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1 Introduction

Entropy optimization models have been successfully applied to practical problems in many
scientific and engineering disciplines. Those disciplines include Information Theory ( [12],
[15] ), Statistical Mechanics [13], Thermodynamics, Statistical Parameter Estimation and
Inference, Economics, Business and Finance, Non-linear Spectral Analysis, Patter Recog-
nition [20] , Urban and Regional planning, Queueing Theory and Linear Programming.
Here we discuss about Entropy Optimization model in the area of two person zero-sum
matrix game.

Game theory has a remarkable importance in both Operations Research and Systems En-
gineering due to its great applicability. Many real conflict problems can be modelled as
games. However, the encountered conflict problems in economical, military and political
fields become more and more complex and uncertain due to the existence of diversified
factors. This situation will bring some difficulties in application of classical game theory.
To remove this difficulties, we have been employed the entropy on two person zero-sum
matrix game.

Many algorithms have been proposed for solving the constraint maximum entropy or
minimum cross-entropy problem. Better known algorithms include Bregman’s ( [3], [7] )
method, MART (Multiplicative Algebraic Reconstruction Technique), Newton’s method
(9], [8], [1] ), the Generalized Iterative Scaling Method ( GISM ) and the interior-point
methods. Fang and Tsao [10] proposed an unconstrained dual method for optimizing
entropy subject to linear constraints. Here we will derive the theory in detail and the
K.K.T. conditions have played important role in developing solution for this model and

provide numerical results without the help of above methodologies.
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2 Mathematical Model

In a matrix game, assume that s; = {a, ag,...a} and so = {01, B2, ... B} be the set
of pure strategies for player I and player II, respectively. A payoff matrix of the player I

and II are defined as follows:

a1 a2 ... Qip
921 A9 ... QA9
A= (1)
L Am1 Am2 ... Gmp ]

Let the mixed strategies for player I and II are

y={yi, v, Y} (2)
and
z = {21,22,...Zn}T (3)

Then from our classical game theory, we can determine an optimal strategy y of player I

which is the solution of the following linear programming model.

Model 1
: 1 &
min: —=)>» Y (4)
vooi=
subject to
Zain;ZL j:172a"'7n (5)
i=1
Yi=% >0, i=1,2...,m (6)
v

Similarly, an optimal strategy z of the player II is the solution of the following linear

programming model.
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Model 2
1 n
max: — = ZZj (7)
W
subject to
ZamZJSL z:1,2,,m (8)
i=1
Zi .
Zi=—2>0, j=1,2,....n (9)
w

By the duality theorem of the linear programming, the maximum value of v will be equal
to the minimum value of w. This value represents the value of the matrix game. Again
each player is interested in making moves which will be as surprising and as uncertain to
the other player as possible. For this reason, the two players are involved in maximizing
their entropies or involved in minimizing their cross-entropies. The mathematical form of

entropies are as follows:

Hy ==Y, In(Y) (10)
Hy = —izj In(Z,) (11)

And the mathematical form of cross-entropies are as follows:

¢\ Yi
i=1 %
¢\ Zj
15 =37, n(2) (13)
j=1 pj
where {p},i =1,2,...,m and {p9,j = 1,2,...,n are the given priori distribution and, in

the absence of it, they are follows uniform probability distribution.
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2.1 Entropy Optimization Models

Let us first established the entropy optimization model for maximization type by consid-
ering following principle.

“ Out of all possible distributions that are consistent with moment constraint, choose one
that has the maximum entropy’. This principle was proposed by Janes [?] and has been
known as Principle of Maximum Entropy or Janes’ Maximum Entropy principle. From
this point of view, we formulated a new mathematical model namely Entropy Optimiza-
tion Model on two person zero-sum matrix game in which the entropy function of the
matrix game has been considered to the objective function. The entropy optimization

model for player II is represented as follows.

Model 3
max: Ho=-Y_Z;In(Z;) (14)
j=1
subject to
aiZ; <1, i=1,2,...,m (15)
i=1
Zi .
Zi=—2>0, j=1,2,....n (16)
w

Similarly we established the entropy optimization model for the minimization type by
considering following principle.

‘Out of all probability distributions satisfying the given moment constraints, choose the
distribution that minimizes the cross-entropy with respect to the given priori distribution
and, in the absence of it, choose the distribution that minimizes the cross-entropy with
respect to the uniform distribution’. This principle was proposed by Kullback-Leibler [15]

and has been known as Principle of Minimum Cross Entropy or Kullback-Leibler’s
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Minimum Cross Entropy principle. From this point of view, we formulated a new math-
ematical model namely Entropy Optimization Model on two person zero-sum game in
which the entropy function of the matrix game has been considered to the objective func-
tion. The Entropy Optimization Model for player I is represented as follows.

Model 4

Y
subject to
a;>1, j=1,2,....n (18)
i=1
vi=% >0 i=12..m (19)
v
where {p?,i = 1,2,...,m is the given priori distribution and, in the absence of it, it is

uniform probability distribution.

3 Solution Procedure

Model 3 is non-linear programming model with concave objective function and con-
vex feasible region so the the K.K.T. conditions must gives optimum solution, which is

maximum. For this purpose we construct the Lagrangian of this model is as follows.

=1 j=1
where R = (r1, 79, ...,7,) is Lagrange multipliers and S = (s, S, . . ., S )associated with

constraints (15). The optimality condition gives
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Zi=exp(—1=> ayry), j=12,...,n (21)
aiZ; <1, i=1,2,...,m (22)
=1

ri(d> aijZ; —1) =0, i=1,2,....m (23)
=1

>0, i=1,2,...,m (24)

Z; >0, j=1,2,....n (25)

Hence the objective function (14) is maximum for those values of Z and R which satisfy
the relation (21) - (25). After that we determine the value of the game namely v and the
optimal strategy z for player II. But this relations (21)-(25) give implicit relation so it is
not easy to determine Z. There are various methods available to determine the solution
but to solve equation (21)-(25)we use Lingo package to obtain the solution by considering

the following model.

Model 5

max: L(Z,R,S) ZZ In(Z Z Zaw —1+s) (26)
=1

subject to

Z; =exp(—1— Zai]rl ji=12,...,n (27)
=1
aiZy <1, i=1,2,...,m (28)
i=1

> a 0, i=1,2,...,m (29)
>0, i=1,2,...,m (30)
Z;>0, j=1,2,....n (31)

After calculating Z; from Model 5 say Z7 we determine the value of game v* and optimal

strategy z* for player II by the following relation.
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—~=>.7; (32)

i =v'Z;, j=12,....,n (33)

Similarly to solve Mlodel 4 it is clear that, the Model 4 is non-linear programming model
with convex objective function and convex feasible region so the the K.K.T. conditions
must gives optimum solution, which is minimum. For this purpose we construct the

Lagrangian of this model is as follows.

Y n m
L1(Y,T,U) ZYln O > 40 ayY; —1+u)) (34)
p; j=1 1=1
where T' = (11, ts, . ..,t,) is Lagrange multipliers and U = (uy, ua, . . ., u,)associated with

constraints (18). The optimality condition gives

n

:p?exp(Zaijtj—l), 1=1,2,...,m (35)
Za”}/;zl, j:1,2,,n (36)
=1

t,>0, j=1,2,...,n (38)
Yi>0, i=12,...,m (39)

Hence the objective function (17) is minimum for those values of Y and 7" which satisfy
the relation (35) - (39). After that we determine the value of the game namely w and the
optimal strategy y for player 1. But this relations (35)-(39) give implicit relation so it is
not easy to determine Y. There are various methods available to determine the solution
but to solve equation (35)-(39)we use Lingo package to obtain the solution by considering

the following model.
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Model 6

min : L1(Y,T,U) Zym g th(Zaini—Hu?) (40)
b; j=1 i=1

subject to
exp Zaijtj , 1=1,2,....m (41)
Zal]}/;' > 17 J = 1727 y TV (42)

=1

Zau =0, =12, ) T (43>
t; >0, j=1,2,....n (44)
Y; >0, i=1,2,....m (45)

After calculating Y; from Model 6 say Y," we determine the value of game w* and opti-

mal strategy y* for player I by the following relation.

-y (16)

yr=wYr, i=12,...,m (47)

4 Numerical Example

Let us consider a matrix game as follows:

9 1 4
A= 06 3 (48)
5 2 8

Then from Model 5 we get the following non-linear model.
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Model 7
max: L(Z,r,5S) ZZ In(Z;) — (92, + 1Zy + 473 + 57 — 1)
—1r9(0Z1 + 62, + 323 + 85— 1) —13(5Z1 + 27y + 875 + s5 — 1)

subject to

Zy = exp(—1 —9r; — bry)

Zy = exp(—1 —ry — 6ry — 2r3)
Zs = exp(—1 — 4r; — 3ry — 8r3)
071+ 12, + 4725 —1 <0

0241 +62,+3Z25—-1<0

57y + 27,4823 —-1<0
(921 +1Z,+4Z3—-1) =0
r2(0Z) + 625 + 375 — 1) = 0
r3(bZ1 + 225+ 823 —1) =0
r >0, i=1,2...,3

Z;>0, j=1,2,...,3

Equation (32) and (33) becomes the following relation.

1
E:Z1+ZQ+Z3

2] = v 2y
* * *
2o =V L
* ok 7k
2a =V 2,

And from Model 6 we get the following non-linear model.
Model 8

min:  L1(Y,T,U) ZYln ) — 1 (9Y) + 0V, 4 5Ys 4 42 — 1)

—t2(1Y1+6Y2+2Y3+u2—1)—t3(4Y1+3Y2+8Y3+u§—1)
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subject to

Yy = plexp(—1+ 9t + ty + 4t3)
Yy = pyexp(—1 + 6ty + 3t3)

Y3 = pYexp(—1+ 5t; + 2tYs + 8t3)
9Y1 +0Y, +5Y5—12>0

1Y, 4+ 6Y, + 25 — 1 > 0

41 +3Y, +8Y3—1>0

uy (9Y; + 0 + 5Y3 — 1) =0
ug(1Ys +6Y2 +2Y5—1) =0
uz(4Y; +3Y2+8Y5—1) =0
t,>0, j=1,2,...,3

Y; >0, 1=1,2,...,3

Equation (32) and (33) becomes the following relation.

1
— =21+ Zy+ Z3

*

* X\ *
y; = w'Y)
* ok F
Yo = W'Y,
* * ok
Y3 = w'Y;

4.1 Result

Since the the non-linear Model 7 and Model 8 are not easy to solve by any linear

programming technique. So using Lingo 9.0 package the optimal solution for player II

and player I can be represented in the following Table-1.
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value of game | optimal strategy
v* =3.791667 | z* = (0.2916667,0.5555556, 0.1527778)
w* = 3.791667 | y* = (0.375,0.5416666, 0.083333333)

Table - 1

4.2 Comparision

We solve Model 1 and Model 2 by linear programming method, we get the results in
the following Table-2.

value of game | optimal strategy
v* =3.791667 | z* = (0.2916667,0.5555556, 0.1527778)
w* = 3.791667 | y* = (0.375,0.5416666, 0.083333333)

Table - 2

5 Conclusions

The application of entropy optimization for two-person zero-sum matrix game problem
has a vibrant research area. The entropy optimization model is non-linear model whose
objective function is also an entropy function. In this model the objective function is con-
cave function and feasible region is convex function, so the K.K.T. optimality conditions
assure us that both the models must have optimal solutions. Here, it is obvious that the
entropy optimization model on matrix game gives identical results with classical game

model which are highly significant.

268



An approach to solve two-person matrix game via entropy

References

1]

[10]

Agmon, N., Alhassid, Y., and Levine An Algorithm for Determining the Lagrange
Parameters in the Maximal Entropy formalism, The Mazimum Entropy Formalism,
edited by R. D. Levine and M. Tribus, MIT Press, Cambrige, Massachusetts, 1979,
207-209.

Bishop, Y.M.M., Full Contingency Tables, Logits, and Split Continger Tables,
Biometrika, 25,(1969), 339-383.

Bregman, L.M., The RElaxation Method of Finding the Common Point o Convex Sets
and Its Application to the Solution of Problems in Convex Programming, U.S.S.R.
Computational Mathematics and Mathematical Physics, 7,(1967), 200-217.

Censor, Y., Row-Action Methods for Huge and Sparse Systems and their Applicatons,
SIMA Review, 23, (1981), 444-466.

Censor, Y., On Linearly Constrained Entropy Maximization, Linear Algebra and Its
Applications, 80, (1986) 191-195.

Chandan Bikash Das and Sankar Kumar Roy, Fuzzy Based GA to Multicriteria Entropy
Matrix Game, The Journal of Fuzzy Mathematics, (2009) To Appear.

Elfving, T, On Some Methods for Entropy Maximization and Matrix Scaling, Linear
Algebra and Its Applications, 34, (1980), 321-339.

Eriksson J.R., A Note on Solution of Large Sparse Maximum Entropy Problems with
Linear Equality Constraints, Mathematical Programming, 18, (1980), 146-154.

Erlander, S., Entropy in Linear Programming, Mathematical Programming, 21,
(1981), 137-151.

Fang, S. C., Rajasekera, J. R., and Taso, H. S. J., Entropy Optimization and Mathemat-
ical Programming, Kluwer Academic Publishers, Boston/London/Dordrecht, 1997.

269



[15]

[16]

[17]

[18]

[19]

[20]

C.B. DAS and S. K. Roy

Grandy W. T. Jr., and Schick, L. H., editors Procedind of the 10** International Work-
shop on Maximum Entropy and Bayesian Methods, Kluwer Academic Publidhers,
Dordrecht, The Netherlands, 1991.

Guiasu, S., Information Theory with Applications, McGraw-Hill, New York, 1977.

Jaynes, E.-T., Information Theory and Statistical Mechanics II, Physics Review, 108,
(1957), 171-190.

Kapur J. N., Maximum Entropy Models in Science and Engineering, Revised edition.

Wiley Fastern Limited, New Delhi, 1993.
Kullback, S., Information and statistcs, John Wiley, New York 1959.

Lomond, B., and Stewart, N.F., Bregman’s Balancing Method, Transportation Re-
search Part B, 15B, 1981, 239-248.

Roy, S.K., Fuzzy Programming Approach to Two-person Multicriteria Bimatrix
Games, The Journal of Fuzzy Mathematics, 15(01), (2007), 141-153.

Sankar Kumar Roy and Chandan Bikash Das, Genetic Algorithm Approach to Entropy
Matrix Game via Fuzzy Programming, AMO-Advanced Modelling and Optimization,
Vol. 11, No.4, (2009), 349-365.

Sankar Kumar Roy and Chandan Bikash Das, Fuzzy Based Genetic Algorithm to Mul-
ticriteria Entropy Matrix Goal Game, Journal of Uncertain Systems, Vol. 3, No.3,
(2009), 201-2009.

Smith, C.R. and Grandy, W.T., editors, Maximum- Entropy and Baysian Methods in
Inverse Problems, D. Reidel Publishing Company, Dordren, Holland, 1985.

270



