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Abstract. In this paper, a new predictor-corrector method is proposed for solving sufficient
linear complementarity problems (LCP) with an infeasible starting point. The method generates a
sequence of iterates in a wide and symmetric neighborhood of the infeasible central path of the LCP.
If the starting point is feasible or close to being feasible, then an e-approximate solution is obtained
in at most O((1 + k)nL) iterations. For a large infeasible starting point, the iteration complexity is
o((1 +/{)2n3/2L). The algorithm also converges Q-quadratically to zero for nondegenerate problems.
We also present a variant of the original algorithm which does not depend on &.
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1. Introduction. Interior-point methods play an important role in modern math-
ematical programming. These methods have been used to obtain strong theoretical
results and they have been successfully implemented in software packages for solving
linear (LP), quadratic (QP), semidefinite (SDP), and many other problems. Today,
interior point methods not only have polynomial iteration complexity but are also the
most effective methods for solving large scale optimization problems. These methods
have provided the first polynomial-time algorithms for solving linear programming
and other classes of convex optimization problems. Polynomiality is proved by show-
ing that the duality gap converges to zero with the global linear rate of at most
(1 —¢/nP). This implies that the duality gap can be reduced to less than 27% in at
most O(nPL) iterations. The best complexity result to date has p = 1. However the
practical performance of interior-point methods is better than the one indicated by
these complexity results. This is explained in part by the superlinear convergence.

Zhang, Tapia and Dennis [31] gave sufficient conditions for a class of interior-
point methods, in order to produce a sequence of iterates with duality gap converg-
ing superlinearly to zero but their algorithm did not have polynomial-time complex-
ity. The results of [31] were generalized for LCP in [32]. The first interior-point
method having both polynomial-time complexity and superlinear convergence was
the predictor-corrector method of Mizuno, Todd and Ye (MTY) [12]. This algorithm
is for LP and has O(y/nL) iteration complexity. After that, Ye et al. [30], and in-
dependently Mehrotra [10], proved that the duality gap of the iterates produced by
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92 Infeasible predictor-corrector in wide and symmetric neighborhood

MTY converges quadratically to zero. MTY was generalized to monotone linear com-
plementarity problems (LCP) in [6], and the resulting algorithm was proved to have
O(y/nL) iteration complexity under general conditions, and superlinear convergence
under the assumption that the LCP has a (perhaps not unique) strictly complemen-
tary solution (LCP is nondegenerate) and the iteration sequence converges. From [2]
it follows that the latter assumption always holds. Ye and Anstreicher [29] proved
that MTY converges quadratically assuming only that the LCP is nondegenerate.
The nondegeneracy assumption is not restrictive, since according to [13] a large class
of interior point methods, which contains MTY, can have only linear convergence if
this assumption is violated.

Feasible interior point methods start with a strictly feasible interior point and
keep feasibility during the algorithm. The problem with this approach is that finding
a feasible starting point turns out to be a computational expensive process. The big
advantage of infeasible interior point methods is that they don’t require any special
starting point. They start with an arbitrary positive point and feasibility is reached
as optimality is approached. In [12, 30, 10, 6, 29] one assumes that the starting point
for the MTY algorithm is strictly feasible. A generalization of the MTY algorithm
for infeasible starting points was proposed in [14, 15] for LP, and in [16, 23] for
monotone LCP. The methods from [16, 23] are both predictor-corrector algorithms
and they use the small neighborhood of the central path. The algorithm proposed
in [16] requires two matrix factorizations and at most three backsolves per iteration.
Its computational complexity depends on the quality of the starting point. If the
starting point is large enough, then the algorithm has O(nlL) iteration complexity
and if a certain measure of feasibility at the starting point is small enough, then the
algorithm has O(y/nL) iteration complexity. At each iteration, both feasibility and
optimality are reduced at the same rate. Moreover, the algorithm is quadratically
convergent for nondegenerate problems. The MTY predictor-corrector algorithm was
extended for feasible P.(x) linear complementarity problems in 1995 by Miao [11].
His algorithm depends on k, uses the small neighborhood of the central path, has
O((1+k)y/nL) iteration complexity and is quadratically convergent. For Py (k) linear
complementarity problems, MTY was extended for the infeasible case, in [7]. This
algorithm depends on «, uses the small neighborhood of the central path, requires two
matrix factorizations and only two backsolves per iteration. Of course, its complexity
depends on the quality of the starting point. If the starting point is ”large enough”,
then the algorithm has O((1 + k)?nL) iteration complexity and if the starting point
is feasible or close to being feasible, then the algorithm has O((1 + x)/nL) iteration
complexity. Moreover, the algorithm is quadratically convergent for nondegenerate
problems. Using a special type of large neighborhood which is still contained in N,
Potra and Sheng [20] where able to improve the results from [7] in the following
way. They obtained an infeasible algorithm which is independent of x and when it
approaches the solution, it requires only one matrix factorization per iteration. All
the other complexity and superlinear convergence properties of [7] are also satisfied.
We also mention that in a recent paper [22], Salahi, Peyghami and Terlaky study
the complexity of an infeasible interior point algorithm only for (LP), using a special
type of large neighborhood based on a specific self-regular proximity function. Their
algorithm has O(n®/?logn log (n/¢)) iteration complexity which is slightly worse than
the one we obtain in this paper. Using the large neighborhood, Potra and Liu [18]
developed a feasible interior point algorithm which generalizes [17] for P, (k) problems.
The first order version of this algorithm has O((14x)nL) complexity for general Py (k)
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problems and is quadratically convergent for nondegenerate problems. This algorithm
depends explicitly on x, but they also gave a variant which does not depend on k and
has the same properties.

Although theoretical results are better for algorithms which use small neighbor-
hoods, it turns out that in practice those which use wide neighborhoods perform
better. This is one of the paradoxes of the interior point methods because algorithms
which use large neighborhoods of the central path are usually more difficult to anal-
yse and, in general, their computational complexity is worse than the corresponding
one for algorithms using smaller neighborhoods. Recent studies made by Colombo
and Gondzio [4] revealed that better practical performance are obtained when the
symmetric and wide neighborhoods are used. Practical experience suggests that one
of the reasons why these algorithms are so efficient is the way in which the quality
of centrality is assessed. By centrality we refer here to the way in which the com-
plementarity products z;s;,7 = 1,...,n are spread. Large discrepancies within the
complementarity pairs (bad centering) create problems for the search directions. An
unsuccessful iteration is caused not only by small complementarity products, but also
by very large ones. The notion of spread in complementarity products is not well
characterized by either the small (M) or the wide (M) neighborhoods commonly
used in the theoretical development of interior point algorithms. To overcome this
disadvantage, Colombo and Gondzio used a variation of the usual wide neighborhood,
in which they introduced an upper bound on the complementarity pairs. We will use
this type of neighborhood of the central path in this paper. We refer to it as the wide
symmetric neighborhood and we denote it by /\7;. Infeasible interior point methods
for LCP in symmetric neighborhoods were first considered by Bonnans and Potra
in [3]. While the wide neighborhood ensures that some products do not approach
zero too early, it does not prevent them from becoming too large with respect to the
average. On the other hand, the wide symmetric neighborhood ensures the decrease
of complementarity pairs which are too large, thus taking better care of centrality.
These wide symmetric neighborhoods are bigger than N2 and smaller than N. So
in the present paper we will obtain a complexity which is worse than the one in [16],
where the small neighborhood is used, and at least the same as the one in [18], where
they use a large neighborhood.

This paper will generalize the results from [18] for the infeasible case, but using
the wide and symmetric neighborhood of the central path. We improve the existing
results from the following points of view. The algorithm which will be presented is an
infeasible one, which means that we can choose any initial positive starting point for
it. It uses the wide and symmetric neighborhood which is a big advantage because
recent results have proved that algorithms which use this type of neighborhoods have
better numerical results than the ones which use the classical wide neighborhood of
the central path. The algorithm has O((1+ k)nL) iteration complexity if the starting
point is feasible or close to being feasible. For large infeasible starting points the
algorithm has O((1 + /<;)2n3/ 2L) iteration complexity. Moreover, the algorithm con-
verges quadratically for nondegenerate problems. This algorithm depends explicitly
on k, but we will also present a variant of it which does not depend on x and has the
same properties. In this paper we work on sufficient horizontal linear complementarity
problems, P,(x) (HLCP), basically because of their symmetry. These problems are
slight generalizations of the standard linear complementarity problem. Equivalence
results for different variants of linear complementarity problems can be found in [1].



94 Infeasible predictor-corrector in wide and symmetric neighborhood

Conventions. We denote by IN the set of all nonnegative integers, and IR, R,
IR, , denote the set of real, nonnegative real, and positive real numbers respectively.
Given a vector x, the corresponding upper case symbol X denotes the diagonal ma-
trix X defined by the vector x. The symbol e represents the vector of all ones with
appropriate dimension.

We denote component-wise operations on vectors by the usual notations for real
numbers. Thus, given two vectors u and v of the same dimension, uv, u/v, etc.
will denote the vectors with components u;v;, u;/v;, etc. This notation is consistent
as long as component-wise operations always have precedence in relation to matrix
operations. Note that uv = Uv and if A is a matrix, then Auv = AUwv, but in
general A (uv) # (Au)v. Also, if f is a scalar function and v is a vector, then f(v)
denotes the vector with components f(v;). For example, if v € IR} and A € IR,
then /v denotes the vector with components /v;, and A — v denotes the vector with
components A —v;. Traditionally the vector A—v is written as Ae —v. If ||.|| is a vector
norm on IR™ and A is a matrix, then the operator norm induced by ||.|| is defined by
|A]| :== max{||Az| : ||z|| = 1}. As a particular case we note that if U is the diagonal
matrix defined by the vector u, then || U |[,=|l |-

If 2 and s are vectors in IR"™ and 7 is a scalar in IR, then the vector z € IR*"
obtained by concatenating x and s is denoted by z = [, s | = [:UT, sT]T, the mean

value of s is denoted by p(z) := (z7's)/n, and [z, s, 7] := [2T, sT, T]T.

2. The sufficient homogeneous linear complementarity problem. Given
two matrices @ and R in IR™*", and a vector b in IR", the horizontal linear comple-
mentarity problem (HLCP) is finding a pair of vectors z = [ x, s | such that

zs = 0
Qr+Rs = b (2.1)
z,s > 0.

The standard (monotone) linear complementarity problem (SLCP or simply LCP)
corresponds to the case where R = —I, and (@ is positive semidefinite. Let x > 0 be
a given constant. We say that (2.1) is a P.(x) HLCP if

Qu + Rv = 0 implies (1 + 4k) Z uiv; + Z u;v; > 0, for any u,v € R", (2.2)
€T+ €T~

where Zt = {i : u;u; > 0} and Z= = {i : u;v; < 0}. If the above condition is satisfied,
then we say (Q,R) is a P.(x) pair and write (Q, R) € P.(x). In the case R = —I,
(Q,—1I) is a P.(k) pair if and only if @ is a P.(x) matrix, that is,

(1+4k) Z z;[Qx); + Z z;[Qz]; >0, VoelR",
iel+ i€l-
where 7+ = {i : 2;[Qz]; > 0} and T~ = {i : 2;[Qx]; < 0}. Problem (2.1) is then
called a P, (x) LCP and it is extensively discussed in [8]. If (Q, R) belongs to the class
P, = |JPu(r),
k>0

then we say that (Q,R) is a P, pair and (2.1) is a P, HLCP. The handicap of a
sufficient pair (Q, R) is defined by x(Q, R) = min{x : x > 0,(Q, R) € P.(x)}.
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The class of sufficient matrices was defined by Cottle et al. in [5]. The appropriate
generalization to sufficient pair [25, 26] is in terms of the null space of the matrix

Q B € <
P:=N(QR])={[u,v]: Qu+ Rv=0} (2.3)
and its orthogonal space
ot ={[u,v]: u=Q"x, v=R"z, for somez e R"} . (2.4)
The pair (Q, R) is called column sufficient if
[u,v] € P, wv <0 implies uv =0,
and row sufficient if
[u,v]| € ®, wv >0 implies uv = 0.

(Q, R) is a sufficient pair if it is both column and row sufficient. The corresponding
results of row and column sufficient matrices in [5] can be extended to row and column
sufficient pairs: (Q, R) is a sufficient pair if and only if for any b, the HLCP (2.1) has
a convex (perhaps empty) solution set and every KKT point of

min 27s
st. Qr+ Rs=b>
z,8 >0

is a solution of (2.1).

Viliaho’s result [27] states that a matrix is sufficient if and only if it is a P.(k)
matrix for some x > 0. The result can be extended to sufficient pairs by using the
equivalence results from [1] (see also [24]): (Q, R) is a sufficient pair if and only if
there is a finite K > 0 so that (@, R) is a Pi(k) pair. By extension, a P, HLCP will
be called a sufficient HLCP and a P, pair will be called a sufficient pair.

Let us note that if (Q, R) is a sufficient pair, then the matrix [@ R] is full rank.
In fact, we have the following slightly stronger result.

THEOREM 2.1. (/9]) If Q and R are two n X n matrices such that the pair (Q, R)
is column sufficient, then the matriz [Q R] is full rank.

The above theorem is important for obtaining analyticity of weighted central
paths defined by the following system

s = Tp,
Qz+ Rs=b— b,

where p € R, and b € R is a suitable perturbation vector. For HLCP, we define
the set of feasible points by

Fi={z=[xzs] € R¥ : Qv+ Rs=1b}. (2.5)

The relative interior of F, which is also known as the set of strictly feasible points or
the set of interior points, is given by

FO=F (R, .
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Also, related to the weighted central path, we define the set
Fp={[z7]=[xs71|€RY" : Qv+ Rs=0b— b}, (2.6)

which we assume nonempty.
The set of solutions (or the optimal face) of HLCP is defined by

Fr={z"=TJa" s | eF:z"s" =0} (2.7)

A solution [z*, s* | € F* of HLCP is called strictly complementary if * + s* > 0.
The set of all strictly complementary solutions is denoted by

Fe={z"=[a" s | €eF": "+ >0}

Not every HLCP has a strictly complementary solution. HLCP is called nondegenerate
if it has a strictly complementary solution. Otherwise, it is called degenerate.
We introduce the following parameter

0, if the HLCP is nondegenerate
o=
1, if the HLCP is degenerate.

to present the result of Stoer and Wechs [25] which will be used in the analysis of our
algorithm.

THEOREM 2.2. ([25]) Let HLCP be sufficient and let o be defined as above.
Assume that F* # 0 and that there exists z such that [z, 7| € Fy; for some 7 > 0
and b in R™. Then the system

z(t,p)s(t,p) = tp,

Qu(t,p) + Rs(t,p) =b—tb (2.8)

has a unique positive solution z(t,p) = [xz(t,p), s(t,p) | for any t € (0, 7] and any
p € RY,. Moreover, the function Z(p,p) = z(p'*7,p) is an analytic function in
p = tY049 and p, that can be extended analytically to an open neighborhood of
[0,p] x R}, where p = 71/(+9) - For any compact set K C IR, and any integer
1 € IN there are constants ¢(KC, i) such that

5

2y <e(K,i), Vpel[0,p,VpeK,i=0,1,2,...

2

Note that due to Theorem 2.1, the assumption rank[@) R] = n originally imposed in
[25], is now omitted.

3. Infeasible First Order Predictor-Corrector Algorithm. We are inter-
ested in algorithms for solving HLCP by following approximately the infeasible central
path pinned on b denoted by Cy defined as the set of vectors [z, s, 7| satisfying

s = Te,
Qr+Rs = b—1bh, (3.1)
or equivalently
F,(z): we e 0. (3.2)

= Qr+Rs—b+7b -
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where b := —r% /7 is a constant vector with
" = Q2+ Rs" — b (3.3)

being the initial residual at the starting point [2°, 79| = [2°, s°, 70| € R . It
follows from the definition of b that [ 20, 7y | satisfies the second equation in (3.1).
Furthermore, for arbitrary s > 0 and 79 > 0, the first equation in (3.1) is also satisfied
by picking #° = 74/s°. This means that the starting point chosen in this way belongs
to the infeasible central path pinned on b.

The iterations of the infeasible interior-point method in this paper follow C; by
generating points in

No;(a) = {’VZa TJ = {:ﬂ, S, TJ € R?ﬁ:—l : 8;0(2’,7') < a}a (34)

where 0 < a < 1 is a given parameter and

I

is a proximity measure of z to the central path. Alternatively, if we denote

62 (z,7) := max{

ER R

o0

Ds(ﬂ) = {[Z, TJ = ('Tv S, TJ € R?ﬁjl (BT < as < %}7

then the neighborhood N (/) can also be written as

Also, related to the infeasibility of z, we define the residual at z by
r:=Qz+ Rs—b. (3.5)

In the predictor step we are given a point [z, 7| = [z, s, 7 | € Dy(8), where 5 is a
given parameter in the interval (1/2, 1), and we compute the affine scaling direction
at z:

w=[u,v|=—F)2)" Fo(z). (3.6)

We want to move along that direction as far as possible while preserving the condition
[2(0), 7(0) ] € Ds ((1 —v)B). The predictor step length is defined as

= sup{o <G<1:T2(0),7(0)] € Ds((1 7)),V e, é]} .37
where
z0)=z4+0w, 7(0)=(1-0)r,
and
_ @-py
Y= 201+ R (3.8)

When we will analyse the corrector step we will see why we chose this particular value
for ~.
The output of the predictor step is the point

I_EJ s, ?J = |—E7 ?J = |—Z(§)7 T(§>J € Ds((l _'Y)/B)' (39)
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Here we also define 79 := pg := p(20) and 7 := 7(6).

If [z, 7| is not in D4(B) then we perform a corrector step.

In the corrector step we are given a point [z, 7 | € Ds((1 —+)3) and we compute the
Newton direction of F+ at Z:

w = [E,UJ = _Fé(g)ilF?(z)v (310)
which is also known as the centering direction at Z. We denote

z(0) = T+0u,5(0)=5+6v,z(0)=[z(0),5(0)],

, S _ 3.11
o= ulE).70) = u(z 0) (310
and we determine the corrector step length as
0., = argmin {7i(6) : [2(6), 7 | € Dy(A)}. (3.12)
The output of the corrector step is the point
[2F rh ] =[a®, sT 7% | = [2(04), 7] € Ds(B). (3.13)

Since [21, 77| € Ds(B) we can set z < 2T and start another predictor-corrector
iteration. This leads to the following algorithm.
Algorithm 1
Given k > x(Q, R), B € (1/2, 1) and a starting point [ 2%, u(z°) | € Ds(B):
Compute v from (3.8) ;
Set o «— u(2°), 70 «— po, k < 0;
repeat
(predictor step)
Set z « 2*:
r1. Compute predictor direction (3.6);
ro. Compute predictor steplength (3.7);
rs. Compute [Z, 7 | from (3.9);
If u(Z) = 0 then STOP: Z is an optimal solution;
If [z, 7] € Dy(B), then set 21 7, yyyy — p(z), mp1 7,
k — k+1 and RETURN;
(corrector step)
r4. Compute corrector direction (3.10);
r5. Compute corrector steplength (3.12);
rg. Compute [ 2%, 71 | from (3.13);
Set 2K 2t ppy1 — p(zh), 7ep1 77, k— k+1, and RETURN;
until some stopping criterion is satisfied.
A standard stopping criterion is
aF Tk <e. (3.14)
We will see that if the problem has a solution, then for any € > 0 the algorithm stops
in a finite number (say K.) of iterations. If ¢ = 0 then the problem is likely to generate
an infinite sequence. However it may happen that at a certain iteration (let us say at
iteration Ky) an exact solution is obtained, and therefore the algorithm terminates
at iteration Kj. If this (unlikely) phenomenon does not happen we set Ky = oo.
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In step r1 of Algorithm 1, the affine scaling direction w = [u, v | can be computed
as the solution of the following linear system:

su+xv = —x8

Qu+Rv = -—r (3.15)
where
r=Qz+Rs—b. (3.16)
In step r9, we find the largest 6 that satisfies
7(9)
1—7)67(0) <x(0)s() < ——— 3.17
(1 —=7)B7(0) < =(0)s(0) =3 (3.17)
where
z(0) = x + Ou, s(0) = s + Ov,
= p(2), u(0) = p(z(0)) = 2(0)"s(0)/n, 7(6) = (1 = )7, 70 = pro.
According to (3.15) we have
2(0)s(0) = (1 - B)ws + 0uv,  p(0) = (1 - Ou+6%Tvo/n.  (318)
Let us clarify the meaning of the first inequality from (3.17).
2(0)s(0) > (1 —7)B7(0) < (1 —0)zs+ 0%uv > (1 —~)3(1 —0)re
(3.19)
& 0%uv+ (1 —0)[xs — Bre +B7e] > 0.
Since [ z, 7 | € Ds(p) it follows that xs > Bre, so (3.19) is true if
0%uv + (1 — 0)yBre > 0 < 02 4 (1-0)e>0.
V6T
Now, since
L (1= 0)e > —02 - -0 +1
(= 0)e> 0
we observe that (3.19) is true if
O =0+ 1> 0 h(0) = 02— ||+ 0 —1<0. 3.20
|5l = 812 0 h(6) = 63 25| +6 -1 < (3.20)

Since h(0) = —1 < 0 and a; := ”;‘;J > 0 we see that h(f) <0, for every 6 € [O,gl]
where

51_—1+\/1+4a1_ 2 (3.21)
- 2a; 1+ 1+ 4a; '
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So, (3.19) is true for every 6 € [0,8'].
Let us see the meaning of the second inequality from (3.17)

z(0)s(0) < (11(:))5 & (1-0)xs+ 0%uv < ((i::gge

& PPuv+ (1 —0)[zs — me] <0 (3.22)

& 92uv+(1—9)[x5—%6+%e 1<0

— =t <0.
Since [ z, 7 | € Ds(p) it follows that (3.22) is true if
0?uv + (1 — 0)[5e — me] < 0&

0%uv — (1 —Q)WTG < 0&

2l 4 (h—1)e < 0.
Given that
=8 o gl =8
T T

+0—-1
we observe that (3.22) is true if

n(6) = g2l =7)5

- +o-1<0. (3.23)

Since h(0) = —1 < 0 and as := w{%ﬂﬁ > 0 we have that h(f) < 0, for every
0 e [0,52], where

2 —1++/1+4ay 2
- 2a5 1+ 1+ 4day

So, (3.19) is true for every 6 € [0,?2]. In conclusion, if 8 € [O,min{?l;gz}] then
[2(0), 7(0) ] € Ds((1 =7)B).

Since as = a18%(1 — ) < a; it follows that min{§1;§2} =9'. Soiffe [0,@1] then
[2(0), 7(8) | € Ds((1 —7)B) and from the definition of 8 it follows that 6 > 7.

In step r4 of Algorithm 1, the centering direction can be computed as the solution of
the following linear system

0

(3.24)

»
[
+ +
8
S
[
=

(3.25)

From (3.25) it follows that
Z(0)5(0)=(1—-0)T5 +07e+0*uv, H0O)=1-0a+07+6°u"v/n. (3.26)
The corrector step is given by

04 = argmin{f(0) : [2(0), T | € Ds(0)}. (3.27)
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The output of the corrector is the point
[, rF ] =[a®, sT, 7% | =[2(04), 7] € Ds(B). (3.28)

Now we will study under what conditions over v the corrector step makes sense. We
would like to find for what values of - there exists 6. For this to be true there should
exist a 6 such that

[2(0), 7] € Dy(B) & BT <T(0)5(0) < 3
(3.29)
& B<f0):=01-0)Z +be+62Z < 5
Since (§7 §7 FJ € Ds((]- - ’Y)ﬂ) we have that
! iy
n<1-0ror2l™l g g 1 g, el
f(0) < ( ) — = ( )(1*v)ﬁ =
In addition [@, T | is the solution of (3.25) and from Lemma 3.3 we have that
[l < (Jg+m) Il = (5 + ) @)~ /2 = @)
— | ==\ — S 2
< (g5 +r) (Fl@s) 2] + ll@s)" /)
1 _ —\° (3.30)
< (% +%) (7 + o)
<

1 4 —
(ﬁ + “) Tp

Now we note that

1-6 1 an
fO) S ——+0+06° (-‘v-/*i)::f 0).
0= as B ) a—e =Y
We would like to find out for what values of v we have that f1(0) < %
If we denote a := (\} ) 4n and b := f,y we have

1
f1(0) < 3 < g() :=0%*ab+6(6—-b)+b—1<0.
Since ab > 0 and b — 1 > 0 the above relation holds if
A= (B —b)* —4dab(b—1) > 0 < h(b) := b*(1 — 4a) + 2b(2a — 3) + 3* > 0.

Since 1 —4a < 0 and h(0) = (32 > 0, the above relation is satisfied if

2a = B+ +/(2a — §)* + *(4a — 1)

<b< =w.
0<bs 4a — 1 v
Since b = , if we denote A := /4a? — 4a3(1 — f3), the above inequality is true if
1 1-B+A-2a 1— 298
<l-—=-—_PT2" T _ (18— 2t 3.31
= w 2a — [+ A ( ﬁ)Qa—B—FA ( )
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We have

172?11[2
(1 - ﬂ) 2a—LpB+A

\Y
T
@

(1 _ _4ap ) _ 1-p A—(4aB—2a)

4a—[3 2a+A )] T 4a—p 2a+A

1.8 A’—(4aB—2a) _ 1-f 4aB(da—daf+B—1) (3.32)
1a=f (2a+A)(2af—2a+A) ~ Ta—f Ra+A)(daB—2aFA)

1-3 f(da—daf+f-1) 5 (1-p)

Y

4a—0B  4aB—2a+A = 2(4a—p)"
Therefore, if
1-p5)? 1-p)? 1
< 1-p _ (1-0 (3.33)
2(4a — ) 2 16n (% + n) -p

the second inequality from (3.29) is satisfied.

Now, let us see under what conditions on v will the first inequality from (3.29) be
satisfied.

Since [T, 5, T | € Ds((1 — ~v)B) we have that

2 w3 An(Frn)
f(0)=(1-0)3(1—~)+0—0 — =2 (1-60)B(1—~)+6-0 -y T f2(6).
We would like to find out for what values of v is f2(6) > 3.

If we denote a := (% + n) 4n and b := 1 — v we have that

f2(0) > B = g2(0) = 0%a + 0bB(bB — 1) — 8°b(b — 1) < 0.
Since a > 0 the above relation holds if
A :=026%(bB —1)2 +4aB%b(b—1) > 0 < [%® — 26b%] + [b(1 +4a) — 4a] > 0. (3.34)

4a+28—B% _ (1-p)° (1-p)*
a4a+l =1- da+1 <1- 2(4a—p0)

[b(1 4 4a) — 4a] > 28 — B>
Now we see that (3.34) will be true if
526° =260 + 26 — 52 = (1 = b)(=5*0" + B(2 = B)b+ B(2 — B)) > 0.
Since b =1 —« < 1, this is true for those b which satisfy
h(b) :== —3°0° + B(2 = B)b+ B(2 - 3) > 0. (3.35)
Since 1/2 < 8 < 1 we have that h(0) > 0 and also h(1) > 0. From here we see that
h(b) > 0, for all b such that 2220=0° < p < 1.

Since

= b < 1, we have

4a+1
So, if
_ 732 a2 a2
16n (% + H) +1

the second inequality from (3.29) is satisfied.
In conclusion, from (3.33) and (3.36) we see that inequality (3.29) is satisfied for

1-5)°
0<7s 32(1 + r)n’

The above inequality motivates the definition (3.8) of ~.

(3.37)
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3.1. Technical Results. We start this section by stating several basic results.
Most of them have been known in one form or another in the interior point literature.
We will be using the formulations from [21].

LEMMA 3.1. Assume that HLCP (2.1) is Pi(k), and let w = [u, v| be the
solution of the following linear system

su+xTv = a
Qu+Rv = 0,

where z =[xz, s] € Rfﬁ_ and a € IR"™ are given vectors, and consider the index sets:
It = {Z LUV > 0}7 I~ = {Z U < 0}

Then the following inequalities are satisfied:

1 1 2
vl € 30w < [ @) 2a|
i€Ty

LEMMA 3.2. Assume that HLCP (2.1) is Pi(k), and let w = [u, v| be the
solution of the following linear system

su+xv = a
Qu+Rv = 0,

where z =[x, s| € Biﬁ_ and a € IR™ are given vectors. Then the following inequality
holds:
2

uf'v> -k H (zs)"Y2%a H2 . (3.38)

Next, we find bounds for the solution of a linear system of the form

Su+xTv=a

Qu+ Rv=0. (3.39)
We use the following notations:
D :=X"1/251/2 (3.40)
lwli2 =11 Tw, o] |2 == |Dul® + | D~"0||*, (3.41)
a:=(XS)" V2. (3.42)

LEMMA 3.3. Let HLCP be sufficient, and z = [z, s | and a be vectors in ]Rﬁfg_
and IR™, respectively. The linear system (3.39) has a unique solution w = [u, v |
satisfying

2 ~ 112 1 ) ~ 112
wl|, < (14 2k) ||la]|”, w|| < | —=+ k&) |la]|”.
JwllZ <( ) llall”, Jluol (\/g llall

Proof. The proof uses similar techniques as the ones from Lemma 3.1 in [19]. 1

The following result is an extension of Lemma 3.3 to the system

sSu+ TV =a

Qu+Rv=b. (3.43)
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LEMMA 3.4. Let HLCP be sufficient, and z = [z, s | and [a, b| be vectors in
]R2+ and IR?", respectively. The linear system (3.43) has a unique solution w =
[u, v | that satisfies the following properties:

1 2+4 ~
ol = vIF2e (Jal + S22 ).

Juoll < (g +) (1l +2v2C0)

where @ is defined in (3.42) and

C(z,0)? = | @]?:=min {|[u, v] | : Qu+ Rv="b}. (3.44)

Proof. First, observe that from the definition of |.||, in (3.41) and Theorem 2.1
it follows that there is a unique solution w = [u, v | to (3.43). Then W := w — @
satisfies

su~+ 2T =a— (st + x0)
Qu+Rv=0,
and from Lemma 3.3 it follows that
lwl, <@, + 19, < VI+2 ||a— (Di+D'%)| + o],
<V1+2k (] +||(Da + D*%})H) + || @],
<VIT2r (nan +\/IDal? + |1 + 2Dl ||Dw) ).
<VT+ (Jlall + V2l @].) + | @],
2K

1

~ 1+vV2+4k | _
1+ al| + —— ||w .
—vIF R (Jlal+ S o)

This proves the first inequality in the lemma. Now, we define @ := @ — (Du + D~1%).
In a similar way as above, we get ||a|| < [|a]|+|| D@+ D~'%|| < ||la]|+ V2| @||,. Using
the previous bound for ||w ||, and Lemma 3.3 we obtain

Juv[| = ||(@+ @) (@ + ?)||
< @l + 1Dl [ D3]+ 1Dl | D7) + |Dal | D3]

_ e | —
< @l @l ol +5 ol

1+8k
< [al|® + I+ 2 |[al| || @ ]|, +*IIwH

<=5
< L (¢ Wuw)
s”@“ (1a+ (V2 + 2220 a, )

< LB (jal +2v2 o))
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|
The next lemma bounds the quantity ((z, l~)) that appears in Lemma 3.4.
LEMMA 3.5. Let HLCOP be sufficient, and z, 2° be vectors in ]R?ﬂ. The following
inequality holds:

((2,b) < [|(ws2°s%) 72| oo (aT's” + sT20)¢ (2, b),

where ¢ is defined in (3.44).
LEMMA 3.6. Let HLCP be sufficient and assume that F* in (2.7) is nonempty.
Forallz* =[x*, s* | € F* and [z, 7| =[x, s, 7] € F; with 0 <7 < 79, we have

2780 4 sT20 < (1 + 4k) (max {L,'+ MZ)) nTo, (3.45)

T

where ¢* := ((2°)Ts* + (s°)T2*)/((2°)Ts%) and [2°, 70 | = [0, s, 70| is a starting
point in ]R?ﬂ. Moreover, if the starting point is large enough in the sense that

20 > 2* for some z* € F*, (3.46)

then
(z75% 4+ 572%) < (1 + 4r) (2 + ME_Z)> nT. (3.47)

LEMMA 3.7. Let HLCP be sufficient and assume F* in (2.7) is nonempty, B €
(1/2,1) and c #0. Let [z, 7] € Fy; (with 0 < 7 < 79) belonging to Dy(f3).
(i) If a starting point [ 2°, 79 | € Fy satisfies (3.46), then

C(z,e7b) < |cl&(1 + 4K)\/Tn, (3.48)
where &, := % (2 + %)

(ii) If [ 2°, 70 | € Fy satisfies

0,0 By/To
=) = Vn(1 + 4k)(max{1,(*} + %)7 (3.49)
then

((z,e7D) < [c]VTVn. (3.50)

Proof. To prove (i), note that [ 2% 79| € 75, b = —r/7, and Qz* + Rs* = b
yield
Qﬂ(aﬁ* —2%) + Ri(s* — s =crb.

70 70

It follows from the definition of ¢ and the assumption 2% > z* that

- scT TCcT
C(z, eTh)* < | prip O —an)|P + | ETO(SO—S*)II2

T S; xX;
%2 (S o)
0 P 7 ; 7

40272 3 1 (5292 + Y 1 (2:50)?
— a5 Sixi .Z‘iSi

& _
< A [l(@s) " Hloo (sl + ls[]%).
0
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Consequently,

el

—. C|T _ _
e, c¢b>s2%||<xs> 2 o 2%, 250 J]| < 217 ()2 o 520 + 25 1.

70

Combining this result with the estimate in (3.47) and using the fact that [z, s, 7| €
Ds(8) we obtain

C(ACTb)gfz(2+“f”> le|(1 + 4k) || (z5) Y2 sonT
2(2+3) lel1 H4R) r

= Nz v

Inequality (3.48) now follows. y B . R
To prove (ii), apply Lemma 3.5 with b = ¢ 7 b, the fact that (2%, cb) = |¢|¢(2°,b),
and Lemma 3.6 consecutively to get

C(z,e7D) < Je|—[|(x s 2°5°) /%[l oo (275" + sT2)¢(2°, 1)
Ho

<l o) 21+ ) ({1,674 2 ), )
T
Since [z, s, 7] and [2Y, 5%, 79 | are in Ds(3) we have that
_ 1 _ u(z) 1
s 1/2<—, Tose) V% < and < =
( ) = \/57 ( 0 0) = \/ﬁ = ﬁ
Using these facts we get that
(oo < A0 EAY ({1 ¢} + 3) (0
T NG o
Therefore, if [ 2, 79 | satisfies (3.49), equation (3.50) follows. ]

3.2. Global Convergence.
LemMmA 3.8. If the HLCP is Pi(k), then the direction w = [u,v] and the
steplength 6 generated by the predictor step of our algorithm satisfy

HUTL” < (\}g + H) <\\/fg +2v26,(1 + 4f<;)n>2 =y, (3.51)

2

acy,’
1+ y1+55

0> (3.52)

if the starting point satisfies (3.46),

and

[[uv]]

. < (\}ngn) (1+\/13>2n: Cs, (3.53)
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2

/ 1C,

0> (3.54)

if the starting point satisfies (3.49).

Proof. From the bound for [[uv|| in Lemma 3.4, and since in the predictor we have
that ||@|| = ||(zs)'/?||, and b = —r = 7b we obtain

o = (g ) (e 2t )’

1 N2
< |[— .
< (\/g + Ii) (,/nu + 2\/§C(z,7b)>
Now, from Lemma (3.7), ((z,7b) is bounded from above and we obtain the following

bounds for ||uv]|.
If the starting point satisfies (3.46) then we have

1 2
l[uv|| < ( + /4) (‘@ +2v26,(1 + 4n)ﬁn)
V8
9 (3.55)
< ( ! +n> (ﬁ +2V/2¢ (1+41€)n> T
<|—= 7= b ;
V8 VB
and we obtain
[[uv]] ( 1 ) (\/ﬁ ’
< —=+r) (Y= +2v260+46)n ) =C.
A R ANY A
Using the previous inequality in the definitions of 6 and 7' we get
0> 2
1+,/1+4C %
Exactly in the same way, if the starting point satisfies (3.49) we’ll have that
1
ool < (g +) (Vim-+ vAv)* (3.56)

and now

bl (1) (H\/E)Qng () (H;ﬁfn:: c..

Using the previous inequality in the definitions of 6 and 7 we get

2

—.
1+4,/14+4C 25

0>
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THEOREM 3.9. Let HLCP be sufficient and solvable. The duality gaps and resid-
uals of the iteration sequence generated by Algorithm 1 converge to zero, i.e.,

li =0, lim r* =0.
hoo HE " e

Proof. After the corrector step, from the definitions of 6, and 7 it follows that

T+ =7T=(1-0)T. (3.57)

Hence

k
pla) < 7% = JTla-0m. (3.58)

|

Concerning r; we observe that
ry =T=QT+Rs—b=Qr+Rs—b+0(Qu+ Rv)=r—0r=r(1-0).

Hence we have

k
r = [J(1 = 8i)ro. (3.59)
i=1
If [z, so | satisfies (3.46), from (3.52) we deduce
k
(21) < 1 1 2
P ZE) = & - 70,
5 40,
1+,/1+ 4
and
k
2
re < | 1-— — Q-
1+,/1+3
If [ o, so | satisfies (3.49), from (3.54) we obtain
k
1 2
M(Zk)SB 1—740 70 »
1+4/1+ B3
and
k
2
Tk S 1-— 746’ To-
L+4/14+ =5

In both cases we observe that

lim pur =0 and klim rr = 0.

k—o0
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3.3. Polynomial complexity. In this section we analyze the computational
complexity of our algorithm.

THEOREM 3.10. Algorithm 1 is well defined and

k
1 1
m = (- ) o
(3.60)
k
1 _
r, < <1 - 5312\/3)(1‘*‘4“)2”3/2) ro, k=1,2,...
if the starting point satisfies (3.46),
and
k
1 1
pr < 13<1—ﬁ(1205>(1+4,1)n> Ho,
(3.61)

k
- _
r, < <1 a(foﬁ)(l*“l")”) ro, k=1,2,...
if the starting point satisfies (3.49).

Proof. 1f the starting point satisfies (3.46), from Lemma 3.8 and the definition of
~ it follows that

ng : = 1922 & = 1922 1 ’
L1499 7 14 222 (14 4r)nd/2 T~ V2 (1 4+ 4r)?nd)2

Therefore, (3.60) follows from (3.58) and (3.59).
If the starting point satisfies (3.49), using the definition of v and Lemma 3.8 it follows
that

0 2 > 2 > !
k= i, — 20 = 20 :

Hence, (3.61) follows from (3.58) and (3.59).

The proof is complete. i
The next corollary is an immediate consequence of the above theorem.
COROLLARY 3.11. Algorithm 1 produces a point [ 2%, 7, | € Dy(B) with 2 Ts* <

€ in at most

V

O ((1 + £)*n*? log (2° Tso/e))

iterations, if the starting point satisfies (3.46),
and

O ((1+ k)nlog (z°Ts/¢))

iterations, if the starting point satisfies (3.49).

Proof. We will prove only one of the results of this corollary, since the other one
oT 0
can be done in the same way. Let L. := log =—*-.
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If the starting point satisfies (3.49), from Theorem 3.10 it follows that
k
kask:nuk<l 1_; 20T g0

Hence zF T sk < ¢ whenever

1 el
klog|1— —+——— ] <log <>
( rfﬂﬁ) 1+ 4m)n> 207150

Since log(1 —¢) < —t on (0,1) the above inequality holds if
k> 20(1 + 4k)n og 20730
=0 B
The desired result follows noticing that
20Ts®  expL, ( 1
= <exp| L:+ )
el 8 C
Now, we easily see that 2* Ts* < e, V k> K., where

20 (1 41
K. = Pl

W(l +4k)nLe.

3.4. Superlinear convergence. In this section we will prove that our algorithm
is quadratically convergent for nondegenerate problems. The proof of the superlinear
convergence is based on the following lemma which is a consequence of the result
about the analyticity of the central path from [26].

LEMMA 3.12. (/26])If HLCP is sufficient and nondegenerate then there is a
positive constant o such that the vectors u,v computed in the predictor step at each
iteration of the algorithm, satisfy

lully < Vop, vy < Vau.

With the help of the lemma above we obtain the following result.

THEOREM 3.13. If HLCP is sufficient and nondegenerate then the sequences
of the complementarity gaps (i), feasibility measures (13,), and residuals (r*), i =
1,...,n, produced by our algorithm, converge Q-quadratically to zero.

Proof. Since after the predictor step we are in D,(f3), from the previous Lemma
we have that

||u||2<\/au<fﬂ|v|2<¢au<fr (3.62)

From the discussion on the predictor step we have that

n > 2 — 2
0 = 1+v/1+4a; 1+\/1+4 o]
e

(3.63)

1+\/1+4% :
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Hence,

_ 1422z 1 4oz
gV ETL <

= fleasg (H\/@)z =55 (3.64)

Since 711 = (1 —0p)7 , B < i < % and 7411 = (1 — 03)r), we have

reer = (1=0,)ry < SETTR = S5 TR (3.65)
bt S FThin < 55T S Sheme”

The proof is complete. i

4. Infeasible First Order Predictor-Corrector Algorithm, Independent
of k. Algorithm 1 depends on a given parameter k > x(Q, R) because of the choice
of  from (3.8). As we pointed out in the introduction, in many applications it is very
expensive to compute the handicap x(@Q, R) or to find a good upper bound for it [28].
Therefore we try to modify our algorithm in order to make it independent of x. The
idea which was first used in [18] is very simple. We start the algorithm with x = 1
i.e we follow the steps of Algorithm 1 for this value of . If at a certain iteration the
corrector fails to produce a point in Dg(3), then we conclude that the current value of
K is too small. We double the value of k and restart Algorithm 1 from the last point
produced in D,(3). Clearly we have to double the value of x at most [log, x(Q, R)]
times. This leads to the following algorithm.

Algorithm 2
Given 3 € (1/2, 1) and [ 2%, u(2°) | € Ds(B):
Set o < u(2°), 70 < po, k0 and K « 1;
repeat
Compute v from (3.8);
(predictor step)
Set z « 2*:
r1. Compute predictor direction (3.6);
ro. Compute predictor steplength (3.7);
rg. Compute [Z, 7| from (3.9);
If u(z) = 0 then STOP: Z is an optimal solution;
If [Z,7 ]| € Dy(B), then set X1 7, ppiy — p(z), Thp1 < 7,
k — k+1 and RETURN;
(corrector step)
r4. Compute corrector direction (3.10);
r5. Compute corrector steplength (3.12);
rg. Compute [ 2%, 71 | from (3.13);
if {ZJra 7_+J € Ds(B), set 2 — 2+, HE+1 < N(Z+)’ Tk+1 < T,
k +— k+1 and RETURN;
else, set k « 2k and 2" — 2% iy o p(2¥), Ty — T,
k +— k+1 and RETURN;
until some stopping criterion is satisfied.
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Using Theorem 3.10, Corollary 3.11, and, Theorem 3.13 we obtain the following
result.

THEOREM 4.1. Algorithm 2 produces a point [ 2*, 73, | € Ds(B) with x*Tsk < e
i at most

O ((1 + k)% % log (z° Tso/a))

iterations, if the starting point satisfies (3.46),
and

O ((1+ k)nlog (z°Ts/¢))

iterations, if the starting point satisfies (3.49).
Also, if the HLCP is nondegenerate then the sequences (i), (), and (r¥), i =
1,...,n, produced by our algorithm, converge Q-quadratically to zero.

Proof. Suppose the starting point satisfies (3.49). We can treat the other case
exactly in the same way.
Let ™% be the largest value of k used in Algorithm 2. It is obvious that £™* <
2x(Q, R). Suppose that at iteration k of Algorithm 2 we have k < x(Q, R). If the
corrector step is accepted, i.e. if ¥ € Dy(B3), then z*T! = 2+ and if not then we
increase s, but its value will never exceed k™% < 2x(Q, R). On the other hand, if
Kk > x(Q, R) then the corrector step is never rejected during the following iterations.
When the corrector works for values of k < x(@, R), in the predictor step, 7 will
reduced as much as if kK = x(Q, R) would have been used. In both cases, by inspecting
the proof of the polynomial complexity of Algorithm 1, we can easily see that

k k
1 1 1 1
Hr41 <—-|1- 64 max Ho <—-|1- 64 Ho -
B aagy (1 +46m9%)n B a1+ 8x(Q, R))n

Since there can be at most log, K™%" rejections we obtain our complexity result. In

case the problem is nondegenerate, since there are only a finite number of corrector
rejections, by inspecting the proof of the superlinear convergence of Algorithm 1, it
follows that the quadratic convergence holds for the second algorithm also. |
Even if x(Q, R) is known, it is not certain that Algorithm 1 with k = x(Q, R)
is more efficient than Algorithm 2 on a particular problem. It may happen that the
corrector step in Algorithm 2 is accepted for smaller values of k at some iterations,
and those iterations will produce a better reduction of the complementarity gap.

The author would like to thank his advisor, Dr. Florian A. Potra, for his many
constructive comments on this paper.
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