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Abstract. In this paper, we propose a new alternating direction method for solving co-
coercive variational inequality problems VI(f,S) with both linear equality and inequality
constraints without the need to add any extra slack variables. We focus on the underlying
function f does not have an explicit form and only its function values can be employed in the
new method. Under the condition that the underlying function f is co-coercive, we prove the
convergence of the new method. Preliminary numerical experiments are included to illustrate
the efficiency of the new method.
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1 Introduction

Let S C R™ is a nonempty closed convex subset of R™ and f is a mapping from R" into itself. The

variational inequality problem, is to find a vector z* € S such that
(x —2)T f(z*) >0, VaeSs.

Variational inequality problem serves as very general mathematical models of numerous applications
arising in economics, engineering, transportation, and so forth. It includes nonlinear complementarity
problems(when S = R’}) and system of nonlinear equations(when S = R™). Thus, it has been extensively
investigated. There are substantial number of iterative methods including the projection method and
its variant forms[4-13], the linearized Jacobi method[15], Newton-type method[15-16], etc. We refer the

readers to the excellent monograph of Faccinei and Pang[1,2] and the references therein.
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In this paper, we will focus our attention on the following co-coercive variational inequality problem,
denoted by VI(f, S):

Find z* € S such that (z—z*)" f(z*) >0, Vzels, (1)

where the feasible set .S includes not only linear equality constraints but also linear inequality constraints,
ie.,

S={zxeR"Azx =b,Cx <d,x € X}, (2)

where C' € R"*", d € R' and X is a simple nonempty closed convex subset of R™. The concerned function

f is co-coercive on X. That is, it has the following property: there exists a constant p > 0 such that

(@ =a") (f(2) = f(2") > pll fx) = F@IP, Va2’ € X.

It is obvious that the co-coercivity (with modulus p) implies the Lipschitz continuity (with constant
1/p) and monotonicity (but not necessarily strongly monotonicity). This problem has several important
applications in many fields, such as the capacitated transportation problem[3], the capacitated traffic
assignment problem[17] and the packet routing in telecommunication with path and flow restrictions[18].

Note that the alternating direction methods in [4-7] can also be used to solve the variational inequality
problem VI(f, S) by introducing a slack vector z to the linear inequality constraints to transform structure

(2) to the following form:
S={(z,2) e R" x Rl|Ax =b,Cx+z=d,x € X,z > 0}.

However, this will increase the dimension of the variational inequality problem from n to n + [, leading
to more computational complexity, especially when there are many inequality constraints in .S.

Recently, Zhou, Chen and Han[11] proposed an extended alternating direction method for VI(f, S) to
handle both the linear equality and inequality constraints directly. At the same time, it retains the good
features of the modified alternating direction method[4,9,10]. However, the method requires an Armijo-
type line search procedure to obtain a proper parameter § with a new projection needed for each trial
point, and this can be very computationally expensive; Zhang and Han[6] gave an alternating direction
method for co-coercive variational inequality problems with S only including linear equality constraints,
which solves a series of small-scale easier problems to solving the original variational inequality problem,
and is simple provided that the feasible set is simple.

In this paper, we extend Zhang and Han’s method to solve the co-coercive VI(f,S), and a new
alternating direction method without line search is proposed which inherits all nice properties which
Zhang and Han’s method has.

The paper is organized as follows. In the next section, some basic definitions and properties used in

this paper are summarized. In Section 3, we formally present the new alternating direction method, and
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prove its global convergence. We report some preliminary computational results in Section 4 and some

final conclusions are given in the last section.

2 Preliminaries

In this section, we summarize some basic properties and related definitions which will be used in the

following discussions.

All matrices and vectors are real. For a vector z € R"™ and a matrix C € R"*", we denote ||z| = Va T

[C=|
llIl

of z is denoted by #'. The projection of a point z € R™ onto the closed convex set K , denoted by

X

as the Euclidean norm and ||C|| = sup{ [||z|]| # 0} as the induced matrix norm, where the transpose

Pk [z], is defined as the unique solution of the problem
min ||z — y||, subject to y € K.

The following well-known property of the projection operator plays an important role in the convergence
analysis of our method.
Lemma 2.1. Let K be a nonempty closed convex subset of R™. For any z,y € R" and any z € K, the

following properties hold:

(2 = Px[a]) " (z = Px[]) < 0. 3)
1P [] = Pclylll* < llo = ylI* = [ Prla] — = +y — Prly]l]*. (4)

From (4), we can see that the projection operator Pk|-] is nonexpansive, that is,
| P[] = Prlylll < [l = yl|. (5)

By appending a Lagrangian multiplier vector y € R™ to the linear equality constraint Az = b and
another Lagrangian multiplier vector z € R! to the linear inequality constraint Cz < d, the equivalent
form of the variational inequality problem VI(f,S) can be expressed as follows, denoted by VI(Q, W):
Find a vector w* € W, such that

(w—w)"Qw*) >0 YweWw, (6)
where
x flz)—ATy+CT2
w=|y |,Qw)= Az —b W =XxR"x Z,
z d—Cx
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where Z = Rﬂr.
It is well known[14] that problem VI(Q, W) is equivalent to finding zeros of

e1(w, B) & — Pxlz — B(f(x) = ATy +CT2)]
e(w,B) = [ ex(w,B) | = B(Az —b) : (7)
es(w, B) z — Pz[z — f(d — Cx)]
In addition, we define
ri(w, B) x — Px[z = B(f(x) = AT (y — B(Az = b)) + C" 2)]
r(w,B) = r(w,B) | = B(Ax —b) - (8)
rs(w, B) z — Pz[z — B(d — Cx)]

Therefore, from the second inequality of (7), solving VI(Q, W) is equivalent to finding a zero point of
r(w, ) for any 8 > 0. That is

w is a solution of VI(Q,W) <= e(w,s) =0<+<= r(w,3) =0, V5>0.

Hence, both |le(w, )| and ||r(w, 8)|| can be viewed as a residual function, which measures how much w
fails to be a solution point of VI(Q, W).

We make the following standard assumptions throughout this paper:
Assumptions. e f is a co-coercive function on X with modulus u.

e The solution set of problem VI(Q, W), denoted by W*, is nonempty.

e X is a simple closed convex set. That is, the projection onto the set is simple to carry out(e.g., X

is the nonnegative orthant R’}, or more generally, a box).

3 Algorithm and global convergence

In this section, we present the algorithm for solving VI(@, W) and show its global convergence.
Algorithm 3.1. A New Alternating Direction Method for VI(Q, W)

Step 0. Given ¢ > 0, choose w® = (2°,°,20)T e W, § € (0,2), 0 < 81, < Bo < Bu < 4p and set k:=0.
Step 1. Set

i = Px[z* — mrag(er(w®, Br) — BrCTes(w”, Br))], 9)
J* = y* — mearlea(w®, Br) — BrAer(w”, Br)], (10)
2k = Pz — mrag(es(w®, Br) + BrCer (W, Br))], (11)
where
= Ty gty 12
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31+ BRICTCl) ler (w*, Br)lI? + lles(w”, B)I1*)

T W+ BRICTCM e (wF, B2 + lles(wF, Br)ll?) + llea(w®, Br) — BrAer (wh, B2

Step 2. Set
(I+ B2AT A)r(@*, Br) — BiC T rs(@", Br)
(", By) = ro(WF, Br) — B Ary (@F, B) ,
BrCri (@, By) + 13 (0, Bk
k

where w* = (¥, 4%, 2¥) T . Then compute step size t; by

(L = Be/ (Am) [ (@*, Be)[|? + [lr2 (0", Br) |2 + |Irs (@, Bi) |
([d(@*, B)I? '

Step 3. Determine the next iterate wh*! = (xF+1 y*+1 k+1)T vig

tr =

Wt = Py [a® — Stpd(a", Br)].

Step 4. If ||r(@", Bi)|| < €, stop; otherwise, choose Bx11 € [Bz, Bu]- Set k := k + 1 and goto Step 1.

We begin our proof with the following lemma, which is motivated by Lemma 4.1 of [6].

Lemma 3.1. Let w* = (z*,y*,2*) " € W*, and let the function f be a co-coercive function with modulus

1 > 0. Then, for any 3 satisfying 0 < 8 < 4u, we have
p

(@ =) (ex = BCTes) + (y — y*) " (e2 — BAer) + (2 — ) T (es + fCe1) = (1 - E)Hell\r‘) +lesll?, (17)

where e; = e1(w, ), e2 = ea(w, 3), e3 = ez(w, ).

Proof. Setting z := z — B[f(z) — ATy + C T 2] and z := z* in (3), we have
(Pxlz = B(f(x) = ATy +CT2)] —a") T (z = B[f(x) = ATy + C" 2]
— Pxlz = B(f(x) = ATy +CT2)]) > 0.
Then from the definition of e1, we can get
(¢ —a" —er) (e1 = Blf(x) ATy +CT2]) 2 0.
Similarly, setting 2 := z — B(d — Cz) and z := z* in (3), we have
(Pz[z = B(d - Cx)] = 2*) T (2 = B(d — Cx) = Pz[z — B(d — Cx)]) > 0,

that is
(z— 2" —e3) (e3 — B(d — Cx)) > 0.

Furthermore, because w* € W* is a solution of VI(Q, W), we have
(Px[z = B(f(z) = ATy +CT2)] =) T[f(a") = ATy* + CT="] > 0,
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ie.,
Bl —ax* —e) [f(a*)— ATy* +CT2*] >0, (20)
and
Az* —b=0. (21)
(Pz[z — B(d — Cz)] — 2*)T(d — Cz*) >0,
ie.

Bz — 2" —e3)  (d—Cz*) > 0. (22)

By adding (18) and (20) and using (21), it follows that

(x—a" —e1) [er — B(f(z) = f(a") + BA (y —y*) = BCT (z — 27)] >0,
which means that

(—a*)Ter + (y —y*) T (e2 — BAer) + B(z — 2*) T (Cen)

lexll® + Bz — 2*) T (f(2) — f(2*)) — Bef (f(2) — f(2*)) + B(Czx — Ca*) " (2 — 2¥)

lleall® + Brall £ () = f(@)II* = (Bull f(2) = F@)* + 4 lleal]) (23)
+B(Cx — Cx*) T (2 — 2¥)

= (1= £)ledl? + B(Ca — Ca*) (s — 2°),

AVARAY)

where the second inequality follows from the inequality that for any two vectors a,b € R™,
a'b < ollall* + b/ (40), Ve >0,
and f is co-coercive with modulus u. Similarly, by adding (19) and (22), we obtain
(z— 2" —e3) (es + B(Cz — Cz*)) > 0.

That is

(z—2%)Tes — Bz — ") (CTes) > |les||* = B(Cz — Cz*) T (2 — 27). (24)
Then adding (23) and (24), we get

(x—2) (e1 — BCTes) + (y — y*) " (ea — BAey) + (2 — 2%) " (es + BCe1)
> (- Llal? + el

This completes the proof. Q.E.D.

Lemma 3.2. Let w* = (z*, y*, z*)—r € W*, and let the function f be a co-coercive function with modulus

> 0. Then, for any 3 satisfying 0 < 8 < 44, we have
(& =) " (r + B2AT Ar) + (y = y") T (r2 = BAR) + (2 = 2%) T (BCr1 +13)
> (L= Il + P +
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where 71 = ry(w, ), 72 = r2(w, ), 73 = r3(w, B).

Proof. The proof of this lemma is much similar to that of the above lemma, so is omitted.

Q.E.D.

Remark 3.1. In fact, Lemma 3.2 has proved that —d(w, ) is a descent direction of the merit function

Lllw — w*||? whenever w € W is not a solution of VI(Q, W).
2

In the following, we assume that the Algorithm 3.1 generates an infinite sequence {w*}, otherwise,

an approximate solution w* € W is obtained.

Lemma 3.3. Suppose that f is a co-coercive function with modulus g > 0 and w* = (z*,y*,2*)" €
W*. For given w* and 0 < B < 4u, let ¥, 7% and 2% be defined by (9)-(11), respectively and w* =

(z*, g% 2F)T. Then

[o" — w*||* < [w* = w*|* = (2 = O)meai (1 + BRICT CID(lex]® + lles®),

where €1 = el(wkaﬁk)7€2 = 62(wk76k)563 = 63(wk56k)'

Proof. From (9), we have

& — o2
ek — & — e (e1 — BCT es)|2 = la* — mpaus(ex — BOT e5) — &2
= Jla* = "2 - 2man(a® — )T (er — BCTes) — [l — &

+2nray (2% — F) T (e — BC T e3),

IN

where the inequality follows from (4) and z* € X. From(10),

7% —y*|?
= [ly* — man(ez — Brder) — y*|?
= |lv* —y*I? — 2mear(y* — y*) T (e2 — Brder) + niolles — Brder||.

Similarly, from (11), we have

2% — z*||?
|27 — 2* — e (es + BpCer)||* — 125 — nrak(es + BrCer) — 2%
= [|2% = 2*]]2 = 2o (2F — 2%) T (es + BrCer) — ||27 — ZF|12

+2npar(2F — 28) T (e3 + BrCey),

IN

where the inequality also follows from (4) and z* € Z. Adding (26)-(28), it follows that

IN

[ @" — w*||?

k k—:f?k||2—| k_gk”Q

[|w* —w* || — ||z E
+2nag (2 — )T (e1 — BC T es) + 2mpan(2F — 27) T (e3 + BrCer) + mpai|ex — Brder ||

2manl(1 - f—pneln? T lleall?
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k

IN

—w* | + niei(ller — BCes|? + lles + BeCer|?) + niaille2 — BrAen|?
—2nkai (14 BrIICTCI (el + [les]|)

= Jw* —w P + i (1 + BZICTClex]® + lles]|®) + lle2 — BrAen|?]
—2nkai (14 BICTCI (leal® + [lesl®),

[[w

where the first inequality follows from Lemma 3.1, and the second inequality follows from Cauchy-

Schwartz inequality and the definition of ay. The assertion follows from the above inequality and the

definition of 7 immediately. This completes the proof. Q.E.D.
Similar to Lemma 4.3 of [6], we have:

Lemma 3.4. Suppose that f is a co-coercive function with modulus p > 0 and w* = (z*,y*, 2*) " € W*.

Let w* = (2%, 4%, 2¥) T be generated by Algorithm 3.1. Then

[ = w*[? < Jw® — w? = (2 = d)mrai (1 + BT C)(ler (w”, Br)lI* + lles(w®, Bi)]1?)

—0(2 - 0)tk[(1 - f—;))llﬁ (@, Bi)I* + 2 (@*, Be) 1 + Ilrs (0", Bi)[17).

Proof. From the definition of w**! and w* € W, it follows that

= w|?
< l@* = Stpd(a*, Br) — w*|?
= [@" — w*||? + 8| d(w, Be)||* — 26tk (@* — w*) T d(w, Br)
< " — w*[|]* + 6% || d(@, By )| — 20tk [(1 — f—Z)IIn(zB’“,ﬂk)Ilz + [lra(@", Be)lI” + Irs (@, Bi)|1%]
< b —w P = 2 = 8)mai (L + BHICTCI)(ller (w®, Br) 1 + lles(w”, Bx)|1%)

—0(2 = 0)tx[(1 - f—Z)IITl(@’“, Bi)ll? + llr2(@", Bo)ll® + llrs (2", Bi) 1],

where the first inequality follows from the nonexpansivity of the projection operator (5), and the second
inequality follows from Lemma 3.2, and the last inequality follows from (25) and the definition of the
step size ti. This completes the proof. Q.E.D.
The following lemma shows that the step size t; is bounded away from zero.
Lemma 3.5. For all k£ > 0, we have
ty >, (29)

where ¢ > 0 is a constant.

Proof. It follows from the definition of r(w*, 8;) and S < By that
(I + BRAT A)ry(@", Br) — BrC T rs(@F, Br)[| < (14 BE AT Al + Bul|[CTINIr(@*, B,

lr2 (@, Bi) — B Ary (@F, Be)l| < (1+ BullAIDIIr(@*, B,
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18xCr1(@*, Br) + r3(@®, B)|| < (1 + BullCI)lIr(@*, Bi)ll-
The above three inequalities and the definition of d(@*, 3;) imply
d(w”, )l < exllr(@®, B, Yk =0, (30)
where
c1 =3+ Bu (Al + [ICI+ ICT) + B AT Al

On the other hand, from 0 < 81 < Br < Sy < 4u, we have

B - . . y
(1= V@ I + Iralt, B0 + [, AP = call(a®, 501 1)
where co =1 — By /(4p) > 0. Therefore, from (30) (31) and the definition of ¢4, we have
ty > Sy

where ¢ = ¢3/c2. This completes the proof. Q.E.D.

We are now ready to prove the global convergence of the sequence {w*} generated by our algorithm.
Theorem 3.1. Suppose that the function f is co-coercive with modulus p and 0 < B < Oy < 4u for
all k > 0. The sequence {w*} generated by Algorithm 3.1 converges to a solution of VI(Q, W) globally.
Proof. Since § € (0,2) and t; > 0, n > 0, it follows from Lemma 3.4 that

[kt — |2 < —w*|? < - < lw® — w? < +o0,

which means that the sequence {w*} is bounded. Thus, it has at least one cluster point, denoted as

w™® = (z°,y>,2>)T. Again from Lemma 3.4, we have

(2 = O)mrar(1+ BRICTCI)(ler (w”, Br)lI* + lles(w®, B)l*) +6(2 = 8)t

(1= 59l BRI + ra(, B0 + I, 501

S e e

Summarizing both sides of the above inequality, we get

o0

{2 =01+ BRNCTCIN(lex (w", Bi)|I? + lles(w”, Bi)|1%) + (2 = 8)t
k=0

(1= E0 @ B + [ra@® 801 + s, 501}

o0

< D Allwt = wt ) =l — w1}
k=0

< = wr?

< 400,
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which together with (29) and S < Sy < 4u imply that

Jim o (|le(w®, Be)|* + lles(w®, B)[|?) = 0. (32)
Jim l[r1(@”, Be)l| = Jim P2 (", Be)|| = Jim |73 (@”, Be)|| = 0. (33)

On the other hand, from the boundedness of {w”,} and {8}, it is true that the dominator of 7 is
bounded. That is, there is a constant M > 0, such that

L+ BICTCIllex(w”, Br)lI* + lles(w®, Bi)I?) + llea(w”, Br) — BrAer(w”, Br)|> < M, Vk > 0.

We therefore have that

daj (llex (w”, B)l* + lles(w”, Bi)[1)?
M
O[1 — Bu /(A (lex (w*, Bu)lI* + lles(w”, Br)|?)?
(1+pglcTel)m ’

o (lex (w®, Be)|I” + [les(w®, B)|I?) >

v

which together with (32) and Sy < 4p imply that
T (les(w, B)]| = lim fles(u®, B = 0. (34)

From (9), we have

Iz — 2|

||;vk — Px[:ﬂk - nkak(el('wka Br) — ﬁkCTe?»(wka Bi)lll

< mpagller(w®, Br) — BrC Tes(w”, Bi)||
< (1 %)(Hel(wk,ﬁk)ﬂ + BullC T llles(w”, Be)l),

where the first inequality follows from the nonexpansivity of the projection operator and z* € X. From

the above inequality and (34), we have
Jim 2% — &*|| = 0. (35)
Similarly, we have

ly* — 3|
= |ly" — " + meanlea(w”, Br) — BrAer (W, By)]||

o] Br(Az® — b) — BrAer (w*, Be) |
Br

< 01— E)(ﬁkHAHka = 3¥|| + BellAZ" — bl| + Bull Alllex (w*, B)])
< 01— f—:)(ﬁvllz‘lllllwk = @¥|| + [[r2(@®, Bi) | + B | Allller (w”, B )1)-
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Therefore, from the above inequality and (33)-(35), we have
Jim Iy — 5" =o0. (36)
Similarly, from (5) (11) and z* € Z, we obtain

12 — 25|

2% = Pz[z" — npar(es(w®, Bi) + BuCer (w”, Bi))]|

31~ ZE)BuIC s (wh, B+ e A

From the above inequality and (34), we get
Jim |2 — 25| = 0. (37)

From (35)-(37) and the boundedness of the sequence {w*}, we can get that w™ is also a cluster point

T

of {@w*} .Therefore, there exists a subsequence {w*i} = (7% g*i z%)T converging to it. Without loss of

generality we call assume lhal
hIIl /; . = /;*.
]C]

Taking limit along such a sequence in (33), we have
[r1(w™, Bl = [lr2(w™, B[ = [[rs(w, B.)[| = 0.

So w® is a solution of VI(Q, W).
In the following we prove that the sequence {w*} has exactly one cluster point. Assume that  is

another cluster point of {w*}. Then we have
§:=||lw>® —w| > 0.
Because w™ is a cluster point of the sequence {w*}, there is a ko > 0 such that

]i}()_ oo <_
ko —w™)| < 5.

On the other hand, since {||w* —w>||} is monotonically non-increasing, we have ||w* —w>|| < ||w*o —w™||
for all k£ > kg, and it follows that

. . 1)
[w* =@ > fw>® =@l - Jw* —w*| > 50 7k 2 ko,

which contradicts the fact that @ is a cluster point of {w”*}. This contradiction assures that the sequence
{wk} converges to its unique cluster point w>, which is a solution of VI(Q,W). This completes the

proof. Q.E.D.
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4 Preliminary Computational Results

In this section, we illustrate the necessity and efficiency of our method. To this end, we also code the
algorithm proposed by Zhang and Han[6] and the algorithm proposed by Zhou, Chen and Han[11].
Example 4.1. The example used here is a modification of the test problem in paper[6], which

constraint set S and the mapping f are taken, respectively, as

5
S={zeR}|) x <10},
=1
and
f(z) = Mz + pC(z) + g,

where M is an R°*® asymmetric positive matrix and C;(z) = arctan(z;—2),i = 1,2, ---, 5. The parameter

p is used to vary the degree of asymmetry and nonlinearity. The data of example are illustrate as follows:

0.726 —-0.949 0.266 —1.193 -0.504
1.645 0.678 0.333 —0.217 —1.443
M = —-1.016 —-0.225 0.769  0.943 1.007
1.063 0.587 —1.144 0.550 —0.548
—0.256 1.453 —1.073 0.509 1.026

and
q = (5.308, 0.008 ,—0.938, 1.024, —1.312)".

Thus, in this experiment, A = 0,6 =0,C = (1,1,1,1,1),d = 10. For Algorithm 3.1, we take 8; = 0.06,
d = 1.35. For the method in [6], denoted by Zhang and Han’s method, we add slack variables z to
convert the inequality constraints to equality constraints and take 8 = 0.05, § = 1.35 when p = 10 and
Br = 0.06, § = 1.35 when p = 20. For the method in [11], denoted by Zhou, Chen and Han’s method,
we take 7 = 1.98, 4 = 0.4,v = 0.6, = 0.6. In this experiment, we take the stopping criterion ¢ = 1076,
2% = 0 as the initial point. All programs are coded in Matlab 7.1. ‘IN’ denotes the number of iterations
and ‘CPU’ denotes the CPU time in seconds.

The results in the Table 1 and Table 2 indicate that the performance of the Algorithm 3.1 is better
than that of Zhang and Han’s method and Zhou, Chen and Han’s method in terms of number of iteration.

Example 4.2. To show the advantage of the new alternating direction method for large scale prob-

lems, we implement Algorithm 3.1 to a set of spatial price equilibrium problem, which is a modification
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Table 1: Numerical results for p = 10.

Starting point Method IN CPU
Zhang and Han’s method 35 0.01
Zhou, Chen and Han’s method 31 0.01
(02.52.52.5 2.5) Algorithm 3.1 9 0.01
Zhang and Han’s method 38 0.01
Zhou, Chen and Han’s method 49 0.01
(25000 0) Algorithm 3.1 17 0.01
Zhang and Han’s method 46 0.01
Zhou, Chen and Han’s method 21 0.01
(10000 0) Algorithm 3.1 12 0.01
Zhang and Han’s method 35 0.01
Zhou, Chen and Han’s method 54 0.01
(10 0 10 0 10) Algorithm 3.1 9 0.01

of the problem in [5] by adding some inequality constraints, as follows:

minz Z(Cij%‘j + %hiszzj)'

i=1 j=1

n
s.t. E Lij :Si,i: 1,2,-~-,m,
j=1

me - d]v] = 1725' cy T,
i=1
Zi1 < 0'181'77; = 1727' T, M,
5 >0,0=1,2,---,m,j=1,2,--- .,
where s; is the supply amount on the ¢th supply market, i = 1,---,m and d; the demand amount on the
jth demand market, j = 1,---,n. ¢; € (1,100), h;; € (0.005,0.01), s; and d; are generated randomly
in (0,100) for all ¢ = 1,---,m and j = 1,---,n. We take B = 0.4, = 1.65 for Algorithm 3.1, and

Br = 0.2,0 = 1.6 for Zhang and Han’s method. The calculations were started with w® = 0 and stopped

when
[ (@", Bi)ll + 2 (@F, Bill + [|lrs(@*, Bi)|| < e,
for Algorithm 3.1. For Zhang and Han’s method, the stop criterion is

2 (u®, Bi) | + [lr2(u®, B < e,
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Table 2: Numerical results for p = 20.

Starting point Method IN CPU
Zhang and Han’s method 48 0.01
Zhou, Chen and Han’s method 45 0.01
(02.52.52.5 2.5) Algorithm 3.1 6 0.01
Zhang and Han’s method 51 0.01
Zhou, Chen and Han’s method 98 0.01
(25000 0) Algorithm 3.1 10 0.01
Zhang and Han’s method 51 0.01
Zhou, Chen and Han’s method 20 0.01
(10000 0) Algorithm 3.1 7 0.01
Zhang and Han’s method 50 0.01
Zhou, Chen and Han’s method 104 0.02
(10 0 10 0 10) Algorithm 3.1 7 0.01

where 1 (u*, B) and ro(u¥, Bx) is defined in [6]. The computational results are given in Table 3 for some
m and n. The numerical results given in Table 3 show that Algorithm 3.1 outperforms Zhang and Han’s

method, and it is attractive in practice.

5 Conclusions

In this paper, we observe a new descent direction at each iteration, and present a new alternating direction
method for co-coercive VI(f,S). Total computational cost of the method is very tiny provided that the
projection is easy to implement. Thus, the new method is applicable in practice. Under some mild
conditions, we proved the global convergence of the method. Some preliminary computational results

illustrated the efficiency of the algorithm.
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