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Abstract. Based on the proximal algorithms for general variational inequalities, we present
a new approximate proximal point algorithm (APPA) for general variational inequalities with
separable operators in this paper. The resulting proximal subproblems are allowed to be solved
approximately with summable accuracy. The global convergence of the proposed method is
proved under mild conditions.
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Introduction

A New Approximate Proximal Point Algorithm for

In recent years, variational inequalities have been extended and generalized in different directions. A

basic generalization of variational inequalities is called general variational inequalities(GVI). Since the

original work in [1], many researchers have concentrated on the development of GVI [2-4]. In this paper,

we consider the following special GVI: general variational inequalities with separable operators, denote

by GVI(F, G, ), which is to find u* € R™*™ such that

Fu*)€Q and (u— F(u*))'Gu*) >0, YueQ,

where

u= v , Fu) = @) , G(u) = ,

y f2(y) 92(y)

and

Q= {(z,y)|lz € X,y €Y, Az + By = b},
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X CR™and Y CR™ are given nonempty closed convex sets; f1,g; are given continuous operators from
R™ into itself and f, g2 are given continuous operators from R™ into itself; A € R™*™ and B € R"*™
are given matrices; b € R" is a given vector. It is easy to see that if F(u) = u, GVI(F, G, Q) reduces to
structured variational inequalities which have been well studied in the literatures [5-7].

As it is well known, Proximal Point Algorithm (PPA)[8] is an effective numerical approach to solv-
ing classical variational inequalities, however, the study on applying PPA to solve general variational
inequalities does not receive much attention. To mention a few, [9] analyzed both the exact and inex-
act versions of PPA-based algorithms for general variational inequalities. [10] proposed some proximal
algorithms for linearly constrained general variational inequalities. Without specific consideration of the
special structure of GVI(F, G, ), the algorithms proposed in [9] are applicable to solving GVI(F, G, ),
however, this treatment is obviously not beneficial to developing efficient numerical algorithms. In this
paper, inspired by [9-10], we propose a new APPA-based algorithm for GVI(F, G, ).

The remainder of the paper is organized as follows. In Section 2, we summarize some basic concepts
about variational inequalities. In Section 3, the new APPA method is described formally and its global

convergence is proved. Some concluding remarks are given in the last section.

2 Preliminaries

In this section, we present some basic definitions and propositions which will be used in the following
discussions. Recall that Px[-] denotes the projection onto a closed convex set KX C R™ in the Euclidean
norm, i.e.,

Prclu] = arg min fJu —vf].
Some fundamental properties are listed below without proof (see, e.g., [11]).
Lemma 2.1 Let K be a nonempty closed convex subset of R™. For any u,v € R™ and any w € I, the

following properties hold:

(u = Prfu]) " (w — Pelu]) <0. (2)
1(u = Pilul) = (v = Pe[D)II* < [lu—v]|* = || Pe[u] — Pelo]]]*. 3)

From (3), we have
I(w = Prfu]) = (v = Pe[v])[| < flu—wv]. (4)

By attaching a Lagrange multiplier vector A € R" to the linear equality constraint Az + By = b,
problem GVI(F,G,Q) can be equivalently transformed into the following compact form, denoted by
GVI(M,N,W): Find w* € R™T"+" such that

M(w*) e W and (w— M(w*))"N(w*) >0, Ywe W, (5)
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where
z fi(x) gi(z) —ATX
w=|y [ Mw)=] fa(y) | . Nw)= g2(y) — BT W=XxYxR".
A A Afi(x) + Bfa(y) — b

It is well known[11] that problem GVI(M, N, W) is equivalent to finding the zero point of

ex(w, B) fi(z) = Px[fi(z) — Blgi(z) — ATN)]
e(w,B) =1 ey(w,B) | =1| foly)— Pylfaly) — Blg2(y) —BTN)] |- (6)
ex(w, B) BlAf1(z) + Bfa(y) — b]

We need the following definitions concerning the functions.
Definition 2.1 Let f and g be mappings from R"™ into itself. Then
(a). The mapping f is said to be g—monotone if and only if

(f(s) = f(£)) " (g(s) — g(t)) 2 0, Vs,t€R™

(b). The mapping f is said to be uniformly g—strongly monotone if there exists a positive constant

> 0 such that
(f(s) = F(#) T (g(s) — g(t)) > plls —t]]*, Vs,t € R™;

(¢). The mapping f is said to be uniformly g—Lipschitz continuous on if there exists a constant L > 0

such that

1£(s) = FOI < Lllg(s) —g(@), Vs, t € R™

Throughout this paper, we make the following assumptions:

Assumptions. (A). The mapping f; is g;—monotone and g;—Lipschitz continuous with modulus L;,
i=1,2.

(B). The solution set of GVI(M, N, W), denoted by W*, is nonempty.

(C). X and Y are simple closed convex sets in the sense that the projection onto them is easy to
compute. (e.g. the positive orthant, boxed set, ball).

D). The mapping g; is nonsingular, i.e., there exists a positive constant p; (¢ = 1,2) such that
p
lg1(w) — g1 (@) = prllu—all, Vu,ueR",
and

1g2(v) = g2(0)[| = pollv —of|, Vv, € R™.
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With the assumption (A), it is easily verify that

A @\ [ (0@ —a@) - AT )
= f2(y) — fa(@) (92(y) — 92(5)) — BT (A= X)
A=A A(fi(z) — f1(7)) + B(f2(y) — f2(7))
= (A - AE) 0@ - 0®) + () — HE) (6:) - )

> 0,

which implies that the mapping M in GVI(M, N, W) is N—monotone.

3 APPA Method and Global Convergence

In this section, we present the APPA method for solving GVI(M, N, W) and show its global convergence.
We first denote

R(w) = | Bloaly) — BTN |, (7)
A
and
Ji(x) + Blgr(x) — g1 (2*) — AT (X = AF)] Blgr(z) — ATX)
Pe(w) = | faly) + Blg2(y) — g2(4*) = BTA=A)] |, Qr(w) = B(g2(y) — BTX)
A A= X+ B(Afi1(z) + Bfa(y) — b)
(8)

According to the assumption (D), it is easy to verify that R is a continuous and nonsingular mapping,

i.e., there exists a positive constant pr such that
[R(w) — R(w)|| > prllw — @], Vw,deW. (9)

Now we introduce the APPA method as follows:
Algorithm 3.1. The APPA method with summable accuracy
Step 0. Given ¢ > 0, choose w® = (2°,4°, AT € W, 3 > 0 and set k:=0.
Step 1. If |le(w", B)|| < ¢, then stop. Otherwise, goto Step 2.

Step 2. Generate the next iterate w**! such that
Pe(wr™)y e W, [w— (Pp(w*th) — 9T Qp(w*th) >0, Ywe W, (10)

with the inexactness criterion
167 < Skl R(w") — R(w* )], (11)
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whe

re

&

=1 ¢ |, a>0, D 6 < oo

Step 3. With k =k + 1, go to Step 1.

Lemma 3.1.

g;—monotone, 7 = 1,2.

Proof. It follows from (7)-(9) that

vV

>

k=0

Blf(x) = [u@)] g1(2) = g1(2)] + B2[lg1(2) — 91(2) = AT (A = V)]
+B1f2(y) = F2)] Tg2(y) — g2(9)] + B2llg2(y) — 92(5) = BT (A = N[ + A = A|J?

IR(w) = R(@)|”

Prllw — %,

which implies the assertion.

The GVI (10) is uniformly strongly monotone GVI under the assumption that f; is

Remark 3.1. Therefore, each iteration of Algorithm 3.1 for solving GVI(M, N, W) consists of solving

the uniformly strongly monotone GVI (10), which is easier than the original GVI (5) and can be solved

by e

xisting methods, such as [3].

Remark 3.2. According to (6), the GVI (10) is characterized by the projection equation:

Py(whth) — &8 = Py [Py (whh) — €8 — Qp(w* )],

which is equivalent to the equalities

FAEMY) 4 Blgr (") — g1 (a%) — AT = A)] = & = Pr[fi(ah) = B(g1(2¥) — ATAR) — &7,
) + Blga (™) — g2(y*) = BTN = NO)] — &7 = Py[fa(y**1) — Blga(y*) — BTA*) — &},

)\k+1 — )\k _ B[Afl(xk+1) + Bfg(yk'H) _ b]

(13)

In the following we study some convergence properties of the proposing APPA method. To prove the

convergence conveniently, we let v € (0,1) and denote 1y = 0 /v. Then, we have

Op =vn, with v € (0,1), n >0 and Zni<+oo.

93
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Lemma 3.2. Let{w*} be the sequence generated by Algorithm 3.1. Then, for any w* € W*, we have

IR(w* ) = R(w*)|?

15
< 1+ RWF) — Rw)|? = (1 —v® = 29[| R(w*) — R(w"*1)]2. "
Proof. By using the first equation of (13) and e, (w*, 8) = 0, we have
5(91 (mk+1) _ AT}\kJrl) (16)
= Px[fi(a®h) = Blg1(a") — ATAR) = €] = [f(a™"1) = Blga(aF) — ATNF) — €f]
and
~Blor(a) — ATN) -

= —Px[fi(z") = Blgr(z*) — ATX)] + [fi(a*) — Blgr(z*) — ATA")]
Setting u = f1(x*) — B(g1(z*) — ATA*) and v = f1(zFF1) — B(g1(z%) — ATAF) — &F in (3), it follows from
(16) and (17) that

Blgr(z1) — gi(2*) — AT — A2

< B(gr1(=") — ga (@) = AT = N)) + &5 = (@) = f(2)) I
—[1Px[fi(z*) = Blgr(a*) — ATA")] - [fl(wk“) Blgr(a*) — ATAF) — 7|12

= [B(g1(a*) = g1 (z") = AT = X)) + &5 = (@) = i)
—lI(f(=*) = f(@®h)) + Bl(g1(=") — ( FH)) = AT = AT+

< Blor(@*) = gr(2*) = ATOE = M) + 65112 = [1Bl(g1(2%) — gr (2"F1)) — AT(AF = M) 4 €712
—2B(fu(a™*h) = fu(z*)) TAT (A" — A

< [+ 200891 (2") = ga(@*) = AT = M2+ (1 + g2 1] = (1= z2) €21

—(1=20R)[1Bl(g2(*) — ga (& 1)) = AT(A® = AEFD]|2] = 28(f2(a* 1) = fu(a*)) TAT (A" = AR
(18)

where the second inequality follows from the g;-monotonicity of f;, and the last inequality follows from

Cauchy-Schwartz inequality. Similarly, we obtain

Blg2(y**h) — ga(y*) — BT (AHE — A2
< [+ 20)18l92(6%) = g2(y) = BT = AP+ (L + g2 117 = [(1 = 52 165112

—(1 = 209)1B[(92(y") — g2(¥**1)) = BT(A® = MFO]2] = 28(fa(y™*1) — fa(y™)) T BT (A" =AM
(19)

Since AFT1 = \F — B[Af1(z%1) + Bf2(y*+1) — b], we have
PR

[ =A%) = BAR @) + BRH) — I — (A = A+ = BAA 1) + By 1) b2
AF = A2 = AR = X2 9B(A S (£5) 4 Ba(yH) — )T - )

(20)
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Adding (18)-(19) and using Af;(z*) + Bf2(y*) = b, we have

B2 lgr(a™h) = gi(a®) = AT = NP+ 82lg2(y ) — g2(y™) — BT M = A2 ARHE — a2

(1 + 20) [ R(w") = R(w*)||* = (1 = 202)[|R(w") — Rw* )[I* + 5 ([IEZ]* + 15 11%)

IN

1
3
< (14 2np)|R(w*) — R(w*)[|> = (1 = v* = 2n2)|| R(w") — R(w*+1)|J?,

where the first inequality follows from the definition of R, and the second inequality follows from the
inexactness criterion (12), (14). The assertion is a compact form of the above inequality and then the
proof is complete.

Lemma 3.3. Let {w"} be the sequence generated by Algorithm 3.1. Then, we have
le(w*, B < 3(1 + vmw) [ R(w") — R(w*H)]]. (21)
Proof. From the definition of e(w, 8), we know that

lew(w"*, B)l|

= A = Pr[fi@™) = Bgr (2"1) — ATA)|

= [[Pxlfi(@™) = Blor(a™) = ATANY) = €] + €5 + Blgr(2") — g1 (2"71) — AT(AF = M)
—Prlfi(a™) = Blgr(a™H) — ATAM)]|

< ller + Blor(ah) = gr (@) = ATE =AY
< €+ 1Blgr () — g (™) — AT = AR
< (L4 8| R(w®) — R(w™ ).

where the first inequality follows from (4). Similarly, we have

ley (w™*1, B)]

< (1+0)||R(w") = R(w" |-
From the third equality of (13), we obtain

lex(w™*, B)]|

BIAf Y + Bfa(y* ) — b
AR — A

< || R(w*) = R(w*™)|.

The assertion is followed by the above three inequalities and this complete the proof.

Theorem 3.1. The sequence{w"*} generated by Algorithm 3.1 converges to a point in W*.
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Proof. Since limy_,o nx = 0, without loss of the generality, we can assume that vy, < 1/3 and n? <

(1 —v?)/4 for all k. Thus, (15) and (21) can be modified to

1— 0?2

IR(w* ) = R(w*)[|* < (1 +207) | R(w") — R(w")||? — 5 IR(w") = R(w"*1)|%, (22)
and
le(w**t, B)II < 4| R(w*) — R(w™* )], (23)
respectively. Setting ¢ = 2n?, then by (12), we have
Z Cr < +00.
k=0
Therefore we have [[,- (1 + () < +00. We denote
Co=> ¢ and Cp = [J(1+ ).
k=0 k=0

Let w* € W*. From (22), we obtain

k
IR(w**!) — R(w™)||* < H(l +G)IRw’) — R(w)|I* < GllR(w”) — R(w")|?, ¥j <k.  (24)

=3

Therefore, there exists a constant C' > 0 such that
IR(w*) = R(w*)|| < C, Vk =0, (25)

thus by the nonsingularity of R (see(9)), it is easy to verify that the sequence {w"} is bounded. Combining
(22) and (25), we have

: }”2 | R(w*) = R+
< R@®) = R+ Gl R(w") — R(w")|?
k=0
< CH+CY G
k=0
< (1+Cy)C.

Recall that v € (0,1). Consequently, we have

lim ||R(w®) — R(w™ )| = 0. (26)
k—o0
From (23) and (26), we obtain
lim e(w", 8) = 0. (27)
k—o0
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Let 1 be a cluster point of {w*} and the subsequence {w"7} converges to @. Because e(w, () is continuous,
we have

e(w,B) = lim e(w",B) = 0.

Jj—o0
So 1w € W*. By a similar analysis as Theorem 2.1 of [9], we can show that the whole sequence {w"}

converges to @, a solution of GVI(M, N, W). This completes the proof.

4 Conclusions

In this paper, we presented a new APPA method for general variational inequalities with separable
operators. Each iteration of the method consists of solving a proximally regularized subproblem, and
this subproblem is allowed to be solved approximately subject to some inexactness criterion. Global

convergence of the new method is proved under mild assumptions.

References

[1] M.A.Noor, General variational inequalities. Applied math. Lett., 1988, 1: 119-121.

[2] Xiu N.H., Zhang J.Z., Global projection-type error bounds for general variational inequalities. J.
Optim. Theory Appl., 2002, 112(1): 213-228.

[3] He B.S., Inexact implicit methods for monotone general variational inequalities. Math. Program.

1999, 86: 199-217.

[4] M.A.Noor, Wang Y.J., Xiu N.H., Projection iterative schemes for general variational inequalities. J.

Inequal. Pure Appl. Math. 2002, 3(3): 34-.

[5] He B.S., Liao L.Z., Han D.R., Hai Y., A new inexact alternating directions method for monotone

variational inequalities. Math. Program. Ser. A | 2002, 92: 103-118 .

[6] Ye C.H., Yuan X.M., A descent method for structured monotone variational inequalities. Optimiza-

tion Methods and Software, 2007, 22(2): 329-338.

[7] Xu M. H., Jiang J. L., Li B. and Xu B., An improved prediction-correction method for monotone
variational inequalities with separable operators. Computers and Mathematics with Applications,

2010, 59(6): 2074-2086.

[8] Martinet B., Regularization d’inequations variationelles par approximations successives. Rev. Fr. Inf.

Rech. Oper. 1970, 4: 154-159.

o7



Sun Min, Tian Maoying

Li M., Liao L.Z., Yuan X.M., Proximal point algorithms for general variational inequalities. J. Optim.

Theory Appl. 2009, 142(1): 125-145.

Li M., Yuan X.M., Some proximal algorithms for linearly constrained general variational inequalities.

Optimization, In press.
Eaves B.C., Computing stationary points. Mathematical Programming Study.1978, 7: 1-14.

Sun M., A New Projection-type Alternating Direction Method For Monotone Variational Inequality
Problems, Journal of the Operations Research Society of Japan. 2009, 52(1): 1-10.

o8



