 0, the result
follows. g

Lemma 2.11. Let C be a nonempty closed convex set of a Hilbert space H. Let A; : H — H,
i€{l,...,N} be a;-inverse-strongly monotone mappings and M; : H — 27 i€ {1,... N} be
maximal monotone mappings with ﬂf\il I(A;, M;) # 0. Assume \; € (0,2¢],4 € {1,...,N},
and {Nin} N, be sequences such that \;,, € (0,2c;] and N\ipy — Niyi € {1,...,N},Vn > 1. Let
t1,...,tn be real numbers such that 0 < t; < 1 for everyi =1,...,N —1 and 0 < ty < 1,
and {t, .}, be sequences in (0,1) and satisfy t,; — t;. For every n € N, let W be the W-
mappings generated by {J)\ (I-XNADYY, and ty,. .., tx and W, be the W,,-mappings generated

by {5, (I = Xin AWMy and tny, ... tnn. Then (L I(As, M;) = F(W) = ;2 F(W,).

n=1

Proof. Following Colao et al. [7] and using F(J§ (I — \iA;)) = I(A;, M;), i € {1,...,N}, we
have F(W) = (I, (A, M;).
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Next we show ()2, F(W,,) = ﬂf\il I(A;, M;). Take p € ﬂfil I(A;, M;) arbitrarily, then
J;\ (I =XinAi)p=p,i€{l,...,N} and n > 1. From (1.6), it follows W,,p = p, Vn > 1
and consequently, p € (2, F(W,,). So we have ﬂfil I(A;, M;) €N, F(W,). On the other
hand, put p € ,—, F(W,) and ¢ € ﬂf;l I(A;, M;). Assume U, o = I, by (1.6), we get, for
ke{l,...,N},

[Wap = Whgll = |Un,np — Un,ndl

= I[tn. NI, (I = ANn AN)Un N—1p + (1 — tn N)p)
— [t N TRy (T = AN AN)Unn—1q + (1 =t n) ]|

<t NI (I = AN AN Un.n-10 = IRy (I = ANn AN)Un v 14|
+ (1 =ton)lp—dll

<tu N|Un.n-1P = Un,N-14|l + (1 = to N)llp — ¢l

IA |

N N
S H tn,i |Un,kp - Un,kqn + <1 - H tn,i) Hp - q”
i=k+1 i=k+1
N
= H tn,i” [tn,k'JkaL (I - /\k,nAk)Un,k—lp + (1 - tn,k)p]
i=k+1

N
— [tak I, (I = MenAk)Un 10 + (1 = tnp)ql]| + (1 - H tw‘) lp—qll

=kt 1
N
= H tn,i||tn¢k[=],]\€kyn(f — MenAr)Un e—1p — Jf,m (I = X Ak)Un —14]
k41
N
+ (1= tar)p— )l + (1 - 11 tn> Ilp — gl
k41

N
< H tn,i||JfM(I — Mo Ak)Up i—1p — me(f — MenAk)Un =14l
N
+ (1 - th,i> llp — gl
ik
N N
§ H tn,i”Un,k—lp - Un,k—lq” + (1 - H tn,i) ”p - QH

i=k

-
I
>

From Lemma 2.10, we have, as n — oo.

N
[Wp—Wq| < H tn,thn,k[me(I — Men Ak)Un j—1p — J,I\CM(I — M Ak)Un k—14]
i=k+1
N
+ (1 =tnr) -9l + (1 - 11 t) P —qll
i—ht1
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N N
< HthJ,I\CM(I = Men A )Un 1P — Jfk,n(f = MenAk)Un k—1q + (1 - thz) llp —qll

i=k 1=k
<lp—all
Since
[Wp =Wl = [lp — 4l
and 0 < t,; <1 for all i € N, we have, for every k € N,

[tn k[ Tx, (T = Mk AR)Unk1p = I3, (T = M Ak)Un k1) + (1 = tn i) (p — 9|
= (|5, (I = MenAi)Ungo1p =I5, (I = Ak Ar)Un k]
=lp—all.

Since Hilbert space H is strictly convex and ¢ € ﬂf\il I(A;, M;), we have

p—q= J,I\Ck, (I = MenAr)Une—1p — J,\,M(I Mo Ak)Un k—14
= I3 (I = MenA)Uni—1p — q
and hence
p=JdN (I =XenA)Unip, k=1,...,N.
On the other hand, from

Unkp =tk x, (I = MenAp)Un1p+ (1= tup)p=p, VneN, k=1,...,N,

we have
Wp = lim Wyp= lim U, np = p,
n— oo n—oo

which implies p € F(W). Hence we obtain (\o—, F(W,,) C F(W) = ﬂfil I(A;, M;) and then
Moy FW,,) = ﬂfil I(A;, M;). Thus the proof is completed.

O
Lemma 2.12. For all z,y € H, there holds the inequality

lz +ylI? < llel® + 2{y, = + ).

3. MAIN RESULT

Theorem 3.1. Let H be a real Hilbert space, F be a bifunction from C x C — R satisfying
(A1) — (A4) and {S,} be a sequence of nonexpansive mappings on H. Fori={1,... N}, let
A; - H — H be a;-inverse-strongly monotone mappings, M; : H — 28 be maximal monotone
mappings such that € := (ﬂfle I(Ap, M) NEP(F)N (N2, F(S:)). Let f be a contraction of
H into itself with a constant o and B be a strongly bounded linear operator on H with coefficient
>0 and 0 < < ¥/a. Moreover, let {€,} be a sequence in (0,1), {t,;}, sequences in [a,b]
with0 < a <b <1, {r,} asequence in (0,00), and {\; .}V, sequences such that \; , € (0,2a;].
Assume

(B1) lim, €, = 0;
(B2) 3252 én = oo
(C1) liminf, r, > 0;
(C2) limy, |1 — 24| = 0;
(D1) limy, |1 — ’:+1| =0, for every j € {1,...,N};
(E1) lim, |tn; —tn—1,] =0, for every j € {1 .., N}
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Let {z,,} and {u,} be sequences generated by x1 € H and

1
Furm + — — Up, Un — Tn 207 EH,
(3.1) (un,y) o (y ) y

Tn41 = en'Yf(In) + Bx, + ((1 - ﬂ)I - enB)SanUm

for all n € N. Suppose that > sup {||Sn+12 — Snz|l,2 € K} < oo for any bounded subset
K of H. Let S be a mapping of H into itself defined by Sx = limy_ooSpx, for all x € H
and suppose that F(S) = (., F(Sn). Then, {z,}, {un} and {W,u,} converge strongly to z,

where z = Po(I — B+ ~vf)(2) is a unique solution of the variational inequalities (1.7).

Proof. Since B is a strongly positive bounded linearioperator with coefficient 7, % is a strongly
positive bounded linear operator with coefficient ﬁ By €, — 0, we may assume, with no loss
of generality, that €, < (1 — 3)||B||~!. From Lemma 2.6, we know that

enB €Y | _
1_6||§(1_6)(1_1_B)_1_ﬁ_6n7

(3-2) 1A =B) —enB| = (1 =PI -

Step 1. The sequence {z,} is bounded.
Put p € Q. Then, from w,, =T, x,, we have

(3.3) un = pll = T, 20 — Tr,pll < llzn — p-

From Lemma 2.11, it follows W, p = p. Due to nonexpansivity of W, and (3.3), we have
(3.4) [Whtn = pll < llun = pll < [len —pl-

Combining (3.1), (3.2) and (3.4), we get

[2n+1 = pll = llen(vf(2n) — Bp) + B(zn — p) + (1 = B)] — €. B)(SnWhun — p)||
< en(Vf (@n) = F DI + 7S (p) — Bpll) + Bllzn — p
+ (1= 6 —en)|[SnWaun — |

lvf(p) — Bpl|

S (I —en¥—ay))en —pl| + en(y — ay —
( ( | | + en( ) —

which implies that

— B
lan — pl Smax{nxl—pu'”f(”) p”}, —
7 —ay

Hence {z,} is bounded and therefore {u,},{f(z,)} and {S,Wy,u,} are also bounded.
Step 2. Let {w,} be a bounded sequence in H. Then

(35) lim ||Sn+1Wn+1wn - SanwnH = 0.
Let 7 €{0,..., N — 2} and set

M= sup {Jwn | + 13, (= A n Ay,
neN

N
7 (I, (2 = Xy Ay Un gyl + | Un j-rwnll) } < oo.
j=2
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It follows from (1.6) and Lemma 2.5 that

[Un+1,n—jwn — Un,N—jwnl|

= th+1,N—jJ,J\\i,jm+l([ — AN jnt1 AN ) Ungi N jm1wWy + (1 — tpg N—j) Wy
—ta N o (T = AN AN ) U N —j1wn — (1 =ty N )w |
<tpg1,N—j HJi\;ij;mH (I = AN—jn+1AN—j ) Uny1,N—j—1Wp

B Ji\j\,_i,nﬂ(l — ANt 1AN—§)Un N—j—1w0n |
+tnt1,N—j HJ/]\VN__];,N# (I = AN_jni1 AN )Un.N—j_10p
B Ji\ﬁvi];,n(j — AN—jnAN—j)Un,N—j—1wn|
+ [t 1,N—j — tn7N—jH‘J)]\VN_i’n(I — AN—jn AN Un N—j—1Wn — wy ||
<NUps1,N—j—1wn — Un N—j—1wp || + ’1 _ %
N—jn

-
(1372 (= A= AN—3)Un =i 1tnl| + Un -1

+ [tnt1,8N—j — tn,N—j\(llJivjvi];,n(I = AN—jnAN=j)Un, N—j—1W0n]| + [Jwn)

An s
<NUny1,N—j—1wn — Up N—j1wn|| + M ( 1 — 2Ngntl

+ [tnt1,8—j — tn,le) :
N—jn

Thus, repeatedly using the above recursive inequalities, we deduce

||Wn+lwn - annH = ||Un+1,an - n,anH
al A A
<MY, ( I R tn,jl) + ‘1 - Sl
=2 )\j,n )\1,n

g

(173, . (T = A A )wall + wnll) + ftnars = taal(13, (T = MnAn)wall + [lwall)

N
)\‘,n-l-l
<My ( 1- ;7 +ltnt1, —tw‘l) — 0,

by condition (D1), (E1). From (3.6) and property of S,,, it follows that

||Sn+1Wn+1wn - Sanwn” S ||Sn+1Wn+1wn - San+1wn|| + HSan-‘rlwn - SanwnH
é ||Sn+1Wn+1wn - SanJrlwn” + HWn+1wn - ann”

— 0,

and Step 2 is proven.
Step 3. lim,, o0 ||Tnt1 — Znll = 0.
From Lemma 2.8, we have

luns1 — unl| = HTrn+1xn+1 — Ty, 0|

(3.7) SN Trpii@ntr = Trpn@all + 1Ty @0 — Trp |
r

| (T |+ ).

< @ntr =l + |1 -
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Rewrite the iterative process (3.1) as follows:
Tnt1 = €n’}/f(ll'n) + ﬂil?n + (1 - ﬁI - enB)Sanun

= Ban + (1 - P) T3
= Brn + (1 - B)yn
where
(3.8) Yy = enVf(@n) + (1= BT — en B)Sn Wyt

1-p5

Since {z,} is bounded, we have, for some big enough constant M > 0,

€n ')/f Ty - ’stf LTn
||yn+1 - ynll = ‘ +l ( fl)ﬂ ( ) + (Sn-i-an-i-lun-‘rl - Sanun)
_ €n+1BSn+1Wn+1un+1 — €, BS, Whuy,
1-5
Y
< 1-3 (ent1llf @ns)ll + enll f(@n)]) + [1Snt1Wht1ting1 — SnWaual|
1
(3.9) + 1-3 (€nt1l|BSnt1Whiitni1|l + €nl| BS. Wihun||)

S ‘ISn+1Wn+1un+l - Sn-l—an-ﬁ—lunH + ||Sn+1Wn+1un - SanunH + M(6n+1 + en)
S HunJrl - un” + ||Sn+1Wn+lun - Sanun” + M(€n+1 + En)

Tn+1
Tn

< Nengr — zn| + |1 - |(||T7nxn|| + [|znl]) + [1Sn+1 Wag1un — S Wiu,||
+ M(ept1 + €n).
By conditions on {e,} and {r,}, and Steps 2, we immediately conclude from (3.9)

lim sup([[gn+1 = ynll = |2n41 = zn])
n—oo

. r
< limsup (|1 - :+1 |(||Trnan + [|znll) + [1Sn+1Wagrun — SpWhun|| + M (€41 + fn))
n

n—oo
=0.
By Lemma 2.2, we obtain
lim [lzn, —yall =0,
n—oo
which implies
lm |1 — Znl = lm (1 = B)||zn — yall = 0.
n—oo n—oo

Step 4. lim,, .o ||zn — Sy Wyu,|| = 0.
We have

20 — S Whtin|| < ||on — 2]l + HiCnJrl - SanunH
= ||z — Tpya || + llen(Vf (zn) — BSWauy) + B(zn — SnWauy) ||
< Nan = Tpg1 || + enllvf(xn) — BS,Whun || + Bllzn — S Whun |-

It follows from Step 3 and condition (B1) that
1
||xn - Sanun” < m(”xn - xn-i-l” + GnH'Yf(xn) - BSanun”) — 0.

Step 5. lim,, oo ||Zn — unl = 0.
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Let v € Q. Since T, is firmly nonexpansive, we obtain

v — Trn$n||2 =T, v — Trnan2
<{(T. z,—T. v,xy, —v) = (T, Ty —v,T, — V)
1
= ) (HTrnxn - U||2 + ”zn - UH2 - Hxn - Trnmn”2) s
which implies
(3.10) ”men - U||2 <|lzn — U||2 — |z — Trnl’nHQ-

Set y, = vf(xn) — BS, W, T, x, and let A > 0 be a constant such that

n

A > sup {[[ynll; |z — v}
n,k

Using Lemma 2.12 and noting that || - ||? is convex, we derive, using (3.10)
lns1 = vl* = 11 = B)(SnWa T, @0 — v) + Bwn — v) + en(Vf (wn) = BS Wi Ty, z0)||?

<1 = B)(SuWnTr, @n = v) + Blan = 0)|I* + 260 (Yn, Tni1 — v)
< (1= B)Su Wi Ty, — ]2 + Bl — v]|2 4 2226,
<A -BIT,zn — ol* + Bllzn — vf” + 202,
< (1= B)(lwn = vl* = llwn = T, 2al?) + Bllan — vl + 20 %€,
= [lzn —ol* = (1 = B)[len — T, 20> + 2X\%€,.

It follows that

1
l2n — Ty, @n]® < 1-3 (Hxn — 0| = [T — o> + 2)‘2%)
1
< m (Hxn - $7L+1||(Hxn - U” + Hxn+1 - U”) + 2)‘2%)
—0

by Step 3 and condition (B1). From w, = T}, x,, it follows ||z, — u,| — 0.
Step 6. The weak w-limit set of {x,}, w(z,), is a subset of Q.
Let z € w(xy,) and {z,,, } be a subsequence of {x,} weakly converging to z. Noticing Step
5, we have u,, — z. We will show that z € Q. By (A2), we have
1
7<y*unaun*zn> ZF(yaun)a yeC.

In particular,

(3.11) <y—unu"’”_x"”> > F(y,un,,)-

Step 5 and condition (C1) imply (uy,, — @n,,)/"n,, — 0 in norm. By condition (A4), F(y,-) is
lower semicontinuous and convex, and thus weakly semicontinuous. Therefore, letting m — oo
in (3.11) yields
F(y,z) < lim F(y,um) <0,
m—00
for all y € H. Replacing y with y; :=ty + (1 —t)z with ¢ € (0,1) and using (A1) and (A4), we
obtain
0= F(ye,y) < tF(ys,y) + (1 =) F(ys, 2) < LF(ys,)-
Hence F(ty + (1 —t)z,y) > 0, for all t € (0,1) and y € H. Letting t — 01 and using (A3), we
obtain
F(z,y) 20,

360



A finite family of variational inclusions

for all y € H. Therefore z € EP(F).
Next, we show that z € (ﬂivzl I(A,, Mn)) N(NSZ, F(Sy,)) . Assume that 2 ¢ (ﬂgzl I(A,, Mn)> N

n=1

(NoZ, F(S,)), by Lemma 2.11, then z # SWz. Since Step 4 and Step 5, and using Opials prop-

n=1

erty of a Hilbert space, we have

liminf ||z,,, —z| < liminf|z,, —SWz|
m m
< liminf (Hxnm = S Wa U, ||+ 190 Wai Un, — Sn W, T,
m
S0 W Tn, = Sn, W, 2| + 190, Wi, 2 — SWh,, 2|
+[|SWy,,2 — SW2|)
< lim inf( T = S Wi ting, || + ||[Un,, = Zn, ||
m
+||$nm - Z” =+ ”Sanan - SanZ” + ||anz - WZH)
<

liminf ||z, — z||.
m

This is a contradiction. Therefore, z must belong to (ﬂN I(A,, Mn)> NN, F(Sy)) . Proof

n=1 n=1
is completed.

Step 7. Let z* be the unique solution of the variational inequality (1.7). That is,

(3.12) (B=~f)z*,x—2") >0, xe€f
Then
(3.13) limsup{(vf — B)z*,z, —2*) <0, zx€qQ.

Let {x,, } be a subsequence of {z,} such that
(3.14) liin<(7f — B)z", xy, —2*) = limsup{(yf — B)z*,z, — x).

Without loss of generality, we can assume that {z,, } weakly converges to some z in C. By
Step 6, z € 2. Thus combining (3.14) and (3.12), we get

limsup((vf — B)z", xn — 2%) = ((vf = B)z",z = 27) <0

as required.
Step 8. The sequences {z,}, {u,} and {W,u,} converge strongly to z*.
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By the definition (3.1) of {z,}, and using Lemma 2.6 and Lemma 2.12, we have
lner =2 |> = Q=B = enB)(SnWazn — &™) + Blan — )] + (v (20) — Ba™)||?

< I~ B~ euB) (S Wt — ") + Bl — ")
+2e, (vf(xpn) — Bx*, xpi1 — 2¥)
— 0= BB (5, W, — %)+ (e — o)
261 (f(20) (8, B —2) + 203 (2") — B s — )
< WD Bl gy e g, o
tera(ln - a2+ s — o |2) + 260y (@) ~ Ba®, i — )
S o e o e

1-p
+2e,(vf(x*) — Bx™, xpt1 — ™).

It follows that

. 2(7 — ay)e N

I (B e I
* * * /72671 * (|2
2yf(x*) — Ax* xpyr — ™) + 1 7ﬁ||acn —z")* ).

Now, from conditions (B1) and (B2), Step 7 and Lemma 2.3, we get ||z, — 2*|| — 0. Namely,
Zp, — x* in norm. Finally, noticing ||u,, — z*|| < ||z, — =*|| and ||Wyu, — z*|| < ||z, — 2*||, we
also conclude that u,, — z* and W,u,, — £* in norm.

€n

+1 — ayen

O
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