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chance constrained technique we first converted the multi-objective stochastic transportation
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1. Introduction:

The probability theory has been the only avenue to analyze the uncertain situation. The
probability distribution represents the information that each of possible events occur, and
this distribution becomes the evidence for testing the hypotheses. Many problems of the
transportation are dealt with by probability and that in which the fuzzy set theory is
an appropriate measure. Probability density function and the membership function of fuzzy
set are fundamentally different. The probability density function represents a summary
of the information from the random experiments, and it is used to measure the truth of
a proposition in probability. The basic transportation problem involves the following situa-
tion such as follows:

i) the transportation or physical distribution of products from supply points to demand
points ,

i) minimization of cost for transportation of products,

i) minimization of transportation time,

iv) consideration of requirement of goods at each demand points,

v) variety of shipping routs,

vi) mode of transportation.

The transportation problem is an earliest application of linear programming problem. Hitchcock
[9] was first developed the basic concept of transportation problem and later discussed in details
by Koopmans [11]. In 1973, Appa [1] considered variants of the transportation in which all con-
straints involving the supply and demand are of inequality type. However, he has not considered
the supply and demand constraints are of mixed type. Brigden [4] extended the concept of Appa
[1] and considered the mixed type constraints. Then the original problem is converted into a re-
lated transportation problem with equality type of constraints by augmenting the original prob-
lem with the addition of two sources and two destinations. He obtained the optimal solution of
the original problem from the optimal solution of the transformed transportation problem.
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The existent method are available to get an initial basic feasible solution for transportation prob-
lem and they are North West Corner Rule, Row Minima Method, Column Minima Method, Vo-
gel Approximation Method and gives a better feasible solution. The latest version of TORA,
LINDO, LINGO packages are also helpful to solve the transportation problem.

The stochastic programming was first formulate as mathematical programming by Dant-
zig [6] and noted that the most promising fields for future research which has single objective or
multi-objectives, the parameters have involved by the probability distribution which has treated
as random variables. As a result, the objective and the constraints of such a problem turn into
stochastic ones. Charnes and Cooper [5] introduced Chance Constrained Programming tech-
nique to solve the problems involving probabilistic constraint. For treatment of this technique,
the basic approach is E-model which optimizes the expected values of the linear objective func-
tion.

Sahoo et al. [18] have studied in 2003, the equivalent deterministic mathematical pro-
gramming technique of probabilistic linear programming for normal random variable. Kambo
[10] discussed the Chance Constrained method for solving the stochastic linear programming
technique. Mohon et al. [13] have developed the idea on the fuzzifying approach to multi-
objective stochastic programming problem. Rao [14] gives the conception about the technique on
stochastic multi-objective linear programming problems. Bit et al. [2] applied the fuzzy pro-
gramming technique with the linear membership function to solve the chance constrained multi-
objective transportation problem where the parameters are random variables on standard normal
distribution. Roubens et al. [16] presented the comparison between the methodology for multi-
objective fuzzy linear programming & multi-objective stochastic programming. Lee. et al, [12]
have studied in 1993, the optimization of multi-objective transportation problem. An alternative
procedure to generate all non-dominated solution to the multi-objective programming problems
presented by Diaz [7] , whose approach depends upon apriori measure to the ideal solution. Rin-
guest et al. [15] have developed two interactive algorithms for the linear multi-objective stochas-
tic transportation problem. Zimmermann [22] presented an application of fuzzy linear program-
ming technique to solve these type of problem are always gives an efficient solution and also

gives an optimal compromise solution.
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These kinds of vagueness can be treated as the basic approaches of fuzzy programming
called flexible programming which has proved so far to be one of the most successful applica-
tions of the fuzzy set theory initiated by Zadeh [21], Zimmermann [22] and Sakawa [17]. In
some researches the fuzzy set theory has been used in dealing with stochastic linear program-
ming problem. Again, Bit et al. [3] have developed the multi-objective transportation problem
with probabilistic constraint using the fuzzy programming technique on probabilistic constraint.

The protrude method of Goicoechea et al. [8], the strange method of Teghem et al. [20]
are used to solve multi-objective stochastic transportation problem. The multi-objective stochas-
tic transportation problem has been presented by Stancu- Minasion [19]. They are mainly pre-
sented the stochastic programming which recognized in the literature as follows,

Q) Risk programming in linear programming models which includes some

stochastic linear programming models,

(i) Decision theoretic models,

(iif)  Stochastic sensitivity analysis.
Most of the researchers have followed the conventional fuzzy approach for the solution of multi-
objective stochastic transportation problems with two constraints having only one deterministic
and other probabilistic without reviewing the multi-objective stochastic transportation problem
with two probabilistic constraints to the practical sense of real life problems. In this paper, we
have studied the multi-objective stochastic transportation problem with two probabilistic con-
straints which are of inequality type, and the parameters of supply and demand are followed by

normal random variables.

1.1 Multi-objective Transportation Problem :

Consider m origin (or supply) O; ( i=123,..,m ) and ndestination (or demand) D,
(j=1,2,3,...,n). The sources may be production facilities and they are characterized by available
supplies a,,a,,a,,...,a,. The destination may be public destination center and they are characte-
rized by demand levels b;,b,,b;,...,b,. A penalty c; is the transportation cost or time cost, asso-
ciated from origin i to the destination j and the variables x; are represented the unknown
quantity goods to be transported from origin O, to destination D;.
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The single objective transportation problem can be extended to multi-objective transporta-
tion problem by considering the k-th (k=1,2,3,...,K ) cost coefficient ciﬁ (k=12,3,..,K) in

the objective functions. Then the mathematical model of multi-objective transportation problem
can be represented as follows:

Model 1: min: z, =izn:c§xij, k=123,..,K (1)
i=1 j=1
subject to
Zn:xij =a 1=123,..,m (2
j=1
ixijzbj,jzl,Z,B,...,n (3)
i=1
X;20, 1=123,..m&j=123..,n 4)

The balanced transportation problem is define when the total availability at supply point is equal

m n
to the total requirement at demand point with an equilibrium condition (Zai =ij ) for the
i=1 j=1

existence of a feasible solution.
2 Mathematical Model Involving Stochastic Multi-objective Trans-
portation Problem :

Here, we have presented the mathematical model of multi-objective stochastic transportation
problem with probabilistic constraints as follows:

Model 2: min:z, => > cix;, k=123,..,K (5)
i1 j-L
subject to
Prob (O x; <a)>1-g, i=123..,m (6)
=1
Prob (Zl:xij >b))21-4,, j=123..,n (7)
20, 1=123,...m&j=123,..,n (8)
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where O0<¢; <1,i=123,...,m and 0<p; <1,j=12.3,..,n. The above problem is a multi-
objective stochastic problem where a;(i=12,3,..,m) and b;(j=123,...,n) are random va-
riables with known distribution and 05 (k=12,3,...,K) is defined as deterministic cost coeffi-
cientsfor i=1,2,3,...m& j=123,...,n.

Depending upon the situation, let us consider the following three cases:

Case 1:  Only a, considered as random variables, i=1,2,3,...,m
Case 2: Only b; considered as random variables, j=1,2,3,...,n
Case 3:  Only aand b; are considered as random variables, i=1,2,3,...m& j=12,3,...,n.

Now we have formulated the mathematical model of the above cases:

Case 1. Only a, is random variable:

Model 3: min:z, =>">"cix;, k=123,..,K 9)
i=1 j=L
subject to

Prob (O x; <a)>1-g;, i=1,23,..,m (10)

=1
D % =by, i=123..n (11)

i=1
X, 20, i=123..,m&]j=12,3..,n (12)

The above problem is multi-objective stochastic transportation problem where the availability a,

is random variable. More precisely a, follows normal distribution with mean of a i.e.,

a=E () and variance of a; i.e., var (&a;) are known. Then our problem is to convert the above

problem i.e., probabilistic multi-objective transportation problem into deterministic model. To do

this, we have to change only the probabilistic constraint i.e., Prob {z X < } 2l-o,
j=1
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i=12,3,..,m, (6) into deterministic constraint and the mean and variance for the random va-

riables a, areEi and var (a), 1=123,...,m. Let 1-¢=p,, thenequation (6) becomes:

Prob[ X; < ai} > (13)
=1

i
This expression can be further stated as:
- _

2%~ 8 =

i=1 8 —4a

Jvar(a,) = Jvar(a,)

- Zn: Xij _;i_
3-8 >, (15)
Jvar(a)  Jvar(ay)

Prob

>p, (14)

Prob

a—a . . } } .
where ﬁ is a standard normal variate with mean zero and unit variance. Let d)(z)de-
var (&,

notes the cumulative density function of the standard normal variate evaluated at z, then k,

(1=1,2,3,...,m) represents the value of the standard normal variables. Then the equation
(15) can be stated as
- Z Xij —a

1_(1) i i < =1 > pi (16)

\/var(ai) \/var(ai)

<1-p, (17)

Then (D(—ka ):1— P, = ¢;; Using the cumulative density function of the standard normal

variate, it can be simplified as:
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n J—
inj ~a,
=i

— |<D(-k
var(a ) <CD( ai) (%)

o

n J—
D%~
=

L <k i=123.m (19)
var (a,) '

Then

Finally, the probabilistic constraint can be transformed into deterministic constraint as:

Zn:xij—gﬁkai,/var(ai)so, (20)

Using (20) the equivalent deterministic multi-objective linear transportation problem of

Model 3 can be restated as.

min: z, :izn:cifxij,kzl,Z,&...,K (21)
i=1 j-1

Zn:xij —a,+k, /var(a ) <0, (22)
i1
3%, 2b, (23)
i=1
ixij >0,i=123,.m&j=123,..,n (24)
i=1

Case 2. When bj is random variable:

Then the mathematical model can be represented as follows:

Model 4: min:z, => > cx, k=123.,K (25)
i=L j=1
subject to
dox<a, i=123..m (26)
=1
Prob (qu zbjja—ﬁj, i=123..,n (27)
i=1
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X;20, 1=123,...m&j=123,..,n (28)

To do this, we have change only the probabilistic constraint i.e., Prob(z X; = bjj21—ﬁj ,

i=1

j=12,3,....,n (27) into deterministic constraint and the mean and variance for the ran-

dom variable b, are b_jand var(b;), j=123,..,n. Let 1-p4, =q;, then equation (27) be-

comes,
Prob[Zxij zbj}qu (29)
i=1
This can be further simplified as: o1 o ;X‘J’ b p b (30)

\/var(bj) - \/vjar(bjj) =4

b.—b. . _ _ L
where ——2_ s a standard normal variate with zero mean and unit variance. Let <I)(z)
Jvar(bj)
denotes the C.D.F. of the standard normal variate evaluated as z, then kﬂj (1=12,3,...,n)

represents the value of the standard normal variate.

z 1.,
Then, @(z):% j e dt. (31)
T —0

The cumulative density function (C.D.F) of the standard normal random variable is defined as,

> x; b,
Hence ol 2 2®(kﬂ,) (32)
var(bj) :
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inj -b)
Therefore Kk, (33)
var(b;)
Finally, the probabilistic constraint can be transformed into deterministic constraint as:

ZXij >b; +k, (var(b;), j=1,23..,n (34)
i=1

This is an equivalent deterministic constraint for equation (27). Finally, we obtained the ma-
thematical model of multi-objective stochastic transportation problem for the above case 2, using
(34) can be represented as:

min: z, :Zmlzn:ci';xij,k =12,3,..,K

= (35)
subject to

> % <a, i=123..,m : (36)

j=1

3%, —b, —k, Jvar(b,) 20, j=1,2,3,..,n (37)

i1
%20, 1=1,23,.,m&j=123,..,n (38)

Case 3. When a; &b, are normal random variables:

The mean and variance of a; &b; are known and defined earlier. In this case, the equivalent

deterministic model for the chance constrained of the linear multi-objective stochastic

Transportation problem of Model 2 can be represented as:

min:z, => > cix , k=123,..,K (39)

i-1 j=1

subject to
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ixij—5i+kaj1/var(ai)s0, i=1,2,3,...,m (40)

j=1

Zm:xij—b_j—kﬁﬂ/var(bj)zo, j=12,3,..,n (41)

i=1

X, 20, i=12,3.,m&j=123,.,n (42)

3. Solution Procedure :

To obtain an ideal solution to the linear multi-objective stochastic transportation problem, we
should first consider in each objective function separately and other objective functions is to
be ignored and solved with the constraints .

We have already converted equations (5), (6), (7) from multi-objective stochastic
transportation problem into multi-objective deterministic transportation problem i,e. eqn. (39)
to (42). To solve multi-objective deterministic transportation problem, we apply the
fuzzy programming technique on consideration of multi-objective vector minimum problem.
At first, we find the lower bound L, (best) and upper bound U, (worst) for corresponding
objective function z. where r =1,2,3,...,K.

Let, L, = aspiration level of achievement for objective r,
U, = highest acceptable level of achievement for objective r,
d, =U, —L, = the degradation allowance for objective r,

when the aspiration level and degradation allowance for each objective are specified.

Algorithm:

Step-1: Solve multi-objective deterministic transportation problem as a

single objective used each time and all other ignored.

Step-2: Determine the corresponding values for every objective at each solution derived.

Step-3: We construct a pay-off matrix, according to every objective w. r.to each solution
The pay-off matrix in the main program gives the set of non dominated solution
which shown in the following table.
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@ -
X Zy, Z, Zy3
(2)
X 21 Zs5 Zy3
X(S) 31 Z32 233
X(k) | Zya Zyo Zys

where  x, x® x®  xk

) is the ideal solution for the objective z,,7,,,...,z, respectively.

Let z;=2;(X'), i=1,23..,k&j=123,..k, arethe minimum value (best) for each

objectivez, , r=1,2,3,...,k.
Step-4:

of solutioni.e., L =z, and U, =malx{zlr,22r,z3
r=

and constraints (8), (20), (34).

Step-5: To construct a membership function as,

1 ifz, <L,
Z.—L )
X. )= 1- -« = ifL <z <U_,
:uz,( u) Ur_l—r r r r
0 if z. >U,,

If 4, (x;)=1; then z,is perfectly achieved,

=0 ; then z, is nothing achieved,

If 0< 41, (x;)<1 ; then z,is partially achieved,
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,r=123,..k.

Step-6: Let A4 = Y.~z
U L

Using max-min/ min-max operator, we have

max | min (2, 2, ... 4 ) |,
then we have, max : A
A=A

sy
Ry

A2 A
where  A=min{g, (%)}, i=123..m&j=123,..n.

Finally we obtained the mathematical model for all cases through fuzzy programming
technique as follows :
max : A (43)
subject to

n

cix; +A(U, — L) -U, <0, (44)

1

M-

I
UN

j=1

X; —a +k, /var(a) <0, (45)
_ X; —b; =k, \Jvar(b;) >0, (46)

X, >0, Vi=123,..,m&j=12,3,..,n (47)

>

j=

N

NgE

I
=

220, (48)
4. Numerical Example :

A renounce company collect or procure the baby food products from the
three production sources and supply to four destination centre in which all availability

and demand ( parameters ) are random in nature and they follow the normal distribution
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with known means and variances. The decision maker lays emphasis on criteria, such

as minimization of transportation cost, transportation time or ( delivery time ) and loss

dur-

ing transportation through a given route (i, j) where i=12,3& j=1,2,3,4. Here z,7,,z,

represents the total transportation cost with Rs. one lack per unit, transportation time with m

onth

per unit, loss during transportation with by Rs. thousand respectively from each production

sources to each destination center along with availability and demand are represented by the

matrix in C*, C? and C® as mentioned below:

N o ©
N DN
o NN
N W ©O

2
5

0 O 0
N NP
N DD
o o ~N

2
and C*=| 6
8

The decision maker is also interested to transport baby food products by tons from

i - source to the j-th destination so as to satisfy all the requirements.
mMin:z, =8X;, +9X, + 7X3 + 2%, + 5%y, +6Xy, + 4 X5 + 7 X,y +3Xg; + 7 Xy + 7 Xg5 +5Xy,
min: z, = 2X,, + 9%, +8X5 + X, + 4%y, + 3%y, +6Xy5 + 7X,, +5Xg; + 2%, +8Xg3 +2X,,,

MIN: Z, = 2%, +4X, + 7X5 + 3%, +6Xy; +4X,, +8Xy +4X,, + 8%y + 2Xg, + 55Xy +3X,,,

4
subject to Prob{ X gal}ﬂ—al,
=1

j

[ 4
Prob| > x,, Saz}zl—az,

NE!

4
Prob| > x,; < as} >1-a,,
=1

Prob _i Xy > bl} >1-4,
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- _
Prob| > x, >, |>1-5,, (56)
L i=1 _
- _
Prob| > x,>b, |21- 3, (57)
= ]
- _
Prob| > x, >b, |>1-5,, (58)
LT ]
X, >0,Vi=123&j=12.34. (59)

mean of a,=a, =13 variance of a,= var (a,)=3  predetermined confidence level, ¢, =0.01
mean of a,=a, =15 variance of a,= var(a,) =2 predetermined confidence level, o, =0.02
mean of a,=a, =19 variance of a,=var(a;)=7  predetermined confidence level, &,=0.03

mean of b=h =7  variance of b, = var(b) =5 predetermined confidence level, ,=0.04

mean of b,=b, =5  variance of b, = var(b,)=3 predetermined confidence level, g, = 0.05
mean of b,=b,=6  variance of b, = var(h,)=2 predetermined confidence level, #,= 0.06
mean of b,=b, =4  variance of b,= var (b,)=1  predetermined confidence level, 8, = 0.07

As described in Section 3, we can converted into the deterministic multi-objective unbalanced

transportation problem as follows.

min:z, =8X;, +9X, + 7X3 + 2%, + 5%y, +6Xy, + 4 X5 + 7 X,y +3Xg; + 7 Xy + 7 Xg5 +5Xy, (60)
Min: z, = 2X, + 9%, +8X5 + X, + 4%y, + 3%y, +6Xy5 + 7X,, +5Xg; + 2%, +8Xg3 +2X,,, (61)
MIiN: Z; = 2%, +4X, + 7X5 + 3%, +6Xy; +4X,, +8Xy + 48Xy, +8X%,yy + 2Xg, + 55Xy +3X,,, (62)
subject to
4
D x,;<8.84, (63)
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4

D x,; <12.03 (64)
j=1

4

D x;<152 (65)
j=1

3

> %, 21102, (64)
i=1

3
D %, 2794, (66)
i=1

3
D %;>8.26 (67)
i=1

3
D %4255, (68)
i=1
x;20,Vi=123& j=1234. (69)

Using LINGO 9.0 software, we have obtained the lower bounds of the above deterministic
problem as (L,L,,L;) = (128.91,102.84,119.94), and for the same problem the upper

bounds as, I = (U,,U,,U;) = (232.52, 148.86, 192.56).
Using case 3, we can formulated the following models
max : A (70)
subject to
z, +103.611 <232.52, (71)
z,+ 46.02 1 <148.86 , (72)
z,+ 80.621 <192.56, (73)
4
D x;<884, (74)
i=1
4
D x,;<12.03, (75)
i=1
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4
D %, <152, (76)
i=1
3
D x;, 211,02, (78)
i=1
3
D X%, 27.94 (79)
i=1
3
D %;>8.26 (80)
i=1
3
D %4255, (81)
i=1
x;20,Vi=123& j=1234. (82)
2>0. (83)

The above problem is solved by the LINGO 0.8 package for obtaining the optimal compromise
solution of the deterministic problem. We get 4= 0.5923031 and optimal compromise solution

as X, = 3.340000, x, = 5.500000, x, = 6.616295, x,, = 5.413705, x, = 1.063705, x;, =
7.940000, x,,=2.846295, and rest all are zero. The optimal value of each objective functions
lLe., z,,z,,z, are 171.1515, 115.0963, 144.8085 respectively. Also we obtained the non dominat-

ed solution for each objective functions z,,z,,z, i.e., (128.91, 197.74, 232.52), (129.81, 102.84,
148.86), (192.56, 144.70, 111.94) respectively.

5. Conclusion:

The main objective of this paper is to present a solution procedure for multi-objective stochas-
tic unbalanced transportation problem with normal random variables. The transportation problem
is an efficient tool to cope with many real life problems of practical importance. Multi-objective
transportation problems involve the design, modeling, and planning of many complex resource

allocation systems, transportation in which demand and supply are random in nature.
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After converting probabilistic constraints into an equivalent deterministic constraints using

chance constraint programming, the fuzzy programming is applied to obtain a compromise solu-

tion from the set of non-dominated solution. In our approach, we have presented two types of

probabilistic constraints of practical importance instead of two constraints having one determi-

nistic, another probabilistic. So our technique is highly fruitful in the sense of real life problems

of practical importance. A practical numerical example is provided to demonstrate the feasibility

of all decision variables of the proposed method.
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