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Abstract

Because of its significant efficiency and easy implementation, alternating direction method
(ADM) has attracted wide attention in solving linearly constrained structured convex opti-
mization and variational inequalities. In this paper, we propose the most potential versions
of the proximal ADM and investigate their convergence in a uniform framework. The ad-
ditional proximal term allows us to simplify the sub-problems, and thus the new versions
substantially broaden the applicable scope of the alternating direction methods. The conver-
gence is based on the fact that the sequence generated by each different versions approaches

to the solution set monotonically in the Fejér sense.

Keywords: alternating direction method, linearly constrained convex programming, sepa-

rable structure, contraction method

1 Introduction

Variational inequalities (VI) capture a broad spectrum of applications in diverse fields, see, e.g.,
[7, 12, 15, 26]. In this paper, we consider the VI with the following separable structure:
(z —2*)" f(a*) > 0,

(z*,y*) € D, { (v — v aly") > 0, V (z,y) € D, (1.1)

where

D={(z,y) eR" |z e X, ye), Av+ By = b}, (1.2)

X and Y are given nonempty closed convex subsets of R™ and R"2, respectively; A € R™*™
and B € R™*™2 are given matrices; b € 1™ is a given vector; f: X — R and g : Y — R"2 are
monotone operators. We refer to [9, 14, 31] for the various applications of (1.1)-(1.2) in other
some fields. In particular, (1.1)-(1.2) include the following minimization problem as a special
case: min {0 (z) + 02(y) | (z,y) € D}, where both 6 (z) and 65(y) are convex functions.
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By attaching a Lagrangian multiplier vector A € R™ to the linear constraint Az + By = b,
the VI (1.1)-(1.2) is converted into the following equivalent form:
(x — )T (f(z*) — ATA*) 2 0,
(", y", \") e W, (y—y)T(g(y*) — BTA*) >0, V(z,y,\) eW:=XxYxR™. (1.3)
A= A\)T(Ax* + By* —b) >0,
We denote (1.3) by SVI(W, F'), where

x flx) — AT
w=| y and Fw)=1| g(y)—BTXx |. (1.4)
A Ax+ By —10

Throughout this paper, we assume that the solution set of SVI(W, F'), denoted by W*, is non-
empty. For solving SVI problems, from a given triplet w* = (z%,y* \F) € X x Y x R™, the
Alternating Directions Methods (short ADM) [10, 11, 12, 13] produce the new iterate v¥*! =
(yFH1 A1) € Y x R via the following procedure: First, take the solution of problem
veX, (2 —x)"{f(x)—AT[\* —B(Az+ By* —b)]} >0, V 2’ €AX, (1.5a)
as F*1. Then, y**! is produced by solving
yel, ' —v)"{gly) - BTN = pAz* + By —b)]} >0, Vy €. (1.5b)
Finally, the multipliers are updated by
MAHL = \F _~3(AzP T 4 Byt — b)), (1.5¢)

where v € (0, ‘/52"‘1) is a parameter. In the most of literature about ADM [3, 4, 8, 23], the

parameter v = 1. A simple form for choosing the parameter § was discussed in [18]. Alternating

direction method is well suited to distributed convex optimization and has the benefit that one
algorithm could be flexible enough to solve many problems [3].

Some novel and attractive applications of ADM have been discovered very recently, e.g.,
total-variation regularization problems in image processing [5, 27, 30|, ¢;-norm minimization
in compressive sensing [34], semidefinite programming problems [32], the covariance selection
problem and semidefinite least square problem in statistics [20, 37], the sparse and low-rank
recovery problem in engineering [24, 36], etc. ADM is also modified to solve convex quadratically
constrained quadratic semidefinite programs [29]. Sometimes, solving the subproblems (1.5a)
and/or (1.5b) is difficult. The purpose of this paper is to present and study some different
modified versions of the alternating direction method in the contraction framework [2, 19].

The rest of the paper is organized as follows. In Section 2, as a preparation for the rest
analysis, we review some basic properties of projection mapping and variational inequalities.
Section 3 presents the proximal alternating direction method. In section 4, using the rationale
of the general framework, we give the updating forms and prove the convergence of the resulting
methods. From Section 5 to Section 7, we study different simplifying versions of the alternating
directions scheme and give the parallel analysis as in Section 3. Finally, some conclusions are
drawn in Section 8. For convenience we use the notations

. < i ) and V7= {(y", A7) [ (2" y" AT € W} (1.6)
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2 Preliminaries

In this section, we summarize some basic properties and related definitions that will be used in

the coming analysis and discussions.

2.1 Preliminaries of variational inequalities

Let W be a nonempty subset of R, F' be a continuous mapping from R’ to itself. The variational

inequality problem, denoted by VI(W, F'), is to find a vector w* € W such that

VIOW, F) (w—w)TF(w*) >0, YweW.

Let G be a l x | positive definite matrix, we denote |w|l¢ = VwTGw as the G-norm of vector
w € R™. The projection under G-norm will be denoted by Py ¢(-). In other words, for given w,

Py ¢(w) = argmin{||w — w||¢ | w € W}.
From the above definition, it follows that
(w — Py, ¢(w)TG(w — Py g(w)) <0, YweR, VieWw.
Consequently, we have
1Pw,c(w) = Pw,c(@)lg < |w—wle,  YwwewR,

and

1P, 6(w) —w|g < lw—wlE = [w=Pw.cwlg, — YweR Ywew.

Definition 2.1. a). F is said to be monotone respect to W if
(w— o) (F(w) — F(w)) >0, Yw,wecW.
b). F' is strongly monotone respect to W if there exists a constant g > 0 such that
(w— )T (F(w) — F(w)) > pllw —o|?, Yw,aecW.

We say VI(W, F') is monotone if the mapping F' is monotone.

(2.2)

(2.3)

Lemma 2.2. Let G € R*! be any positive definite matriz. Then w* is a solution of VIO, F)

if and only if
w* = Py, g[w* — apG~ F(w*)], Va>0.

Proof. See ([1], pp. 267). O

According to Lemma 2.2, for any positive definite matrix G € R*!, p € R and o > 0,

w* = Py glw* — oG] & w* €W, (w—w)Tp>0, YwewWw.

The solution set of a monotone variational inequality is convex (see Theorem 2.3.5 in [6]).
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2.2 Concepts concerned with SVI(W, F)

The following concepts concern the problem (1.3) in this paper. Let H be a given m x m positive

definite matrix. For monotone VI(W, F'), we have
(0 —w*)TF(@*) > (0 — w*)TF(w*), VYieWw, w e W
Consequently, because (w — w*)T F(w*) > 0, we obtain
(0 —w*)TF(w) >0, VaoeWw. (2.6)
Throughout this paper, for y, § € R"2, we define

Lemma 2.3. For given w, let w € W satisfy

weW, (w—a)"{(F(@)+n(y,7) —dw®d)} >0, Yw' €W, (2.7)
where
AT
n(y,9)=| BT | HB(y—17). (2.8)
0
Then we have
(w — w*) d(w, @) > p(w, @), Yw* €W, (2.9)
where
o(w, ) = (w—w) d(w,®) + (y — )" BTH(A% + By — b). (2.10)

Proof. For any w* € W* C W, it follows from (2.7) that
(0 — w*) d(w, @) > (0 — w)T{F(@) +n(y,9)}, VYw* €W (2.11)

In addition, due to (2.6), we have (@ — w*)TF(w) > 0. Substituting it in (2.11) and by a
manipulation, we get

(w — w*) T d(w, @) > (w— )T d(w,®) + (& —w)'nly,5), Yw €W (2.12)

For the last term in (2.12), using Az* + By* = b, we have
(0 —w)Tn(y,9) = (y — 9)" BTH(AZ + B§ — b), Yw* e W (2.13)
Substituting it in the right hand side of (2.12) and using the definition of ¢ (w, @), we proved the

assertion of this lemma. O

Theorem 2.4. Let w,w satisfy the conditions in Lemma 2.8 and G be any positive definite

matriz. If we take

w(a) = w — oG d(w, W), (2.14a)
or
w(e) = P, a{w — oG~ [F(®) +n(y, 9)]}, (2.14b)
then we have
[w = w*||g = [w(e) = w||E > 20p(w, ) — ?|GHd(w, D)|[,  Vw* € W (2.15)
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Proof. By using (2.14a) and (2.9), we obtain

lw = w1 = [lw(a) - w*|Z

lw —w*||% — |[(w — w*) — oG~ d(w, @||%
2a0(w — w*)Td(w,ﬁJ) — 042||G_1d(w»1‘7)||%:

20 (w, @) — o*| G~ d(w, D)3 (2.16)

Y

Now, we turn to use (2.14b). Since w* € W, we have (see (2.3))
1Pw, (@) — w*|[g < @ —w||G = |o - Pw,c(@)llE, Vo e R

Setting w = w — aG~[F(w) + n(y, §)] in the above inequality and using w(a) = Py (), we
get
lwe) —wll& < l(w—w*) = aGT'F(@) +n(y, 9%
~[l(w = w(@)) = aGTHF (@) +n(y, )]
From the above inequality, we obtain
lw = w*||E — w(e) - w*[IE
lw = w[[& = [l(w = w*) = aG T F (@) + 1y, §]IIE
Hi(w = w(@)) = aGTHF (@) + 0y, DG
= Jw—w()|E + 2a(w(a) — w*)" (F(@) +n(y, 7). (2.17)

Y

Since w(a) € W, it follows from (2.7) that
(w(a) —@)" (F(@) +n(y,5)) > (w(a) — @) d(w, ).
Using (@ — w*)T F(w) > 0 and (2.13), we have
(@ —w*) (F(@) +1(y,5)) = (y* —§")"H(AZ + By —b).

Adding the above two inequalities and using the definition of ¢ (w”,@w¥), we obtain

(w(a) —w*) T (F(@) +n(y,5)) = p(w, @) + (w(a) — w)"d(w, D). (2.18)
Substituting (2.18) in the right hand side of (2.17), we obtain

lw —w*[|E = @ — w|[&
|w — 0|4 + 2a0(w, ®) + 2a(b — w) T d(w, ©)

= - — oG d(w, B) [} + 200 (w, ) — oG d(w, &) %
> 2ap(w,d) - o?|G d(w, d)|%. (2.19)

The proof of this theorem is complete. O

The right hand side of (2.15) is a quadratic function of a. In the case that p(w,w) > 0, it

reaches its maximum at B
o plww)
IG=td(w, w)]|%

«
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From now on, the matrix M is defined by

71, 0 0
M = 0 sly, + BTHB 0 (2.20)
0 0 H !

Note that M (r,s > 0) is positive semi-definite. For a proper symmetric matrix M, we use

lw||3,; to denote that

lwll3; = w” Muw,

even though M is not positive semi-definite.

3 Proximal alternating direction method scheme

We abuse the notations that have been used in Section 2 without ambiguity. A superscript such
as in wF refers to a specific vector and usually denotes an iteration index. As in the proximal
point algorithm [25, 28], we add the proximal term to the subproblems in (1.5). The following

scheme was established in [16].

Proximal alternating direction method scheme (ADM-scheme):
1. With available z*,y* and \*, solve the variational inequality problem
zeX, (2'—z)"{f(x)-ATN'—H(Az+By* —b)]+r(z—2%)} >0, V2’ € X, (3.1a)
and denote the solution by Z*.
2. With available #*, 4% and A\*, solve the variational inequality problem
yeV, (v —y)"{gly) - BT\~ H(AZ"+ By—b)]+s(y—y")} 20, Vy' €Y, (3.1b)
and denote the solution by .

3. Set
N =\F — H(AZ* 4+ By* —b). (3.1c)

The scheme (3.1) generates w* = (¥, 7%, A¥) € W in an alternating order and thereby adopts
the new information whenever possible. The additional r(x — %) in (3.1a) (resp. s(y — y*) in
(3.1b)) is the proximal term in the sub-problems. Thus, we named (3.1) Prozimal Alternating
Direction Method Scheme. r, s > 0 are called the proximal coefficients.

Note that the solution (¥, 7*) of (3.1a)-(3.1b) satisfies

(x/ — @) T{f(@*) — AT\ + ATH(AZ" + By" —b) + r(@" —a*)} >0, Va' € X, 52
3.2
(v —9%)"{9(5*) — BTA* + BTH (A" + Bg* —b) + s(g" —y*)} >0, Vy € V.
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Using AF = A¥ — H(AZ* + Bj* — b) and by a manipulation, (3.2) can be rewritten as

o -3\ [ f@Ek) - ATRE 4 ATH(B(y* — 3%))
y — g 9(§*) — BTXk + BTH(B(y* — "))

al — ik ! rln, 0 ok — F* oo
- — T ko o~k , V(@' y')e X x Y. (3.3)
y -y 0 sl,, + B"HB yk — 7

If w* = @w", it follows from (3.3) and (3.1c) that

(@, 5" e X x V, (

i ex, (o —a)T{f(@E") - ATI*} >0, V'€ X,
ey, (v - {g@") - BTAN} >0, vy e,
Ak + BgF —b=0.

k

Hence, in this case, w" is a solution of the problem (1.3). In general, we have the following

lemma.

Lemma 3.1. Let @w* be generated by the prozimal ADM-scheme (3.1) from the given vector w*.

Then, we have
@ ew, (W —a")T{(F@") +n(y*, %) — dw*,a%)} > o0, V' ew, (3.4)

where n(y*, §*) is defined in (2.8),

and M s defined in (2.20).
Proof. Since Ai* + Bg* —b= H 1 (\F — S\k), adding the equality
(XN = M) (AzF + By* —b) = (X = N)THL(\F — k)

to (3.3), we obtain w* € W and

T

o — gk f(i‘k) _ AT%\k AT

y — " g(i*) = BTX | + | BT | H(B(" -§"))

PUSSSL: A% + Bg* —b 0
o — ik \ T Tl 0 0 ok — ik

> | v-7" 0 sly,+BTHB 0 g =gk |, v ew. (3.6)
N = A 0 0 -t A 3k

Using the notations of F(w"), n(y*,§*) and the matrix M, the above inequality is
Wt ew,  (w —a")T(F@*) + 0" §7%) = (' —a*)" M@w* —a*), v ew,

and the assertion of this lemma is proved. O
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Lemma 3.2. Let @* be generated by the prozimal ADM-scheme (3.1) from the given vector w*.

Then, we have
(wh —w*)Td(wk, o%) > p(w®,a*), Yw* e Ww*, (3.7)

where

plw”, ") = [lw* —@¥ (|3, + (A" = A TB(y" - 5%) (3.8)
and M s defined in (2.20).

Proof. Note that (w*, ") in Lemma 3.1 satisfies (2.7) in Lemma 2.3. Setting
d(w®, @*) = M(w® —@F) and H(AZ* + BjF —b) = \F — ),

in Lemma 2.3, we proved the assertion of this lemma. O

For the terms in the right hand side of (3.8), using H~'(\¥ — X¥) = AZ¥ + Bj* — b (see (3.1c),
we obtain

2" = \)TB(y" — %)
= |IBy" = ")+ H ' = N = IBO" = g5 — 1N = X7
= [ Az" + By* = bllf; — 1B" = g7 — IA° = A7 (3.9)

Theorem 3.3. Let w" be generated by the proximal ADM-scheme (3.1) from the given vector

w®. Then, we have

[0* — w3y < llw* — w3, = (rlla® = 2" + slly” — g°I1* + | AZ* + By* —bl|3;)  (3.10)
where M is defined in (2.20).
Proof. Since (w* — @*)Td(w", %) = ||[wk — @w*|]3,, it follows from the identity
[ — w3, = [@* — w*[|3; = 2(w" — w) T M(w* —@*) — [Jw* — "3,
and Lemma 3.2 that
lw —w* |}y = @* — w3 > [l = @7+ 20 = N)TBE 5. (3.11)

According to the definition of the matrix M (see (2.20)), the assertion of this theorem is followed
from (3.11) and (3.9) directly. O

4 ADDMs using different update forms

Based on the same @w* generated by the proximal ADM-scheme (3.1), we consider the following

three kinds of update forms for producing the next iterate w**?.
1. Direct update form: w**! = @*;

2. Combinative update form: w**! = (1 — o )w® + apw®;
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3. Contractive update form:
wh ! = wF — G (W — "),
or
whtl = PW7g{wk — apGHF(w") + n(yk,gk)]},
where G is a given positive definite matrix.

By setting the non-negative proximal coefficients » = 0 or/and s = 0 in (3.1), we obtain differ-
ent versions of the alternating direction methods. The principal inequalities for the convergence
of such methods are followed from (3.10) directly.

The parameters r and s in the different cases
Case I Case 11 Case IIT Case IV
r,s | r>0,s>0|r=0s>0|r>0,s=0|r=0,s=0

4.1 Direct update form based on the ADM-scheme

The alternating direction methods using the direct update form take w**' = @* as the next
iterate. The assertion in Corollary 4.1 can be found in [16] and [33].

Corollary 4.1. Let 7, s > 0 and w" be generated by the proximal ADM-scheme (3.1) from the
given vector wk. If w*+l = ¥, then

rllat = a1 sl =yt P BT =y I = A

< (rlla® =P+ sly® =y 1P+ IBGE = y)lE + IV = X 5-)
—(rlla® = P+ slly® =y P+ (| AL+ Byt - blfE). (4.1)

Proof. It follows from (3.10) by setting w**! = w*. O

Corollary 4.2. Let r =0, s > 0 and w* be generated by the provimal ADM-scheme (3.1) from
k

, we have

the given vector v*. Setting vF+1 =9

slly* ' =y P+ IBE =y ) + I = X5
< (slly* =y 1P+ IBG" =y ) + A" = A7)
—(slly" —y" 7 + 14" + By® — blf3,). (4.2)
Proof. It follows from (4.1) by setting r =0. O

In the following we consider the cases that s = 0. First, since y* € ) and s = 0, it follows
from (3.1b) and (3.1c) that

W =97 (97" - BTX) > 0.
Because wk*! = @* and % € Y, for the (y*, \F) in the last iteration, we have

@ =y")" (9(y*) — BTA¥) > 0.
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Adding the above two inequalities and using the monotonicity of g, we get
(yk _ gk)TBT()\k _ ;\k) > 0.

Therefore, by using (AZF + Bg* —b) = H~1(A\¥ — \¥), we have

|Az* + By* — b))%, = |B@W" —3") + (A" + Bg* — b))%
= [IB@F - ")+ H'O\F =%
> |IBOyF = g5 + 1IN = N5 (4.3)

Corollary 4.3. Letr >0, s = 0 and w" be generated by the provimal ADM-scheme (3.1) from

1 k

the given vector w*. Setting w*+! = @, we have

rllat = 2P+ B =y E I = X
< (rlla® =2 P+ 1B =y + N = X 5-)
=(rlla® = 2" TP B =y I + I = A, (4.4)

Proof. It follows from (4.1) and (4.3) directly. O

In the original alternating direction method [10, 12, 13, 23], the parameters r = s = 0. The
assertion in the following corollary is a special case of Theorem 1 in [22] by setting v = 1 and
Bl =pI=H.

Corollary 4.4. Let r = s = 0 and @* be generated by the proximal ADM-scheme (3.1) from the

k

given vector v*. Setting v*+1 = %, we have

1B =y + I = X
< (IB@" =y + 1A = A NF-)
—(IBG* =y )E + N = A 7). (4.5)

Proof. The assertion (4.5) follows from (4.4) by setting r =0. O
Note that (4.4) and (4.5) can be written in a compact form

l™ = w3y < flw® = w[fy = [lw® =W,

where M is defined in (2.20) with s = 0 and r = s = 0, respectively. By using the direct update

form, wk*t! = i* we have always that (see Theorem 3.3)

[+ — w3y < [l — w3,

whenever 1" # w®. Thus, the assertion inequality of the corollaries 4.1-4.4 is called contraction
inequality which is essential for the global convergence.

Contraction properties of different versions using direct update form

Cases Case I Case II Case III Case IV
r,s r>0,s>0|r=0,s>0]|r>0,s=0|r=0,s=0
Contraction inequality (4.1) (4.2) (4.4) (4.5)
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4.2 Combinative update form based on the ADM-scheme

The combinative update form

whtt = (1 — a)w® 4 aw®

can be rewritten as

k+1 k

wht = wh — a(w® — a").

For any w* € W*, M(w — w*) is the gradient of the unknown distance function %|jw —w*||3, at
point w. A direction d is called a descent direction of £||w—w*||3; if and only if the inner-product
(M(w —w*), d) < 0. Applying Cauchy-Schwarz Inequality to (3.8), we have

lw® = @[3, + (A = X)TB(y* — %)

- 1 - N
lw® = w3 = S (I1BO" = g5+ IX = A1)

Y

1 - o Sk
5 (rlla® = Z8 12+ slly™ = g* |1 + [lw® — @ |[3)- (4.6)

According to Lemma 3.2 and (4.6), —(w® — @w") is a descent direction of the unknown distance
function §[lw—w*||3,. Along this direction, we choose a point which is more closed to the solution
set.

Combinative update form based on Proximal ADM-scheme (3.1).

The new iterate w**! is given by

k+1

wh = wh — oy (wh — @), (4.7a)

where

o(wk, ")

ar =way, af = and w € (0,2). (4.7b)

[wh — @13,

It follows from (4.6) and (4.7b), o > 0.5.

Theorem 4.5. Let w* be generated by the proximal ADM-scheme (3.1) from the given vector
wk. If the new iterate w**' is updated by (4.7), then we have

w(2 —w)

k+1
J -

— w3y < Jw* — w3, - lw" —@® |3, Vwr e W, (4.8)
where M is defined in (2.20).
Proof. By using (4.7) and (3.7), we obtain

lw® — w3y = [l = w3,
k

— a3

2o (w* — w7 M(w® = 2*) - w?(a})?u* - |3,

lw* — w3, = [l(w" - w*) — waj(w

2wagp(w®, 0") — w?(ag)?|lw® — "3,

w(2 — w)a*p(w®, o). (4.9)

Y
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Using o > 3 and (4.6), it follows that

1
app(w”, a*) > 1||wk — @3- (4.10)

The assertion of this theorem follows from (4.9) and (4.10) immediately. O
The assertion inequality (4.8) is contractive and essential for the global convergence of the
combinative update form based on the ADM-scheme. The following corollaries indicate the

contraction properties by the different proximal parameter choices.

Corollary 4.6. Let r,5 > 0 and " be generated by the provimal ADM-scheme (3.1) from the
given vector w*. If the new iterate w**' is updated by (4.7), then for any w* € W* we have

el — a2 syt =y 2 B =y I = A
< (rlla® =2t )P+ sly® =y P+ IBOE =y IE + N = A1)
w(2—-—w - . ~ -
N R e RN I [ A DU G A NCREY
Corollary 4.7. Let r =0, s > 0 and w" be generated by the provimal ADM-scheme (3.1) from
the given vector w*. If the new iterate w*t1 is updated by (4.7), then for any w* € W* we have

slly™ =y 12+ B =y )+ I = A

< (slly® =y 1P+ IBG" = y)liE + 1A = A1)
w(2—w)

== (sl =GP+ IBGE = g0+ I = A1) (4.12)

Corollary 4.8. Let r > 0,5 = 0 and w"* be generated by the prozimal ADM-scheme (3.1) from
the given vector w*. If the new iterate w**1 is updated by (4.7), then for any w* € W* we have

rllat =2 P B =y + I = X
< (et = 2P+ IBE =y + I = N -)
w(2 —w)
4

For r = s = 0, Ye and Yuan [35] use the update form (4.7) to produce the new iterate. The

(rlla® = &7 + 1 B(y* = g3 + 1IN = A1) (4.13)

result in the following corollary followed from Theorem 4.5 and also can be found in [35].

Corollary 4.9. Let r =0, s = 0 and w" be generated by the provimal ADM-scheme (3.1) from
the given vector w*. If the new iterate wk*' is updated by (4.7), then for any w* € W* we have

1By =y )1 + A = A7

< (IB@" =y ) + A" = A NF-)
w2 -w)

B = g3 + I = A ). (4.14)

4.3 (G-norm contractive form based on the ADM-scheme

For any w* € W*, G(w — w*) is the gradient of the unknown distance function 3|lw — w*[|% at
point w. A direction d is called a descent direction of 1 ||w—w*|% if and only if the inner-product
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(G(w—w*), d) < 0. Since (see (3.7) and (4.6))
(G(w —w*), Grd(w", @) > p(w*, ") > %Hw’“ — "3,

According to Lemma 3.2 and (4.6), —(w* — @w") is a descent direction of the unknown distance
function %|jw® — w*||3,. Along this direction, we choose a point which is more closed to the

solution set.

G-norm contractive update form based on Proximal ADM-scheme (3.1).
The next iterate w**! is given by
whtl = wk — 0, G (W, @), (4.15a)
or
Wt = Py g {w® — axGTHF@") +0(y*, )]}, (4.15D)
where (k)
* * plw-, w
a = wayg, o) = 16 Td(wr, M2 and w € (0,2). (4.15¢)

We have the similar principal contractive inequality as in Theorem 4.5.

Theorem 4.10. Let w"* be generated by the prozimal ADM-scheme (3.1) from the given vector
wk. If the new iterate w**' is updated by (4.15), then we have

w(2 —w)

lw"* o=t v
AG=H] - [

—wlE < Jlw” —w*|E - [ —@" ;. (4.16)
where M is defined in (2.20).

Proof. First, it follows from Lemma 3.1 and Theorem 2.4 that

lw* —w||g — [ = w* g > 2wagp(w’, @) — (wag)? |G Hd(w®, @) |G, Ywt e W
By using o} |G~ td(w", @%)||% = p(w”, @), we obtain

w* —w*||% — W —w*||% > w(2 - w)ate(wt, 0%, Yw* e W (4.17)
Since d(wk, w*) = M (w* — @%), it follows that
IG™ d(w®, @& < IGTHI - 1M (w* = a@")|* < (IGTH] - [IM])]Jw® — @13,

Consequently, using (4.6) and (4.15¢), we have

1

x 0k =k k_ k)2

app(w”, w") = = [[w" — @3-
A(lG=H] - (1))

Substituting it in (4.17), the theorem is proved. O

In the case of M is positive definite, a natural choice of G is G = M. Note that in this case
the update form (4.15a) (resp. the step size (4.15¢)) is the same as (4.7a) (resp. (4.7b)). Since
M is block diagonal matrix, the update form (4.15b) is separable in forms

e = Pafa® — an(DIF(E") - ATA + ATHB(y — 5)]}, (4.18a)
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Y = Py reprim {y* — au(sI + BTHB) Vg(*) — BX + BTHB(y* — ")}, (4.18b)

and

MNAL = \F _ o H(AZY + B —b). (4.18c¢)
Especially, if sI + BT HB = (s + h)I is a scalar matrix, then (4.18b) becomes

V= Py(y* — an(ple(h) - BTX + BTHB( — ).

When the projections on X and ) are easy to be carried out, the update form (4.15b) usually
outperforms the update form (4.15a) (see [21]).

All the update forms in this section are based on the Proximal ADM-Scheme (3.1). Sometimes,
solving the subproblems in (3.1) is difficult and/or costly. In the following three sections, we will
present different simplifying versions of the proximal alternating directions scheme and their
related contraction methods.

5 Simplifying version A of the proximal ADM-scheme

In the simplifying version A of the proximal alternating direction method scheme, we substitute
the function H(Ax + By* —b) in (3.1a) (resp. H(AZ* + By —1)) in (3.1b)) by H(Ax* + By* —b)
(resp. H(Az* + By —b)).

The simplifying version A of the proximal alternating direction method scheme:
1. With available z*, y* and A*, solve the variational inequality problem
zeX, (@'—a)"{f(x)— AT\ —H(Az"+By"—b)]+r(z—2")} >0, Va' € X, (5.1a)
and denote the solution by *.
2. With available ¥, y* and ¥, solve the variational inequality problem
yeV, (v —y){gly) BTN —HAZ" +By* )] +s(y—y*)} 20, Yy €Y, (5.1b)
and denote the solution by 7*.

3. Set

A= \k — H(AZ* + Bj* —b). (5.1c)

The analysis is parallel as in Section 3. The solution (¥, 7*) of (5.1a)-(5.1b) satisfies

(a/ — @) T{f(@*) — ATN* + ATH (Az"* + By" —b) +r(@* —2*)} >0, Va' € X,

(5.2)
(v —§%)"{9(5*) — BTA* + BTH (A" + By* —b) + s(g" —y*)} >0, Vi € ),
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Using AF = A¥ — H(AZ* + Bj* — b) and by a manipulation, (5.2) can be rewritten as

T ~
.13/ _ .i‘k f(jk) _ AT%\k 4 ATHB(yk _ gk)
y =" 9(§*) = BTA* + BTHB(y" — §*)

e ’ rl,, —ATHA 0 ok — zF ,
i 0 ol St ) V(' y)e X xY. (5.3)
no

If w* = @w", it follows from (5.3) and (5.1c) that

(@ ) ex xy, (

ke X, (o —iMT{f(@F) - AT} >0, Vo' € X,
ey, (v - {9 - BTN} >0, vy e,
Ak + Bk —b=0.

Lemma 5.1. Let w* be generated by the simplifying version (5.1) from the given vector wk.
Then, we have
@b ew, (W —aF)T{(F@@*) + @k, 7%) — Ma(w® —a*)} >0, VYo' ew, (5.4)
where n(y*, §*) is defined in (2.8) and the matriz
ATHA 0 0 rl,, —ATHA 0 0
My =M — 0 BTHB 0 | = 0 sl,, 0 . (5.5)
0 0 0 0 0 H!

Proof. The proof is similar as those of Lemma 3.1. In comparison (3.3) and (5.3) we obtain
w* € W and
T

o — gk f(i‘k) _ AT%\k AT

y " g(*) - BTN |+ | BT | HB(y" - ")

N — Nk AzF + Bk —b 0
o=\ [ L, —ATHA 0 0 zk — zk

> | -9 0 sl,, 0 k=gt |, v ew. (5.6)
N — )k 0 0 H! (AF — \F)

Note that (5.6) is obtained by substituting
M (see (2.20)) in the right hand side of (3.6) by M (see (5.5)).
In addition, as in (3.6) the left hand side of (5.6) is
(w' = @) (F(@") + (", 7).
Therefore, using the notation of the matrix My, (5.6) can be expressed as
<k

@t ew,  (w —a")T(F(@*) + 0", 7%) = (' —@*)" Ma(w* —a¥), Yo' eWw.

The assertion of this lemma is proved. O
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Lemma 5.2. Let w* be generated by the simplifying version (5.1) from the given vector w.

Then, we have

(wh — w*)T My (w® — %) > oA (", a%), Yw* e W*, (5.7)
where
P (W, @) = b = @3, + N = N)TBE - ). (5.8)
Proof. The proof is similar as those in Lemma 3.2 and thus is omitted. O

Noticing the difference of the matrix M and My (see (2.20) and (5.5)), we get
Yt ab) = b —adF + = N)TBE - §Y)

—([|l* - ffk”%ATHA) +ly* - gk”%BTHB))' (5.9)

¥

We assume that r, s in the simplifying version (5.1) satisfy the following conditions:

(Conditions A) |2F — :Ek||%ATHA) <vr|a® — %2, (5.10a)
and
Iy* = Gt pr iy < wslly® — 5°|1°. (5.10b)
Lemma 5.3. Let w* be generated by the simplifying version (5.1) from the given vector w* and
the conditions (5.10) be satisfied. Then
- 1 . 1 - -
PAwk k) 2 Lt a4 5 (- D)l P 4 sl - 54)
1
+§HA.ik+Byk —b||%. (5.11)
Proof. By using (5.8) and (5.9), we have
207w, 0#) [ — a3,
=t - @t Ry, + 200 3T B - )
= Jlw® —@F(F, + 200 = N)TB(y* - g")
—(||l=* — ikH?ATHA) + " - ng%BTHB))' (5.12)
Under the conditions (5.10), we have
(1~ #arsay + W~ 7 Poram) <v(rlleh =27 45l 417, (5.13)
In addition, we have (see (3.9))
ok — @3 + 20 ~ X7 B* ~ )
= (rlla® — #1 4 sllgt - 71P) + A2 + Byt — bl (514)

It follows from (5.12), (5.13) and (5.14) that

204 (wh, ") — [lw” — "3,

> (L=v)(rllz® = @ + slly* — 7°I*) + |AZ" + By* - b||%,

and the assertion of this lemma is proved. O
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5.1 Direct update form based on the simplifying version A
In this subsection, the update form takes w**!' = " as the new iterate, where @w"* is generated
by the simplifying version (5.1). Following is the principal convergence inequality
Theorem 5.4. Let w" be generated by the simplifying version (5.1) from the given vector wk
and the conditions (5.10) be satisfied. If the new iterate is updated by wFT = @, then for any
w* € W* we have
[t —w [}y, < [P =Ry, — (L =) (rlla® = )P+ syt - 5F)°)

—|AzF + By* —b||%, Yw* e W, (5.15)

where My is defined in (5.5).

Proof. By using Lemmas 5.2 and 5.3, we obtain

lw? — w3y, = 0™ = w3y,
= 20" —w") Ma(w* —a*) — [lw* — a3,
> 207 (W, @b) -t — a3y,
> (L=v)(rla® = 2" + slly® — §*[1%) + || Az" + By* —bl[3;,
and the theorem is proved. O

5.2 Combinative update form based on the simplifying version A
Similarly as in Subsection 4.2, the combinative update form
W = (1 — a)w® + a®

can be viewed as a descent method. The objective is the unknown distance function %Hw —w* ||?V[A
and the descent direction at w* is —(w® — @*).

Combinative update form based on the simplifying version A.

The next iterate w**! is given by

wht = wk — oy (wk — @*) (5.16a)

where PV
o (w", w")

R i P
A

and w € (0,2). (5.16b)

Note that due to Lemma 5.3, the o here in (5.16b) is greater than 0.5.

Theorem 5.5. Let @ be generated by the simplifying version (5.1) from the given vector w*

and the conditions (5.10) be satisfied. If the new iterate w**' is updated by (5.16), then we have

lw™* — w13,
w(2 —w)
4

{@ =) (rlla® = 2" + slly* = 7°|%) + [|AZ" + By* —bl|%}.  (5.17)

<t —wtlfy, -

w2 -w)
4

lw” — @3,
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where My is defined in (5.5).

Proof. First, due to (5.16a), Lemma 5.2 and the definition of o}, we obtain

k
w3y,

= 2wag(w® —w) " Ma(w* —@*) — (wag)?|Jw® — @[3,

k
lw* — w3, = Jw

Ak o~k AN2( k= k)|2
> wafpA(wh, @) — (wap)?lut — a3,
= w(2—w)ajp?t (W, a").
Using aj > % and (5.11) again, the theorem is proved. |

In some applications, we need only simplify one of the subproblems in (5.1), (5.1a) or (5.1b).
Thereby we set the related proximal coefficient to zero. As the consequent results of Theorem
5.4, we have the following corollaries.

Corollary 5.6. Let 0" be generated by a modified simplifying version (5.1) in which (5.1a) is
substituted by

irex, (@ —iMT{f(@") - AT\ — H(AZ" + By* —b)]} >0, Va' € X, (5.18)
In addition, let the solution of (5.1b) satisfy (see (5.10b))
ly* = 3"t pr sy < vslly® — 7"
If we set wktt =@, then for any w* € W* we have
slly =y 1P + B =y )F + I = X
< (slly* =y 1P+ 1B =y + A" = A7)
(= v)slly® = g"I* + | Az" + By" —bl[3). (5.19)
Proof. It follows from (5.15) by setting r = 0. O

Corollary 5.7. Let w* be generated by a modified simplifying version (5.1) in which (5.1b) is
substituted by

g ey (=9 {9(") - BTN — H(AZ" + By —0)]} 20, Vy €Y. (5.20)
In addition, let the solution of (5.1a) satisfy (see (5.10a))
l* = | ay < wrlla® — 38
If we set wht! = @k, then for any w* € W* we have
rlla =22 B =y )+ I = A
< (rlle® =P+ 1B =y I + I = X))
—((1 = vyrfa® =@+ B = FOE + A = A1) (5:21)
Proof. Set s =0 in (5.15) and notice that in this case
IAZ* + By* = blI% = [ B(y* — )17 + IIN" = A3

The assertion is proved. O
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5.3 G-norm contractive form based on the simplifying version A

In the case that the projections on X and ) are easy to be carried out, similarly as in Subsection

4.3, we consider the G-norm contractive update form.

G-norm contractive update form based on the simplifying version A.
The new iterate w**! is given by
wh !t = wh — 0, G A (W, ), (5.22a)
or
Wt = Py g {w" — ar,GTHF (@) +n(y", §°)1}, (5.22b)
where
Ak o~k
_ * ® o (W, w")
ap = wayg, o = G M (wF — )3, and w € (0,2). (5.22¢)

Theorem 5.8. Let w" be generated by the proximal ADM-scheme (5.1) from the given vector
wk. If the new iterate w**' is updated by (4.15), then we have

[ — w*|

w(2-w) Kk ~ k12
< w* —wE - e Il — |
< A(IGI 1 Mall) Ma
w(2-w) k ~ky2 E ~k|2 ~k k 2
— e V= )l =207+ syt = g()7) + | AZY + By® — bl|3 §(5.23)
e a0 ) it}

where My is defined in (5.5).
Proof. First, it follows from Lemma 5.1 and Theorem 2.4 that

[ = w*||E = 0t —w* g > 2wagp? (wF, 0%) — (wap)? |G (W, ") |3, Ywt e W

By using o |G~1dA (w¥, @) (|4 = A (wk, @"), we obtain
|wh — w*||% — | —w*||% > w2 — w)aie? (W, a"), Yw* e W (5.24)
Since d4(wk, w*) = My (wk — @*), it follows that
G (w", @) G < 1G] - [1Ma(w® — @)1 < (1G] - [[Mal)|w” — ¥ (13,

Consequently, using (5.22¢), we have

1

o>
7 2(| G Mall)
Substituting it in (5.24) and using (5.11), the theorem is proved. O

Since My is positive definite, a natural choice of G is G = Mjy. Note that in this case the
update form (5.22a) (resp. the step size (5.22c)) is the same as (5.16a) (resp. (5.16b)). Since My
is block diagonal matrix, the update form (5.22b) is separable in forms

a" = Py r_araay{a® — ap(rl — ATHA) 7 [f(@%) — ATN + ATHB(y" — %))}, (5.25a)
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Y = Pyfyt — an(Dlg(*) - BTA + BTHB(F - ), (5.25b)

and
MNAL = \F _ 0 H(AZF + Bj* —b). (5.25¢)

Especially, if 71 — ATHA = (r — h)I is a scalar matrix and 7 — h > 0, then (5.25a) becomes

zF T = Py{aF — ak(rih)[f(ik) — ATXNF ATHB(yF — M)}

6 Simplifying version B of the proximal ADM-scheme

In the simplifying version B of the proximal alternating direction method scheme, we substitute
the function f(x) in (3.1a) (resp. g(y)) in (3.1b)) by f(x*) (resp. g(y")).

The simplifying version B of the proximal alternating direction method scheme:
1. With available z*, y* and A*, solve the variational inequality problem
zeX, (@'—a)T{f(a")— AT\ —H(Az+By"—b)]+r(z—2")} >0, Va' € X, (6.1a)
and denote the solution by *.
2. With available #*,4* and A\*, solve the variational inequality problem
yed, =y {9(y") - B N~ H(AZ" + By—b)]+s(y—y")} >0, Yy €Y, (6.1b)
and denote the solution by 7*.

3. Set
A= \F — H(AZ* + By* —b). (6.1c)

The analysis is parallel as in Section 3. The solution (", 7*) of (6.1a)-(6.1b) satisfies
(a/ — @) T{f(a¥) — ATN* + ATH(AZ" + By* —b) + r(@* —2*)} >0, Vo' € X,
(' — ") {9(y*) — BTN} + BTH(Ai* + BjF —b) + s(g" —y*)} >0, Vy/ € V.
Using A\F = \F — H(Az* 4+ Bj* — b) and by a manipulation, (6.2) can be rewritten as

o\ F(a*) — ATAE + ATHB(y" — %)
y — i 9(y*) = B"N + BTHB(y* — 7*)

T
- ' — gk rln, 0 ok — gk V) e X x Y. (63)
el ’ T,y € X . .
y — gk 0 sl,,+BTHB yk — gk

If wk = ", it follows from (6.3) and (6.1c) that

(% ") e x x Y, (

it ex, (o —aM)T{f(@E") - ATI*} >0, V'€ X,
7" ey, (v —7)"{g(@") - BTN} >0, vy €,
AZ* 4+ BgF —b=0.
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Lemma 6.1. Let w* be generated by the simplifying version (6.1) from the given vector wk.

Then, we have
a*ew, (v - @k)T{(F(u?k) + n(yk,yk)) — dB(wk,wk)} >0, Vuw ew, (6.4)

where n(y*, g*) is defined in (2.8),

and M is defined in (2.20).

Proof. The proof is similar as those of Lemma 3.1. In comparison (3.3) and (6.3) we obtain
w* € W and
T

o — gk f(CL'k> _ ATé\k AT

y i g(*) = BTN | + | BT | HB(y" - 3")

N — N AzF + BgF —b 0
o=\ [ 1L, 0 0 Lk gk

> | ¥y 0 sl,+BTHB 0 yF =gt |, Yo eWw. (6.6)
N = A 0 0 H! Ak — Xk

Note that the right hand side of (6.6) is (w’ — @)T M (w* — @"). Adding

-0\ [ fE*) - )
y — " g(@") — g(y"*)
0 0

1

to the both sides of (6.6) and using the notations of d” (w*,@*) and n(y*, §*), the above inequality
is

" eW,  (w =" (F@@*) + 0", 5") > (0 —a*)"d? (W, "), Y ew
and the assertion of this lemma is proved. O

Lemma 6.2. Let w* be generated by the simplifying version (6.1) from the given vector wk.

Then, we have

(wk — w*)TdB (wk, %) > B (W, a"), Yw* e Wwr, (6.7)
where
PP (k") = (w* —a*)TdP (wh, @*) + (A = M)TB(y* —7*). (6.8)
Proof. The proof is similar as those in Lemma 3.2 and thus is omitted. O

By using the definition of d”(w*,@"), we get
PPk ) = Jlwk — a3+ = AT BF - )
—(@* = )T (f*) = @) + 0 =79 - 9@). (6.9)

We assume that r, s in the simplifying version (6.1) satisfy the following conditions:

265



Bingsheng He

(Condition B) %Hf(a:’“) —HEM|? < el — 32, (6.10a)

and

lg(y*) — g(gk)”%(slnz-i-BTHB)—l} <wslly* — 7", (6.10b)

Note that under the conditions (6.10) the matrix M is positive definite, and the condition
(6.10b) is satisfied when

1 N -
o) = g@I* < wslly® - 7",
because BT HB is positive semi-definite.

Lemma 6.3. Let w" be generated by the simplifying version (6.1) from the given vector w* and
the conditions (6.10) be satisfied. Then

1 ~ i
+ (L= w)(rlla® = 2 + slly” - 77)%)

1
+§||Axk+Byk—b||§J. (6.11)

- 1 _ -
P (wh %) > §||M LB (wh, a3, +

Proof. By using (6.8), we have

207 (w*, ") — | M5 (W, "),
= 2(w® —a*)TdP (W, @) — [MT1dP (WF, @b)|F + 200" = N)TBY* - §)

= (M7'dP(wh, wk))TM{Z(w — ") = M~ P (wk, @F)} 4+ 200 = A)TB(yF - "),
bt (=@ (vl 0\ 6N - p@
9(y*) = 9(3") 0 sl,, +BTHB 9(y*) — 9(5")
+2(\ = AT By - ") (6.12)
Under the conditions (6.10), we have
Fa*) = @)\ (1l 0 ) - @)
9(y*) — 9(7") 0 sl,+BTHB 9(y*) — 9(7")
< w(rlle® =32 + slly* - 7*117)- (6.13)
In addition, we have (see (3.9))
[k —@* |3, + 200" = AT B(y* - 7*)
= (rlla® =@ |* + slly® — §*1%) + [ AZ* + By* —b|%. (6.14)

It follows from (6.12), (6.13) and (6.14) that

207 (w*, &%) — |G dP (w”, %) |13,
> (1—v)(rfa® =2 + s|ly* = §°)1?) + | AZ* + By* - b3,

and the assertion of this lemma is proved. O
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Since the nonlinear function f(x) (res. g(y)) is simplified by f(z*) (resp. g¢(y*)) in (6.1),
it seems that we can not establish the similar principal contractive inequalities as in Section 5
if either @* or the linear combination of w* and @F is taken as the new iterate. However, we
can consider the G-norm contractive update form based on the @* generated by the simplifying

version (6.1).

G-norm contractive update form based on the simplifying version B.
The new iterate w**1! is given by
wh ! = wh -, G71dP (wh, w), (6.15a)
or
W = Py g {w" — arGTHF (@) + n(y*, 57)]}, (6.15b)
where Bk, by
* * pr\wr,w
ap = waj, af = [G=1dB (wh, [, and w € (0,2). (6.15¢)

Theorem 6.4. Let w"* be generated by the prozimal ADM-scheme (6.1) from the given vector
wk. If the new iterate w** is updated by (6.15) with an G = I, then we have

[+ —w |
w(2 —w)
(MGt M2 )))

<t =g - (M ~1d% (W, @®) |13, + | Az" + By" — b\l?{)

B w(2—w)
A(|M2G=IMY2)

where M is defined in (2.20).

{(1 —v) (r||xk — ikHQ + s||yk — g]k||2)}7 Yw* € W*, (6.16)

Proof. First, it follows from Lemma 6.1 and Theorem 2.4 that
lw? —w*[|E = [0 = w*[|E = 2wagp® (wh, 0F) — (wap)?|G P (wh, @) g, Vet e W

By using o |G~1dP (w, @%)||Z, = B (w*, @F), we obtain

Hwk — w*||%; — Hw’“rl — w*Hé >w(2-— w)oz,’;ng(wk,11)]“)7 Yw* € W*. (6.17)
It follows from

G2 (b @) < MG M2 M P )
and (6.11) that

1
([Ar/2G =1 2)))

aje” (wh,at) > 4 1M1 (w”, w*) 13,
Substituting it in (6.17) the theorem is proved. O

The simplest choices in (6.15) are G = I or G = M. For G = M, the update form (6.15b) is
separable in forms
1 - < -
#' = Prfa® — o (O)[f(@7) = ATAY + ATHB(y" = )]}, (6.18a)
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Y"1 =Py riprap{y’ — on(sI + B"HB)'[g(5*) - B'A* + BTHB(y* — )]},  (6.18b)
and

MNAL = \F _ 0 H(AZF + Bj* —b). (6.18c¢)

Especially, if sI + BTHB = (s + h)I is a scalar matrix and s + h > 0, then (6.18b) becomes

v = Pylyt — anloip)lo(@") - BTN + BTHB( — )]}

7 Simplifying version C of the proximal ADM-scheme
In the simplifying version C of the proximal alternating direction method scheme, we substitute
f(x) and H(Az + By* —b)

in (3.1a) by
f(zF)  and  H(Az" + By* —b).
And, in addition, the
g(y) and H(A#" + By —b)

in (3.1b) will be substituted by

a(y®) and H(AZ* + By* —b).

The simplifying version C of the proximal alternating direction method scheme:
1. With available z*, y* and \*, solve the variational inequality problem
zeX, (2'—2)"{f(@")—ATN'—H(Az"+ By —b)]+r(z—2")} >0, V2’ € X, (7.1a)
and denote the solution by Z*.
2. With available #*, 4% and A\*, solve the variational inequality problem
yed, -y {gly")-B N —H(AZ"+By* )] +s(y—y*)} >0, Yy €Y, (T.1b)
and denote the solution by 7*.

3. Set

AP = \F — H(AZ" + Bt —b). (7.1c)

This simplifying version of the Proximal ADM scheme was established in [17]. The analysis
is parallel as in Section 3. The solution (%, §*) of (7.1a)-(7.1b) satisfies

(a/ — @) T{f(a¥) — ATN* + ATH (Az* + By* —b) + r(@" —2*)} >0, Va' € X,

(7.2)
(v — ") " {9(y*) — BTA* + BTH (A" + By* —b) + s(g" —y*)} >0, Vy € V.
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Using AF = A¥ — H(AZ* + Bj* — b) and by a manipulation, (7.2) can be rewritten as

o ik >T< F(a*) = ATXE + ATHB(y* — %) >
y —g* g9(y*) — BTA¥ + BTHB(y* — §*)

T
z - ZF rl,, —ATHA 0 ok — gk .

> " ] V(' y)eX xY. (7.3)
v -y 0 §In, yh =

If w* = w", it follows from (7.3) and (7.1c) that

(@, g% e x x Y, <

it e x, (o —aMT{f(@@F) - AT} >0, Vo' € X,
ey, (v - {9@) - BTN} >0, vy e,
Az + BjF —b=0.

According to Lemma 2.2, the solution of (7.1a) can be obtained by

i = Py{at - %(f(xk) AT - H (A 4 Byt 1)) ).

Similarly, the solution of (7.1b) can be obtained by

7= Po{yt — (g4 — ATV~ (AR 4 By ) )

Lemma 7.1. Let w* be generated by the simplifying version (7.1) from the given vector wk.

Then, we have
kew, (v - T{( R I(TuY ))—dc(wk,wk)} >0, Vuw eWw, (7.4)
where n(y*, §*) is defined in (2.8),

f(@k) — f(@%) + ATHA(2F — 3F)
d° (W, ") = M(w* —a") — | g(y*) - g(5") + BPTHB(y* - §*) |, (7.5)
0

and the matriz M is defined in (2.20).

Proof. The proof is similar as those of Lemma 3.1. In comparison (3.3) and (7.3) we obtain
w* € W and
T

x — gk f(zk)y — AT N AT
y — i g(y*) = BTM | +| BT |HB(" - 3"
N — 2k Ai* + Bg* —b 0
x — z* ’ rl,, —ATHA 0 0 ok — F*
> y — gk 0 sl,, 0 yt =gk |, v ew. (7.6)
N — \F 0 0 H! e \E

Note that (7.6) is obtained by substituting

f(ik)(resp. g(@k)) in the left hand side of (3.6) by f(:ck)(resp. g(yk))
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and
71, 0 0
0 sl,, + BTHB 0
0 0 H!

in the right hand side of (3.6) by

rl,, —ATHA 0 0
0 sl,, 0
0 0 H!

Using the notations of d°(w*, @*) and n(y*, §*), the inequality (7.6) is
@ eW, (w' —a")"(F@ah) + 0@, 5%) > (' —a*)"d (w*, "), Y ew,

and the assertion of this lemma is proved. O

Lemma 7.2. Let @F be generated by the simplifying version C of the prozimal ADM scheme

(7.1) from the given vector w*. Then, we have
(w® —w*)Td® (wk, &%) > o (Ww*, %) Vw* e W*. (7.7)
where
o€ wh, %) = (wh — 0*)7d (W, a*) + (A — )T By - ). (7.8)
Proof. The proof is similar as those in Lemma 3.2 and thus is omitted. O

Using the definition of d° (w*,@w*) and the relationship between the matrices M and Gg, we

have

Ck ak) = ot a3+ O = MTBY - %) — (AN -2 - 1Bl - I
—{@* =2 (f(a") = F@) + (0 =7 (9(y") = 9(5))}- (7.9)

¥

We assume that r, s in simplifying version (7.1) satisfy the following conditions:

r -
(‘ .1CEL)
and

1(9(y*) = 9(3")) + BTHB(" — §°)I o1, + 5711y < vslly® = 5°1. (7.10b)

Note under the conditions (7.10) the matrix M is positive definite, and the condition (7.10b)

is satisfied when
1 . i i
;II(g(y’“) —g(@) + BTHB(y* — §")|? < ws|y* — %%

because H is positive definite.
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Lemma 7.3. Let @F be generated by the simplifying version C of the proximal ADM-scheme
(7.1) from the given vector wk. If the conditions (7.10) are satisfied, then

~ 1. 5 1 s -
o (W, a*) > SlG L (wh, @*)|15, + 2(1—V)(7"H90’“—%’“IP+8||y’“—y’“||2)
1
+§||A§:k + By* —b|%. (7.11)
Proof. Because
f(a¥) = f(@%) + ATHA(«> — 7F)
G7Ha% (W, a") = (w* —@*) = G| g(yF) - 9(3*) + BTHB(y" — i) |,
0
we have
1G4 (w*, ")
= Jlw* — a3, — 202" = Z)T(f(2F) — (@) + ATHA(R® - iF))

=20y = 7" (9(") — 9(7") + BTHB(y* — 7))
PR — £ + ATHARS — )]
Hi(g(*) = 9(8*) + BPHB(* = ") (o1, + 57 1r5)-1- (7.12)

By using (7.9) and (7.12), we obtain
20 (w”, @*) — |G (w”, @")|13,
= Jw* ="} + 200" = M)TBy* - 5*) - *ll( (a*) = f(@")) + ATHA(z" - 2")|°

—(g(y*) — 9(@*)) + B"HB(y* — § )||{(sIn2+BTHB)*1}'

Applying conditions (7.10) to the above inequality, we obtain
20 (w”, @*) — |G (w, ") |13,

> b = @[3 + 200 = M)TB" = §%) — v(rla® — & + slly* - 7). (7.13)

In addition, we have (see (3.9))
l® —@* |3, + 23 = N)TB(y* — %)
= (rlle® =312 + slly® = §*1%) + 147" + By" — b (7.14)
It follows from (7.13) and (7.14) that
20 (w”, @*) — |G (W, @) |13,
> (L=v)(rla® = 2" + s|ly® — §*[1%) + || AZ" + By* — bl[3,,

and the assertion of this lemma is proved. O

Again, since the nonlinear function f(zx) (res. g(y)) is simplified by f(z*) (resp. g(y*)) in
(7.1), it seems that we can not establish the similar principal contractive inequalities as in Section
5 if either @* or the linear combination of w¥ and w* is taken as the new iterate. However, we
can consider the G-norm contractive update form based on the @* generated by the simplifying

version (7.1).
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G-norm contractive update form based on the simplifying version C.
The new iterate w**! is given by
wh Tt = wh — 0, G71C (W, @), (7.15a)
or
W = Py g {w® — arGTHF (@) + n(y*, 57)]}, (7.15b)
where &k, i)
* * 2 wr,w
o = way, oy = G 1d0 (w0, M) and w € (0,2). (7.15¢)

Under the conditions (7.10) the matrix M is positive definite.

Theorem 7.4. Let " be generated by the proximal ADM-scheme (7.1) from the given vector
wk. If the new iterate w**' is updated by (7.15) with an G = I, then we have

[l — w* ||,
w(2 —w)
([M/2G=1 M)

S S (16~ aC (", ") |13, + | AZ" + By* — bll?z)

B w(2—w)
A(| MG M)

where M is defined in (2.20).

{(1 — V)(THQ?k — 9?:’“||2 + sHyk — gijQ)}, Yw* € W*, (7.16)

Proof. First, it follows from Lemma 7.1 and Theorem 2.4 that
[w? —w & = [|w* T —w*|[E > 2wage® (wh, @F) — (wap) (|G (W, a")|[E, Ywt e W
By using o ||G71dC (w*, @%)||% = ¢ (w", @), we obtain
w* —w* || — |wb T — w5 > w(2 — w)age® (Wh, %), Yw* e W (7.17)
It follows from
G~ (wh, @")|E < [ MYVEGTI MY | (", a0 |3y,

and (7.11) that

« . 1 - .
0l (WA 1) 2 gy M )

Substituting it in (7.17) the theorem is proved. O

The simplest choices in (7.15) are G = I or G = M. For G = M, the update form (7.15b) is

the same separable forms (6.18).

8 Conclusions

In order to simplify the sub-problems in the alternating directions based contraction method, this

paper presents some proximal-like methods by using the proximal alternating direction method
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schemes to produce the trial points. The convergence of the different versions of the proposed

methods follows from the general framework of the contraction methods [19]. The simplifying

versions of the proximal alternating direction based contraction methods substantially broaden

the applicable scope of the alternating direction method.
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