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Abstract

In this paper, we study how changes in the coefficients of objective func-
tion, the coefficients matrix and the right-hand-side vector of constraints of
the fuzzy linear programming problems with the fuzzy order relation in the
objective function and the constraints under ranking function affect the fuzzy
optimal solution. We consider separate cases when changes occur in the data
of the problem and derive bounds for parameter when the data are perturbed,
while the fuzzy optimal solution is invariant. Finally, we obtain the optimal
value function with fuzzy coefficients in each case and the results are described
by some numerical examples.
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1 Introduction

The concept of decision making in fuzzy environment proposed by Bellman and Zadeh
for the first time in [1]. The use of this concept in mathematical programming was pro-
posed by Tanaka et al [9]. The first formulation of fuzzy linear programming (FLP)
was given by Zimmermann [14]. Afterwards, many authors considered various types
of FILP problems and proposed several approaches for solving these problems
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[2, 3, 5, 7]. One of these approaches for solving F'L P problems is based on the concept
of comparison of fuzzy numbers by use of ranking functions. In such methods authors
define a crisp model which is equivalent to the F'LP problem and then use optimal
solution of the model as optimal solution of the F'LP problem. The fuzzy dual
problem was defined by the help of parametric linear program and was showed that
the fuzzy primal and dual both have the same fuzzy solution under some suitable
conditions by Verdegay [10]. The fuzzy variable linear programming problem has
been explored by Zimmermann [15]. By using of certain linear ranking function for
ordering trapezoidal fuzzy numbers, defined the dual of a fuzzy linear programming
problem, then the duality results and complementary slackness have been given [8].

Sensitivity analysis is a basic tool for studying perturbations in optimization prob-
lems and it is one of the interesting researches in F'LP problems. Sensitivity analysis
in FLP was first considered by Hamacher et al [6], where a functional relation be-
tween changes of parameters of the right-hand-side and those of the optimal value of
the primal objective function was derived for almost all conceivable cases. Fuller [4]
showed that the solution to F'LP problems with symmetrical triangular fuzzy num-
bers is stable with respect to small changes of centers of fuzzy numbers. Perturbations
occur due to calculation errors or just to answer managerial questions “ What if ---7.
Such questions propose after the simplex method and the related research area refers
to as basis invariancy sensitivity analysis.

In addition, a lot of real-world problems have uncertainties in the data, coefficients
and/or parameters, which form the fuzzy environment, because they are a mixture of
measurements and perceptions, as described in [13]. In these cases, the values must
be estimated by a decision maker that knows about the problem. This vagueness
can be dealt with by stochastic process, approximate reasoning, chaos or fuzzy logic.
In this context, the concept of fuzzy linear programming emerges when uncertain
variables are used.

In this paper, we study basis invariancy sensitivity analysis for fuzzy linear pro-
gramming problems with uncertain variables when there exists an fuzzy order relation
under linear ranking function.

The paper is organized as follows: Section 2 states some basic concepts, namely,
basic feasible solution, ranking function and fuzzy linear programming. Section 3
shows study of the sensitivity analysis for fuzzy linear programming with fuzzy order
relation under ranking function, and obtaining lower and upper bounds for param-
eter when the problem data are perturbed. Any case is illustrated by an numerical
example.

2 Preliminaries

Let R denote the set of all real numbers. In this paper, a fuzzy number will be a
fuzzy set a : R — [0, 1] with the following properties:

1. The membership function uz(z) is piecewise continuous,
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2. a is fuzzy convex; that is, pz(Az + (1 — N)y) > min{ua(z), pa(y)}, Vo, y €
R and A € [0, 1],

3. There exist three intervals [a, b], [b, ¢| and [c,d] such that ugz is increasing on
[a,b], equal to 1 on [b, ¢|, decreasing on [c, d] and equal to 0 elsewhere.

The set of fuzzy numbers @ = (a”,a", , 8)1r, where X < a¥,a > 0,3 > 0 and
at,a¥, a, 3 € R will be denoted by F(R). The arithmetic operations between fuzzy
numbers, or fuzzy number and classical number is described as follows:

1. >0, z€R; =za=(va* za¥, za,zp),

2. <0, z€R;, za=(xa’ zal, —20,—x0),
3. a+b=(a"+b"a" +0V,a+ 7,3 +0).

In the sequel we define a ranking function that represents the fuzzy number by a
classical number.

2.1 Ranking function

One of the ways for solving mathematical programming problems in a fuzzy environ-
ment is to compare fuzzy numbers. The comparison between fuzzy numbers is done
by using a ranking function that attends some conditions described in [11]. An ap-
propriate approach for ordering the elements of F(R) is to define a ranking function
R : F(R) — R, which maps each fuzzy number into the real line, where a natural
order exists. Some orders on F'(R) are defined as follows:

1. a</b if and only if R(a)<R(b);
2. a</b if and only if R(a)<R(b);
3. a='b if and only if R(a)=R(b),

where @ and b belong to F(R), R is a ranking function, and the symbol “ </ ”
represents the fuzzy fuzzy order relation.

We will restricted our attention to linear ranking functions; that is, a ranking
function R such that

R(ka +b) = kR(a) + R(b), (1)

for any @,b € F(R) and any k € R.
According to this mind, we can choose a linear ranking function that satisfies
Equation (1) as

R(a) = cra® + cya” + coa + ¢, (2)
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where ¢y, cy, ¢, and cg are arbitrary constants. A special form of the above ranking
function was first proposed by Yager [12]:
a"+d¥ B-a

R(@) = ——+——. (3)

Remark 1. For any fuzzy number a, the relation a >f 0 holds, if there exist € > 0
and £ > 0 such that a >/ (—¢,¢,£,€). In this way, we have R(a) > 0 (we also assume
a = 0 if and only if R(a) = 0). Hence, without loss of generality, we consider
0 =(0,0,0,0) as a trapezoidal fuzzy zero.

2.2 Fuzzy linear programming

Consider the primal problem in standard form

min 2 =7 cF
st. Ar =T (FLP)
i >0,

with dual -
max W =7/ yb

st.  yA<g, (FLD)

where b € (F(R))™, A € R™ " ¢! € R" are data, & € (F(R))" and y € R™ are to be
determined, and R is a linear ranking function as defined by (3).

Definition 2. A trapezoidal fuzzy vector 2f~(~] is said to be a fuzzy feasible solution
for (FLP) if & satisfies the constraints Az =/ b.

Definition 3. A fuzzy feasible solution Z, is called a fuzzy optimal solution for (FLP)
if for all fuzzy feasible solutions Z, we have ¢z, </ ¢'z.

Definition 4. Let A be the coefficient matrix of the F'LP problem with full row
rank and B be a nonsingular sub-matrix m x m of A. Let {By,...,B,} C {1,...,n}
denote the index set of the columns of matrix B. Let N = {1,2,...,n} \ B. In this
case, vector & =/ (&5, #5)T =/ (B',0) is called a basic solution. If 5 >/ 0, then
the fuzzy basic solution Z is called a fuzzy basic feasible solution (FBF'S) and the
corresponding fuzzy objective value is equal to Z =/ cp¥p, where cg = (cp,,...,cB,, ).
Now corresponding to every index j, 1 < j < n, define z; = cgpy; = cgB~' A ;, which
A is jth column of A. Observe that for any basic index j = B;,1 < i < m, we
have B™'A ; = e; where e¢; = (0,...0,1,0,...,0)7, since Be; = A; and so we have

Zj—Cj:O.

In the following state a fundamental theorem which plays an important role for
sensitivity analysis in the F'LP problem.
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Theorem 5. (Optimality conditions [8]) Assume the F'LP problem with trapezoidal
fuzzy variables is mon-degenerate and B is a feasible basis. A fuzzy basic feasible
solution g =1 B_llN), in =1 0 is optimal to the FLP if and only if z; = CBB_lA,j <
c; forall 3,1 < 5 <mn.

3 Sensitivity analysis

Consider the primal problem (FLP). Suppose that the simplex method produced an
optimal basis B. We shall describe how to make use of the optimality conditions
in order to find new optimal solution if some of the problem data change without
resolving the problem from scratch. In particular the following variations in the
primal problem will be considered:

e Change in the cost vector c,
e Change in the right hand side vector b,
e Change in the constraint matrix A,

Addition of a new activity (trapezoidal fuzzy variable),

Addition of a new constraint.

3.1 Change in the cost vector c

Given an optimal basic feasible solution, suppose that the cost coefficient of the fuzzy
variable 7y is changed from ¢ to c;ﬁ, that c;i, = ¢ + AAcy. The effect of this change
on the final tableau will occur in the cost row. We are going to determine the A\ that
make the old solution be still optimal. Consider the following two separation cases:

Case 1: Ty, is a non-basic variable.

In this case cp is not affected, and hence z; := cgB~'A is not changed for any j.
Thus z — ¢, is replaced by z, — c}C. Now, to preserve optimality, we must have

2 — C;C = CBB_114.1C —cp — ANA\¢, < 0,

this implies

> T i Ay > 0
Ack
A ok, (4)
< if Ack <0

Ack ’

Hence for any change in ¢, satisfying (4), the current optimal solution remains opti-
mal and the value of the objective function also does not change since 7 =/ 0.
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Case 2: 7; is a basic variable, say z; := Tp, .

Let cp, be replaced by C/Bk = cp, + AAcp,. In this case the evaluations of z; :=
cgB™1A; for all non-basic variables are affected by any change in ¢, and we should
have

Z;—c;=cgB Aj—c; = (cp,,...,Cp .. 0p,) B A — ¢
T
kth
= CBBilA.j — ¢+ (O, RN /\ACBk, . ,O)BflA.j

= CBBilA.j —Cj + /\ACBk ZﬁkZAZJ <0, ] eN

i=1
where B! = (3;;). This implies that

(

> G 7: i , if ACB}C Z 6]ﬂAZ] <0
Acp, Z BriAij =
by S m (5)
< L , if Acp, ZﬁkiAi]’ >0
Acp, Z BriAij =
L i=1
Hence
mé}\}f({ Cjn: % : Acp, ZﬁkiAij < 0} <A<
J€ -
Acp, Z BriAij =
i=1 m (6)
mln{ G ; i : ACBk, Z 5’“141] > 0}
JeN i=1
ACBk Z ﬁkiAij -
i=1

Thus if (6) is satisfied, changes in ¢, will not affect the original optimal basis or the
value of the optimal solution. The only change will occur in the optimal value of the
objective function Z, and the new optimal value will be equal to

z = ¢B™ =! ¢gB7'0+(0,..., \cp,,...,0)B7'D

=/ Zy + )\ACBk Z 61%517

=1

where is a fuzzy linear function with respect to .
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Example 1. Consider the following fuzzy linear programming problem .
min 5 = _5:1 - ",%2 - 2533
s.t: 531+.f2+2i‘3+j4:f(58
T — Ty + a5 =/ (6,1
Ty + To+ T3 + Tg =7 (1,6

The final simplex tableau is given as follows

Basis i’l :i‘z i‘g i‘4 535 Ii@ R.H.S. R
F 0 0 0 -1 0 0 (-8,-552) -2
~ 1 1 1 5 5 29
€T3 5 5 1 2 0 0 (5,4,1,5) s
5 1 -1 0 0 1 0 (6,10,2,6) 9
B4 4 0 -5 01 (3389

The optimal solution is 7 =/ (0,0,0,0), 25 = (0,0,0,0), 75 =/ (2,4,1,3) and
z, = (=8,-5,5,2).

2 00 3 00
Here the matrix of the optimal basis is ( 010 ) and its inverse B~ = ( 0 1 0 ) .
1 0 1 0 1

If c3 = —2 — ¢ = —2 + 3\, then by using (6) we get
A <0,

and the optimal value function in this region is as follows

15 15
2A) = (=8,-5,5,2) + (5, 12,3, )\

3.2 Change in the requirement vector b

Since optimality condition, z; — ¢; < 0,Vj € N, does not depend on the requirement
vector, any change in the requirement vector does not affect the optimality condition.
It however affects the values of the basic variables and hence the value of the objective
function. Thus if the magnitude of the change in the requirement vector be such that
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it preserves the feasibility of the optimal basis, then the original optimal basis remains
optimal.

Let the requirement vector b be replaced by b = b+ A\Ab, where Ab is a constant
fuzzy vector. Then B~'b will be replaced by B~'b". The new right hand side can be
calculated without explicitly evaluating B~ This is evident by noting that

B~ =/ B7'b+ AB1Ab. (7)
For maintaining the feasibility, we must have
B0+ AB'Ab >1 0,
which this is equivalent to

R(B~'0) + AR(B~'Ab) = B"'R(b) + AB"'R(Ab) > 0,

where R(b) = (R(b1),...,R(bm))" and R(AD) = (R(Aby), ..., R(Aby)),

or

=1 =1

The last relation implies that

> BuiR(b:) .
> — T;:l , if Zﬁth(Agz) >0
> BuR(Ab;) =

i=1
> BuR(b:)
=1

A

< —-Z Y BuR(Ab) <0
> BuR(AD) =
=1

\

Thus the range for A for which the optimal basis remains optimal is

> BuR(b)
— > BuR(AD;) > O} <A<
> BiR(AL)
=1

max { —
1<h<m

> BriR(b:)
=1

i > BiR(Db) < 0}, 9)
> BR(Ab)

min { —
1<h<m
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The new solution of the problem is given by (7) and the value of the objective function
is a fuzzy linear function with respect to A:

2= cpB 7Y b+ AAD) = cgB7'b + Aep B Ab = 2, + Aeg BT AD.

Example 2. Consider Ezample 1. Let Ab =7 ((4,2,1,3),(3,2,5,2), (1,2,3,1))" be
perturbing direction, then by using (9) we get

max{—2 - } )\<m1n{}

Therefore, the stability range of optimal solution is

29 1
<A< =
146
and the optimal value function in this region is as follows

Z(\) = (=8,-5,5,2) + (=2, —4,3,1)\.

3.3 Change in the constraint matrix

We now discuss the effect of changing some of the entries of the constraint matrix
A. Two cases are possible, namely, changes involving non-basic columns and changes
involving basic columns.

Case 1: Change in the non-basic columns

Suppose that some of the non-basic columns A;,j7 € N; C N are replaced to
A] A+ AAA; j € Ny, that AA ;s are the perturbation vectors. Then the
new updated columns are

B™1A
(CBBIA )]GNl

It is clear that the feasibility condition is not distributed. To preserve the optimality
we must have,
z;—¢j = CBB_lAfj —¢j
—CBB_ (A +)\AA )
= (z; — ¢;) + AegB™ 1AA
<0, J € N1

This implies that
>4, if BilﬁA-<0,'€N
A - CBBflﬁA.j nep 7 / ' (10)
<—2 7 ifegB'AA; >0, €N
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Thus the range for A\ for which the optimal basis remains optimal is
Cj — Zj

I BT A < 0p <A<
%%T{CBBIAAJ > IS0psAs

11)
- G — & . ~1 , (

jem {cBBlAA,j caB T84, > 0}
Example 3. Consider Example 1. If Afl = A+ \AA; and Af4 = A, + \ANA,

where ANA; = (1,2, —1)" and AA, = (-3, 1, %) then by using (11) we have

1
0< A< =,
- 73
Case 2: Change in the basic column

In this part, our goal is to determine the lower and upper bounds for A\ which guar-
antee that the replacement Ay by Afk = A, + AANAL, k € B, does not affect the
optimal basis, and the original optimal solution Z, remains feasible and optimal. By
taking this replacement, the optimal basis B will be replaced with B := B+ AAA el
where e; is a unit vector. The inverse matrix Bis

B 'AA,et B!

—1
B =B1-—
1+ )\e’,;B—lAA_k
B'AA “ 12
= B_l —A m .kﬁk. ) 1+ )\ZﬁszAzk 7& 07 ( )
1+ AZﬁkiAAik =
i=1

by the Sherman-Morrison formulas, where B~ = (3;;) and . is the k-th row B~
This change of the basis matrix will affect the feasibility of vector z,. However, it
may affect the optimality condition and the optimal value of the objective function

Z. Therefore
—1

ig='B b
—1
_f (Bfl Y B mAAkﬁk [;
1+AY BulA;
2 3
—1
G — A B %A.kﬂk.b .
LAY By,
i=1
Now the i-th component of 75 is given by
i D BiAAR Y Biyby
- =1 v
(@g)i =Y by — A S L i=1,2,....m. (14)
j=1 1+AzﬁkzlAAllk
i'=1
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This new basic solution 2z will be feasible if

m ZBUAAMZ@W 5’

S Biby — A /=1 >0, i=1,2....m. (15)
=1 1+ /\Zﬁki'AAi'k

i'=1

Without loss of generality, assume that 1 + A Z By DA, > 0 and this implies

i'=1
>t i Y By DAy >0
Z Bri DAy, i'=1
A =1 m (16)
< i Y By DAy <0
Z Brir DAy, i'=1
\ i'=1

Due to (16), the relation (15) satisfies if

(Z@]b Zﬂ,ﬂ DAy, Z@JAAMZ% b ) = =3 Bibs
j=1

i'=1 =1

Hence for maintaining feasibility, we must have

- BuR(b) - ]Z B3 R(b;) (17)

j=1 o : o
e { == H>0p << min {—=5——: Hi<o},
where H; = Z BUR(Z)]) Z Byt DA, Z Bii A A, Z By R(b; (b.1) ., m.
J=1 i'=1 j'=1
Now, to preserve optimality, we must have
, — B IAA
Zj —¢ = CEB 1A.j —Cj=¢Cp <B71 - A po kﬁk >AJ —Cj
L+ XY By DAy,
i'=1
> Z Z coiiy DAy it A
=1 /_ i =
—z——A—1 <0, jEN. (18)
L+ A Z Brir DAy,
i'=1
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Since by (16), 1 + )\Zﬁki/AAi/k > 0, (18) reduces to

i'=1
)\((Zj —¢j) Z B DAy, — Z Z Z B, By AAj’kﬁki'Ai'j> < ¢ — % (19)
i'=1 =1 j'=1i'=1

Hence in order to maintain the optimality of the new solution, A must satisfies

cj

max{ JM <. Mj<0}§)\§m1n{ ]M

JEN j JEN j

where M; = (z; — ¢j) Zﬂki/AAi/k — Z Z Z By DA By Ay s J EN.
i'=1 =1 j'=1i=1
Therefore, we have proved the following theorem:

Theorem 6. If \ satisfies (16), (17) and (20) then Z, is an optimal solution of the
perturbed problem.

. M, > 0}, (20)

In the stability region of the Theorem 6, the optimal value function is a fuzzy
linear fractional function as follows

m m
i=1 j=1 j/—

Z Z Z ¢, 0ij A Ay By Nj’
1

FN) =Tz -\ —
L+A Z B DAy,
i'=1

Example 4. Consider Example 1. If A'y = A3+ AA 5, where NA 5 = (—}L, 0,—1)4
then by using the Theorem 6 we obtain the following interval for A\

0< <8,

and the optimal value function is a fuzzy linear fractional function as follows:

2(/\) =7 (_8a —9, 572) - $(578727 5)

3.4 Adding a new activity

Suppose that a new activity Z,,; with unit cost ¢, ; and consumption column a,
is considered for possible production. Without resolving the problem, we can easily
determine wether producing , 1 is worthwhile or not.

It is obvious that the original optimal solution is feasible to the modified prob-
lem. It also remains optimal if 2,41 — ¢,41 < 0. In this ways @5, =7 0. If however,
Zni1—Cny1 > 0, then Z,, 1 is introduced into the basis and the primal simplex method
may be applied to find an optimal solution to the modified problem.

268



Sensitivity analysis for fuzzy linear - - -

3.5 Adding a new constraint

Suppose that a new constraint is added to the problem after an optimal solution
has already been obtained. If the optimal solution to the original problem satisfies
the new constraint, it is obvious that it is also an optimal solution to the modified
problem. If it does not satisfy the new constraint, a new optimal solution has to be
found.

Suppose that B is the optimal basis before adding constraint ™'z </ lN)mH. The
corresponding tableau is shown below:

z + (CBB_lN — CN)ij :f CBB_IZND
ip+ B 'Niy = B7'b. (21)

The constraint @™ 'z </ b,,,; is rewritten as a%”lch + a%“f]\f + Zpe1 = bg1,

where @™+ is decomposed into (a3t a%t!) and 7, is a nonnegative slack variable.
Multiplying equation (21) by a;

"+ and subtracting from the new constraint gives the
following system:

zZ+ (CBB_IN — CN)flviN =7 CBB_li)
ip+ B 'Niy =/ B~
( K,H—l CL%H_IBilN)i'N + fin-i—l = Bm—i—l — ag—i_lBili).

These equations give us a basic solution of the new problem. The only possi-
ble violation of optimality of the new problem is the sign of - aB“B 1y, if
i1 — a? BT 1p >/ 0, then the current solution is optimal. Otherwise, if by —
aptt B 1b </ 0 then the dual simplex method [8] is used to restore feasibility.

Example 5. Consider the following fuzzy linear programming problem

min 7 =/ 63, + 102,

st —2F — big+ 13 =7 (=8, 552)
—31'1—4ZL‘2+$4 _f( ]_ 2)
xh .TQ, x37 I4 fo

The final simplex table is given as follows
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Final

Basis & Iy I3 4 R.H.S. R
20 0 - -l (cgmamay  w
g0 1 - F (REED w
i 1 0 ? _g (_%7%7%73_78> 1—76

The optimal solution is 7% =/ (—2,30 30 38) 7+ —f (—%,%,1—78,1—79) and the opti-

73 )7
mal value is equal to Z =/ (—%, @, @, 418)  Suppose that the constraint—}lil >f

7
(—=2,—1,3,7) is added to the problem, then

15
3 3 p—
ay —apBTIN = [_?’2_8]’
~ . 1 29 117 57
bs —abB7 0 = (—— = — ).
147147 14" 14
So we have the following tableaus:
Basis i’l 532 jg 534 i’5 RHS R
. 6 _ 10 62 300 360 418 267
z 01 = =7 0 (=F7%%) T
R N s
R L 5 5
. 1 5 129 117 57 1
o 00 =7 o 1 (i1 1) v
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Basis &1 &3 T3 T4 T3 R.H.S. R
200 0 S -6 R R
i 0 1 0 -1 -3 (-3 % 20 389 3
Fi01 0 0 0 4 (4882040152 9
B0 1 ) T CRaEH)

4 88 264 152) sk _f (_97 27 207 389)7

=, 50), x5 = 207

T T T T 140 140 140 14
_ 149 303 531 @)

iy =7 (—2—29, %, 57 117y and the optimal value is equal to * =/ ( =, 5, o, B

4

2772

Conclusion

The fuzzy linear programming problems with fuzzy variables are proposed by using
ranking function in this paper. We then addressed the basis invariancy sensitivity
analysis under ranking function, and obtained lower and upper bounds for parameter.
Finally, we showed that the optimal value function is a fuzzy linear or a fuzzy linear
fractional function.

References

1]

2]

(6]

Bellman, R.E. and Zadeh, L.A., Decision making in a fuzzy environment, Man-
agement Sci., 17 (1970) 141-164.

Delgado, M., Verdegay, J. L. and Vila, M. A., A general model for fuzzy linear
programming, Fuzzy Sets and Systems, 29 (1989) 21-29.

Fortemps, P. and Roubens, M., Ranking and defuzzification methods based on
area compensation, Fuzzy Sets and Systems, 82 (1996) 319-330.

Fuller, R., On stability in fuzzy linear programming problems, Fuzzy Sets and
Systems, 30 (1989) 339-344.

Ganesan, K. and Veeramani, P., Fuzzy linear programming with trapezoidal fuzzy
numbers, Ann. Oper. Res. 143 (2006) 305-315.

Hamacher, H., Leberling, H. and Zimmermann, H.-J., Sensitivity analysis in
fuzzy linear programming, Fuzzy Sets and Systems, 1 (1978) 269-281.

271



[10]

[11]

[12]

[13]

[14]

[15]

B. Kheirfam, F. Hasani

Inuiguchi, M., Ramik, J.,; Tanino, T. and Vlach, M., Satisficing solutions and
duality in interval and fuzzy linear programming, Fuzzy Sets and Systems 135
(2003) 151-177.

Mahdavi-Amiri, N. and Nasseri, S.H., Duality results and a dual simplex method
for linear programming problems with trapezoidal fuzzy variables, Fuzzy Sets and
Systems, 158(2007) 1961-1978.

Tanaka, H., Okuda, T. and Asia, K., On fuzzy mathematical programming, J.
Cyber, 3 (1984) 37-46.

Verdegay, J. L., A dual approach to solve the fuzzy linear programming problems,
Fuzzy Sets and Systems, 14 (1984) 131-141.

Wang, X. and Kerre, E., Reasonable properties for the ordering of fuzzy quantities
(part 2), Fuzzy Sets and Systems, 119 (2001) 375-405.

Yager, R.R., A procedure for ordering fuzzy subsets of the unit interval, Inform.
Sci., 24 (1981) 143-161.

Zadeh, L. A., A new direction in ai: Toward a computational theory of percep-
tions, Al Magazine 22(1) (2001) 73-84.

Zimmermann, H. J., Fuzzy programming and linear programming with several
objective functions, Fuzzy Set and Systems, 1(1978) 45-55.

Zimmermann, H. J., Applications of fuzzy sets theory to mathematical program-
ming, Inform. Sci., 36 (1985) 29-58.

272



