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Abstract. In this paper, we propose a two-stage descent method for monotone variational
inequality problems, which only needs functional values for given variables in the solution
process. Under certain conditions, the global convergence of the method is proved. Prelimi-
nary numerical experiments are included to illustrate the efficiency of the proposed method.
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1 Introduction
A classical variational inequality, denoted by VI(f,.S), which is to find a vector z* € S, such that
(x—2)"f(z*) >0 Vzes, (1)

where S C R"™ is a nonempty closed convex subset of R™ and f is a continuous mapping from R"™ into

itself. The set S in VI(f,S) often has the following structure, see [3-5]:
S ={z|Az =b,z € X} (2)

or

S ={z|Az < b,z € X} (3)

where A € R™*™ b e R™, and X is a simple closed convex subset of R™.
In this paper, we focus our attention on the variational inequality problem (1) that S has the structure

(2), which is also denoted by VI(f,S). This class of variational inequality problems arise frequently in
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some practical applications. For example, in the traffic assignment problem, by representing x as the
route flow variable, the demand constraint can by expressed in the form Ax = b.

By appending a Lagrange multiplier y € R"™ to the linear constraints Az = b, VI(f,S) can be
translated to an enlarged but compact form(denoted by VI(F,Q)): find u* € Q such that

(u—u*)"F(u*) >0,YueQ, (4)
— AT
whereu= [ * , Fu) = /(@) Y , =X xY.
y Ax—b

Among powerful approaches to solving structured VI(F ) is the alternating direction method(ADM),
which was originally proposed in [1,2]. In particular, for the given u* = (2*,9y*) € X x Y, the new iterate

uFtl = (xF+1 yF+1) is generated by the following procedure: find z¥*! € X such that
(z' — 2P T fab ) — AT[y* — (A2F T — )] >0, V2’ € X, (5)
then update y via
YL = b (At p).

The method is attractive for large-scale problems since it decomposes the original problem into a series
of small-scale problems. However, note that its subproblem (5) is still a variational inequality problem,
which is usually difficult to solve efficiently and exactly at each iteration.

Motivated by the above observation, this paper presents a two-stage descent method for monotone
VI(f,S). Firstly, the separable structure of S is utilized to generate a descent direction; and an appropri-
ate step size along this descent direction is identified to generate a temporal point. Then, an additional
projection step is performed, and another optimal step size which is depended on the previous points is
employed to generate next iterate.

The remainder of the paper is organized as follows: some definitions and properties used in this paper
are presented in Section 2. In Section 3, a two-stage descent method is given and its global convergence

is proved. Some preliminary computational results are given in Section 4.

2 Preliminaries

In this section, we first give some basic properties and related definitions used in the sequent sections.
First, we denote ||z|| = vz Tz as the Euclidean norm. For a given vector z € R", the orthogonal
projection of x onto the set X, is defined as the nearest vector y € X to z, i.e.,
Pg (z) = argmin{|ly — z[| | y € K7}.
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Similarly, we denote Pq(-) as the orthogonal projection mapping from R"*™ onto . That is

x Px(x
Po(u) = Py = x(@) , u=(z,y) € R™™.
Y Y

The projection mapping Px has the following important properties, which will be used in the following.

Lemma 2.1. For any z € R", y € X, the following inequalities hold
(x — Px(2)) " (y — Px(x)) < 0; (6)

[1Px () —yl* < |lz = yll* = llo — Px(2)]*. (7)

Many numerical methods for solving variational inequality problems are based on the following well-

known result due to Eaves[6], that is, VI(F, Q) is equivalent to a projection equation
u = Polu— 8F(u)],
where § is an arbitrary but fixed positive constant. Let

T — T — ) — AT
=u— Polu— BF(u)] = Px| B(f(z) — A'y)]

= ) B(Az — b)

denote the residual function of the projection equation. VI(F, Q) is equivalent to finding a zero point of
the residual function r(u, 3).
The following lemma plays an important role in the global convergent analysis of our algorithm.

Lemma 2.2. For all u € R™™ and p; > pp > 0, it holds that

[[7(ws p) || = 7 (s p2)I- (8)
[l (w, pOll _ I (u, o)
P1 = P2 - ©)

Definition 2.1. A mapping f : R™ — R" is said to be monotone if

(@ =y " (f(z) - f(y) 20, Va,yeR"

Throughout of this paper, we assume the solution set of VI(f,S), denoted by S*, is nonempty, and
the solution set of VI(F, ), denoted by *, is also nonempty.

3 Main results
For simplicity, set 7; = r;(u, 8),i=1,2, g = f(z) — ATy .
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Lemma 3.1. Let u* = (2*,y*) € Q* be an arbitrary solution of VI(F,{2), and

d(u, B) == ry—Bf(x) + Bf(x—ri)+ BATry
) : v _IBATI ’

then for any w = (z,y) € R*"*™, 8 > 0, we have
(u—w*)Td(u, ) > [Iri||? + Ir2l* = Br{ (f(z) = f(z —r1)).

Proof. The proof is similar to that of Lemma 1 of [3].
Lemma 3.2 If u € Q is not a solution of VI(F,Q), then for any § € (0,1), there exist S(u) > 0, such

that V3 € (0, 8(u)], we have
Bllf (@) = fl& = ro)ll < 6llr(u, B)]- (10)

Proof. See Lemma 3 of [4].
If u € Q is not a solution of VI(F, ), from Lemma 3.1 and Lemma 3.2, there is a positive § > 0, such

that

(w—u*)"d(u, B) = (1= 8)|r(u, B)II. (11)
which means that —d(u, 8) is a descent direction of the merit function |Ju — u*||?/2 whenever u is not a
solution of VI(F, ). This motivates us to construct the following algorithm.
Algorithm 3.1 Two-stage descent method for VI(f,S).

Step 0: Given ¢ > 0. Choose u® € Q, and positive parameters p € (0,1), 71,7 € [1,2), 8 = 1.0,
6 €(0,1), v € (0,1) and and a nonnegative sequence {uy}, satisfying Zﬁ:ﬁ g < +oo. Set k :=0;

Step 1: Set By = B. If ||r(u¥, B1)|| < e, then stop; else, find that smallest nonnegative integer my,
such that gy = Su™* satisfying

Bill £ (a*) = f(Px[2" = Bi(f(«*) = ATy") < dllr(u®, Bi)- (12)
Step 2: Calculate d(u®, B;) by the expression of d(u, 3) in Lemma 3.1 and
pr. = (L= 8)|Ir(u*, Br)I1*/lld(u”, By)|1>. (13)

Then calculate the temporal iterate @ = Pq[uf — 1 prpd(u¥, B¢)]-

Step 3: Calculate the next iterate u**1 = Po[u* — vo A\, (uF — @¥)], where the step length )\, is defined
by
[[w* — @)% + 71(2 — y1)pillr (u”, Be)l|®
2||ub — a2 '

Ak = (14)
Step 4:(adjust S[4]) If
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Brllf(2*) = f(Px[z" = Be(f(&*) = ATy" )] = vlir(u?, B)

then set 8 = (1 + p)Bk, else set § = Bi. Set k : =k + 1, go to Step 1.
Remark 3.1 It follows from Lemma 3.2 that at each k, if u* € Q is not a solution of VI(F, ), then
the line search procedure is well defined, the algorithm is therefore well defined.

Remark 3.2 From Zgﬁ i < +oo and it is nonnegative, there is a positive integer M, such that

“+oo

H(HkJrl) <M.

k=1
So we have B, < M, Vk=1,2,---.
In the following, we assume that the algorithm does not stop in finite steps and an infinite sequence

{u*} is generated.

We first investigate the technique of identifying the optimal step sizes along the descent directions

d(u®, B1,). To justify the strategy of choosing the step size pj as in Step 2, we use
i (p) = Paolu® — pd(u*, B)].

to denote the temporary point taking p as the step size along d(u”, 81), the the following lemma motivates
us to identify the optimal step size along this direction.

Lemma 3.3. For given u* and ; > 0, we have
Ok(p) = [[u* —u*||* — [[@*(p) — w*|| > Di(p),
where
01 (p) = —p?lld(u”, Br) |1 +20(1 = 8)[[r(u*, B>
Proof. Because @ (p) := Pqo[u — pd(u*, B1.)], by setting z = u¥ — pd(u*, B1) and y = u* in (7), we obtain
[@*(p) — u*||* < |lu* — pd(u*, Br) — u*||* — |Ju* — pd(u®, B) — T (p)II*,
and consequently
Ok(p) 2 [uF =@ (p)II* + 2p(u* —u*) Td(u*, Bi) — 2p(u* — T (p)) Td(u*, By),

Since u* is a solution, it follows from (11) that

Or(p)
> lu® =@ () I* + 2p(1 = 8)|[r(u*, Br)lIP = 2p(u* — @ (p)) T d(u¥, Br)
= |lu® =" (p) = pd(u®, Bi)|I* + p2lld(u", Br)|* + 2p(1 = 8) [l (u*, Br) ||
> —p?d(W®, B)lIP + 2p(1 = 8)[Ir (¥, B)lI* := Pr(p)
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The assertion follows from the above inequality directly. The proof is completed.
Clearly, ©(p) means the progress made by the temporal point @*(p) at the kth iteration. Therefore,
in order to accelerate the convergence, it is reasonable to choose

pre = (1= 0)llr(u®, Br) I/ d(u", Br) 1%,

i.e., the optimal value of p maximizing the quadratic function ®(p) which provides a lower bound function
of O(p). Based on numerical experiences, we prefer to attach a relax factor v, € [1,2) to p, that is,

@* = Polu* — v1ppd(u®, Bx)], and simple calculation show that

p(y10k) =712 = 1) Prlpor) = 11(2 = 1) pr(L = 0)|Ir(u¥, Be) || (15)

k+1

We now consider the criteria of A\;, which ensures that « is closer to the solution set than u*. For

this purpose, we define
Te(A) = [Ju® — )2 = [u" 1 (N) — %, (16)
where uFTH(\) = Pquf — A(uF — aF)).
Lemma 3.4. Let u* € Q*. Then we have
De(A) 2 Ml = @b + lu® —u*)|? = a* — w2} = A u® —a"||*. (17)
Proof. It follows from (7) and (16) that

['r(N)
lu? = [? = [Ju* = Au® = a@*) — w*||?
— 2)\(uk o u*)T(uk o ’[Lk) o )\2”uk o ﬁkH2

Ml = a*|? = (u" = ah) T (ut —ah)} = A2t - At

v

Using the following identity
(' —a*) T (u* —a%) = (@ —u|® = Ju* —u*|?) + gllu* — a2
we obtain (17), the required result. The proof is completed.
Using Lemma 3.3, (15) and (17), we get
De(A) = Te(A) = MJlu® —a@¥[* + A} = A2 [u® —a*|)?, (18)
where
A =712 = y0)pr(1 = O)||r(u¥, B) || (19)

The above inequality tells us how to choose a suitable Ag. Since Y () is a quadratic function of A and

it reaches its maximum at
Jut — @2 + A
>\k = po )
2 — [P
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and k k|2
Melllu® — + A
1y () = 2l T A (20)

In addition, from v, € [1,2) and § € (0, 1), we have

1
Ak: > 07 >\k' > 57
and from (18) (20), we get
A
Ce(Ak) = Tr(A) > f
For fast convergence, we take a relax factor vo € [1,2) to Ag, and then
A
Ti(v206) 2 Ta(1228) = 72(2 = 12) Tk (k) = 72(2 = 72) - (21)

Theorem 3.1. Suppose that the operator f(-) is continuous and monotone. Then the sequence of

{uF} = {(2*,y*)} generated by algorithm 3.1 is bounded.

Proof. From (21), it follows that
[P — |2 < fJu® = ut]? = 72 (2 = 72)Ar/4. (22)
From ~, € [1,2), A; > 0, we obtain
[ — )] < fluf =] < < e = ]

This implies that the sequence {u*} is bounded. The proof is completed.

From Theorem 3.1, the proposed method is a projection and contraction method because the new
iterate u**1 is closer to the solution set Q* than u*.

Lemma 3.4 Suppose that the operator f(z) is continuous, then there is 7 > 0, such that
1-9

Proof. The proof is quite easy, so is omitted.

Now, we are in the stage to prove the convergence of the proposed method.

Theorem 3.2 Suppose that the assumptions in Theorem 3.1 hold. Then, the whole sequence {u"}

converges to a solution of VI(F, Q).

Proof. It follows from (22) that

ZAk < 00.
k=0
which means that
lim Ay = 0. (24)
k—o0
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From (19), (23) and (24), we have
lim ||r(u”, Bi)|| = 0. (25)
k— oo
It follows from Lemma 2.2 that
[l (u*, B) |l > min{1, By }H|r(u*, 1)

This together with (25) means that
lim Bg||r(u®,1)|| = 0. (26)
k—o0

We consider the two possible cases. Firstly, suppose that
lim sup,,_, .. Bk > 0.

Tt follows from (26) that

lHm infoo||7(u”, 1) = 0.

Since {u*} is bounded, it has a cluster point % € Q such that ||r(@,1)|| = 0. That is, @ is a solution of

VI(F, ). Since u* is an arbitrary solution, we can just take u* = @ in Theorem 3.1 and we have
ot — || < ffu? = )

The whole sequence {u*} therefore converges to @, a solution of VI(F, Q).

Now, we consider the other possible case that
li =0.
A B =0
By the choice of 85 we know that (12) was not satisfied for my — 1. That is,
1f (%) = fa? = ri(a®, B/ m)ll > dpllr (¥, Br/w)ll/ Br-
Combining the above inequality and (8), we have
1£(*) = f(@® =i, Be/w)ll > ollr(u®, 1) (27)

Suppose 7 is a cluster point of {u*}, there exists a subsequence {u*s} converging to it. Taking limit along

such a sequence in (27) and using the continuity of r(-, 8), we have
[lr(a, D[ = 0.
Hence, @ is a solution of VI(F, ). Set u* = @ in (27), we again have
[+t —al| < flu* —all,
and the whole sequence {u*} converges to i, a solution of VI(F,). This completes the proof.

334



A Two-stage Descent Method for Variational Inequality Problems

4 Numerical experiment

In this section, we give some preliminary computational results to test the ability of the proposed Algo-
rithm 3.1. All codes are written in MATLAB 7.1 and run on a PIV 2.0 GHz personal computer.
The example used here is taken from the test problems of Zhang and Han[5], which constraint set S

and the mapping f are taken, respectively, as

5
S={xeR}D z =10}
i=1
and
f(z) =Mz + pC(z) +q.

where M is an R%*5 asymmetric positive matrix and C;(z) = arctan(z;—2),i = 1,2, ---,5. The parameter

p is used to vary the degree of asymmetry and nonlinearity, and the data of example are illustrate as

follows:
0.726 —-0.949 0.266 —1.193 -0.504
1.645 0.678  0.333 —0.217 —1.443
M = —1.016 —0.225 0.769  0.943 1.007
1.063  0.587 —1.144 0.550 —0.548
—0.256 1.453 —1.073 0.509 1.026
and

q = (5.308, 0.008 ,—0.938, 1.024, — 1.312)’

In this experiment, we take the stopping criterion ¢ = 1076, For Algorithm 3.1, we take y° = 5 as the
initial point and By = 0.6, = 0.85, 71 = v2 = 1.4, v = 0.25 and 6 = 0.8 for p = 10 and p = 20. For
the method in [5], denoted by Zhang and Han’s method, we take 8 = 0.06, 6 = 1.35 when p = 10 and
B = 0.05, 6 = 1.35 when p = 20. The results for p =5 and p = 10 are listed in Tables 1 and 2. In these

tables, 'IT’ denote the number of iterations, and 'CPU’ denotes the cputime in seconds.

The results in Tables 1,2 indicate that the proposed Algorithm 3.1 is efficient. Though its CPU time
is almost the same as Zhang and Han’s method, its iterative number is smaller than the latter. As this
descent method only requires function evaluations per iteration, it is attractive from a computational

point of view.
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Table 1: Numerical results for p = 10

Starting point Algorithm IT CPU
(25,0,0,0,0) Algorithm 3.1 97  0.01
Zhang and Han’s method 119  0.01

(10, 0,0, 0, 0) Algorithm 3.1 86  0.01
Zhang and Han’s method 99  0.01

(10, 0, 10, 0, 10) Algorithm 3.1 81  0.01
Zhang and Han’s method 108  0.01

(0, 2.5, 2.5, 2.5, 2.5) Algorithm 3.1 89  0.01

Zhang and Han’s method 109 0.02

Table 2: Numerical results for p = 20

Starting point Algorithm IT CPU
(25,0,0,0,0) Algorithm 3.1 110 0.01
Zhang and Han’s method 116  0.02

(10,0, 0, 0, 0) Algorithm 3.1 99  0.01
Zhang and Han’s method 173  0.02

(0,0,0,0,0) Algorithm 3.1 108  0.02
Zhang and Han’s method 173  0.02

(2.5, 0, 2.5, 0, 2.5) Algorithm 3.1 98 0.01

Zhang and Han’s method 170 0.02
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