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Abstract

In this paper, we consider linear optimization problem in standard form
with perturbation in both the right hand side and objective function data for
which each of them includes a combination of two independent directions with
different parameters. In this way, we have four independent parameters and
refer to the problem as quaternion parametric programming. We are interested
in identifying the region where optimal partition is invariant. This region is
referred to as invariancy region. An algorithmic procedure is presented that
is capable to identify the invariancy region includes the origin in polynomial
time. It is proved that this region is a polyhedron as a convex set. A closed
form of the optimal value function is obtained too.
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1 Introduction

In real life it is possible not only the prices may change but the amount of supplying may change
also. In this respect even the changes in price and also in supplying may happen in two different
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directions .e.g. Acy, Acy and/or Ab; and Abs, since the management may provide the required
quantities from two different sources with the same price but in an odd situation the prices may
change independently. Thus this is the case that we concern the region of the changes so that the
optimal partition remains optimal.

Consider the parametric linear optimization problem as

(P) min{(c + e;Act + eaAco) x| Az = b+ M\ Aby + MoAby, 2> 0},

where A € R"™*" h € R™ and ¢ € R" are known fixed data, €1, €2, A1 and Ay are real parameters,
Ab; € R™ Aby € R™, Ac; € R™ and Ace € R™ are perturbation vectors, and x € R™ is an unknown
vector.

The dual of (P) is defined as

(D) max{(b+ A\ Aby + M Abo)Ty|ATy + 5 = c 4+ e1Acy + e2Acy, s> 0},

where y € R™, s € R™ are the unknown vectors. Any vector x > 0 which satisfies Az = b+ A\ Aby +
A2Aby is called a primal feasible solution of (P). Moreover, a vector (y,s) with s > 0 is called a
dual feasible solution of (D) if it satisfies ATy + s = ¢ + e1Ac; + e2Acy. Obviously, each primal
feasible solution = only depends on parameters A\; and Ay but not €; and e;. Similarly, each dual
feasible solution (y, s) varies depending on €; andes but not with A; and Ag. Therefore, we denote
primal and dual feasible solutions of (P) and (D) by (A1, A2) and (y(e1, €2), s(e1,€2)), respectively.
For any primal-dual feasible solution (z(A1, A2), y(e1,€2), s(e1, €2)), the weak duality property holds
ie.,

(C + €1A01 + EQACQ)T.Z‘()\l, )\2) > (b =+ )\1Ab1 + )\QAbQ)Ty(El, 62),

and equality holds if and only if they are optimal solutions (strong duality property [2]). In this
way x(A1, A2)Ts(e1, e2) = 0 holds for optimal solutions that is referred to as complementarity. If
in addition to complementarity, (A1, A2) + s(e1,€e2) > 0, then these solutions are called strictly
complementary optimal solutions. It is worth mentioning that this kind of optimal solutions exist
by Goldman-Tucker Theorem[9]. Let (P) and (D) denote the feasible solution sets of (P) and (D),
respectively. Their optimal solution sets are denoted by (P*) and (D*), correspondingly.

The optimal value function is defined as

b = (C +e1Acy + €2A02)T$(/\1, )\2) = (b + M Aby + /\QAbQ)Ty(q, 62),

where Aby, Abs, Ac; and Acy are fixed perturbations and (x(A1, \2), y(€1, €2), s(€1, €2)) is a primal-
dual optimal solution of problems (P) and (D). The support set of a nonnegative vector v € R™ is
defined as o(v) = {i : v; > 0,1 < i < n}. The index set {1,2,...,n} can be partitioned into two
subsets

B(A1,A2) = {i:x;(A1,A2) > 0 for a primal optimal solution z(A1, A2)},
N(er,e2) = {i:si(e1,€2) > 0 for a dual optimal solution (y(ey, €2), s(e1,€2))}.

This partition is known as the optimal partition of the index set {1,2,...,n} for problems (P) and
(D), and is denoted by
(A1, Mgy €1, €2) = (B(A1, A2), N(en, €2)).

Since the optimal solution sets (P*) and (D*) are convex, optimal partition is unique.

Karmarkar[7] initiated a method that solves linear optimization problems in polynomial time
which are developed as interior point methods later on. An interior point method terminates at
primal-dual strictly complementary optimal solution which is enable to identify associated optimal
partition[6].

In this paper we want to identify the region where optimal partition is invariant. This study has
been carried out for special cases. In quaternion parametric programming, if all parameters (corre-
spondingly all perturbing direction) are zero but one, the problem is referred to as uni-parametric
linear programming [1, 3, 8]. Moreover, the case when the right hand side and objective function
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data have one identical parameters, is investigated in [4, 5]. In these cases, the range of the pa-
rameter variation is an interval on the real line that is referred to as invariancy interval. The end
points of these intervals are called transition points. Here, we suppose that all four parameters varies
independently and derive strong results for this general case that covers all previous ones.

The paper is organized as follows. In section 2, some fundamental concepts are presented.
Section 3, devoted to present an algorithmic approach that is capable to identify the invariancy
region. Section 4, talks about the representation of optimal value function. Examples presented in
section 5 to illustrate the results.

2 Invariancy regions

Let optimal partition for unperturbed version of problems (P) and (D) is known as m = (B,N).
Thus, the invariancy region is the set of parameter vectors (A1, A2, €1, €2) where for the members of
this set, m(A\1, A2, €1,€2) = (B, ) holds. This region is nonempty, because the origin belongs to it.
This invariancy region is denoted by ZR. For ¢; = €3 = 0, problems (P) and (D) reduce to

min{c’z|Az = b+ A\ Aby + MoAby, x> 0}, (1)

and
max{(b + A\ Aby + XaAby) T y| ATy +5=c, s >0}. (2)

The invariancy region associated to these problems is denoted by ZRp.
The following lemma shows that the set of dual optimal solutions (D*) for problem (2) on the
TR p is invariant.

Lemma 1. The set of dual optimal solution set (D*) for problem (2) on IR p is invariant.
Proof. For two arbitrary pairs of parameters (A1, Xo), (5\1,5\2) € IRp, let (7,7,5) and (7,7, 35) be
given primal-dual optimal solutions of problems (1) and (2) at (A1, A\2) and (A1, \2), respectively.
From the assumption, we have
(A1, A2) = (B,N) = m(A1, Aa). (3)
It is easy to verify that (z,7,35) and (%,7,5) are primal-dual solutions (1) and (2) at (A1, \2) and
(A1, A2), respectively. Moreover, the optimality properties 7§ = 0 and 75 = 0 immediately follows
from (3). The complete proof. O
On the other hand, for Ay = Ay = 0, problems (P) and (D) reduce to
min{(c + e;Ac; + e2Aco)Tx|Az = b, = > 0}, (4)

max{bTy|ATy + s = c + e1Acy + e2Aca, 5> 0}. (5)

The invariancy region associated to these problems is denoted by ZR p. The following lemma shows
that the set of primal optimal solutions (P*) on the ZRp is invariant. The proof is similar to the
proof of Lemma 1 and is omitted.

Lemma 2. The set of primal optimal solutions on invariancy region TR p is invariant.

The following lemma shows that the invariancy region in the context is convex. Thus, for iden-
tifying the region, one only need to determine its border.

Lemma 3. The invariancy region IR is a convex set.
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Proof. Without loss of generality, we can suppose that the invariancy region, is not the singleton
{(0,0,0,0)}. Let (A1, A2, &1,&) and ()\17)\2,61762) be two arbitrary members of the region ZR. In
addition, let (Z, 7, 8) and (Z, @, §) be strictly complementary optimal solutions of problems (P) and
(D) at these points, respectively. For

A = 915\1 + (1 — 91)5\1,
€1 = 9261 —+ (]. — 92)%1,
Ao = O1da+ (1 —01)\s,
€9 = 9252 + (1 — 92)@2,
where 61,6, € (0,1). We define
r = 9112’ + (1 — 01).’2
= 02y =+ (1 - 92)@7
s = (928 + (1 — 92)5

Obviously, (x,y,s) is a primal-dual feasible solution of problems (P) and (D) at (A1, A2, €1, €2).
Moreover, o(z) = o(Z) Uo(Z) = B and o(s) = o(5) U (8) = N, that proves the optimality of this
solution for problems (P) and (D), as well as having the optimal partition m(A1, Ag, €1, €2) = (B, N).
The proof is complete. O

Now, we state a fundamental theorem that demonstrate the relationship between the invariancy
region ZR and two invariancy regions ZR p and ZR p. This theorem plays a main role in identifying
the invariancy region.

Theorem 4. Consider the problems (P) and (D). Let ZRp and TRp be the invariancy regions for
corresponding primal and dual problems. Then,

IR=71Rp x1IRp.

Proof. Let m = (B, N') be the optimal partition of the index set {1,2,...,n} for problems (P) and
(D). Moreover, let (z*,y*, s*) be a strictly complementary optimal solution of these problems. Thus,
o(z*) =B, and o(s*) = N.

First, we prove that ZRp x TRp C ITR. Let ((A1,\2),(€1,é2)) € ZRp x ZRp. Thus, there is a
strictly complementary optimal solution for problems (P) and (D) at (A1, \2), say (Z,¥,5) with
optimal partition 7. Analogously, there is a strictly complementary optimal solution (Z, g, §) for
these problems at (€1, €2) with the same optimal partition. By Lemmas 1 and 2, one can consider
(Z,7,3) as a strictly complementary optimal solution of these problems at (A1, Ao, €;,&). Since,
o(Z) = B, and ¢(8) = N, the inclusion ZRp x ZRp C ZR is concluded.

One the other hand, to prove ZR C ZRp x ZRp, let (A1, A2, €1,€) € TR. Thus, there is a strictly
complementary optimal solution for (P) and (D) at this point, say (z,¥,5) where o(Z) = B and
a(8) = N. Tt is easy to verify that (Z, y*, s*) is a strictly complementary optimal solution of problems
(P) and (D) at (A1, A2), with optimal partition 7 = (B,N). Thus, (A1, \2) € ZRp. Similarly,
(z*,9, §) is an optimal solution of these problems at (€1, €3), with the same optimal partition. Thus,
(€1,€2) € ZRp. The proof is complete. O

According to the Theorem 4, to identify the invariancy region ZR, it is enough to determine the
invariancy regions ZRp and ZRp. It will be shown that all auxiliary linear optimization problems
for obtaining recent invariancy region can be solved in polynomial time by an interior point method,
thus the invariancy region ZR can be identified in polynomial time as well.

Remark 5. Theorem 4 says that the invariancy region ZR is a convex set in a space of dimension
four. Tt is easy to verify that if (e1,€3) = (A1, A2), then TR = ZRp NZRp. On the other hand, if
either ZRp or ZRp is the singleton {(0,0)}, then the invariancy region ZR is in two dimensional
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subspace (including either (A1, A3) or (e1,€2)). On the other hand, if both invariancy regions ZRp
and ZRp are singleton {(0,0)}, then ZR = {(0,0,0,0)}. Observe that the boundaries of the region
(including lines and points) are in special case, optimal partition at there defers from the optimal
partition at interior points of the region.

The next two lemmas denote relationship between primal (dual) optimal solution set at boundary
points and interior points of ZRp (ZRp). We present a simple proof for the first one and the proof
of the other goes similarly.

Lemma 6. Let the invariancy region TR p with the optimal partition © = (B,N) be known . More-
over, let (A\1,A2) be a parameter value on the boundary of this region and © = (B,N) denotes
associated optimal partition. Then B C B.

Proof. Tt is straightforward to verify that (A;, A2) is the optimal solution of the following problem
A
min(max){A; : Agxp — (Aby + 5\—2Ab2))\1 =b, xp > 0},
1

and the statement follows immediately. O

Lemma 7. Let the invariancy region ZRp with the optimal partition m = (B,/\Q be known .
Moreover, let (€1,€) be a parameter value on the boundary of this region and T = (B,N) denotes
associated optimal partition. Then NV D N.

3 Algorithmic approach to identify invariancy re-
gions

According to Theorem 4, it is enough to find the regions for (A, A2) and (€1, €2), independently.
Let us consider identifying of the region for (A1, \2). We investigate the case Ay = aA;. In this
case, the problem reduces to uni-parametric problem and one can immediately find the maximum (or
minimum) value of A as follows [8]:

Ay = max(min){A; : Agxp — (Aby + alAby)\; = b, xp > 0}. (6)
The following result can be concluded directly from the convexity of the optimal solution set.

Lemma 8. Let (A, \2) and (:\1,5\2) be two arbitrary points with identical optimal partition m =
(B,N). Then, for any point at the line segment between these two points, optimal partition is
invariant. Moreover, there are two points AT = (A, \T) and A_ = (\[,\;) (these points might be
at infinity) on this line that optimal partition is invariant on the interior point of the line segment
jointing points AT and A~.

Proof. First part of lemma is trivial by the convexity of the optimal solution set. Observe that the
representation of the line including two points (A1, A2) and (A1, Ag) is
AL — mA m —
Ag = AL ALY
A1 — A\

where m and m are two real numbers satisfying in

5\2 = m5\1 and 5\2 = ’Ih;\l, (7)

respectively. To identify two points AT and A™, it is enough to find the maximum and minimum of
A1 over the feasible set

nis M 0
O\ Apas — (Aby + 2L T AN = b+ T X A Aby, 2 > 0}, (8)

A1 — N AL — A
respectively and using (7). The proof is complete. O
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Remark 9. If the value of A; in 8 is infinite then the region is unbounded as it is shown in figures 2
and 4.

Recall that the (half-)lines obtained in Lemma 8 are transition (half-)lines when A; and A; are
two points that calculated by (6) with appropriate values of «. The intersection of two consequent
transition (half-)lines is referred to as transition points.

Let us consider a case when optimal partitions at two points (A1, A2) and (A1, Ag) are not iden-
tical. The next lemma explains this situation. Suppose that is given a transition point. One can
find its immediate neighboring transition point as well as the transition line joining them as follows.
Let two points (A1, A2) and (A1, X2) be obtained by solving (6) leading to two different optimal
partitions. Then either

Case 1, They belong to two different transition lines; or

Case 2, At least one of these points is a transition point.

To clarify the situation, we choose a convex combination called midpoint of these two points and
identify the optimal partition at it.
For Case 1, if this optimal partition is identical with = = (B, '), the optimal partition at origin,
then trivially, these two points belong to two different transition lines. The following lemma says
that one can identify in polynomial time a transition line that contains one of these points.

Lemma 10. Let two points (A1, X2) and (A1, \s) be given by solving appropriate problems as (6),
with different optimal partitions. Then transition lines containing these points can be identified in
polynomial time.

Proof. Without loss of generality, we prove the statement for (A1, A2), the proof for the other point
goes analogously. Let (A1, A\2) be a midpoint between (A1, A2) and (A1, \2) defined as

A+ A 5 _5\24—5\2

5\1: 2 9

>3

Let & = £2. We solve problem (6) for & and identify the corresponding optimal partition as
1
7 = (B,N). If 7 is identical with the optimal partition at (A1, A2), then two points (A1, A2) and

(A1, A2) belong to a single transition line and one can identify it by the procedure presented in the
proof of Lemma 8. Otherwise, we update as

(A, A2) = (A1, Aa),

and continue the procedure of this proof till for corresponding m and m, | —m| < ¢ holds, where &
is a reasonable computational tolerance. It is straightforward to verify that the procedure terminates
in almost k = [log, M] iterations, where mg and mg are slopes corresponding to initial points
(A1, A2) and (5\175\2), respectively. It is obvious that when the procedure terminates at exactly
k iteration, then (5\1,5\2) is a transition point. In this case, one can consider m = mg + 2¢ and
m = mgo + 4¢ and run the procedure presented in the proof of Lemma 8 to identify the transition
line containing (A1, A2). The proof is complete. O

For Case 2, if the optimal partition on this midpoint is identical with the optimal partition at
either (A1, A2) or (A1, \2), then the other one is a transition point. In this situation, one can apply
the procedure presented in the proof of Lemma 10, to identify a transition line containing this
transition point. If the optimal partition defers from optimal partitions at both points (A1, A2) and
(5\1, 5\2), then both of them are transition points and the line segment joining them is a transition
line.

Now we are ready to combine these results in a single algorithm.
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Algorithm

Step 1: Consider two real values & and & and solve (6) for these values. Denote
corresponding points with (Ay1, Ady2) and (Ay1, Ay2)-

Step 2: Denote optimal partitions at (Ay1, Au2) and (Ay1, Ay2), with @ and 7, re-
spectively.

Step 3: If 7 = 7, then do as the proof of Lemma 8.
Step 4: If T # 7, then do as the proof of Lemma 10.

Step 5: Having a transition point, run the procedure at the end of Lemma 10, till
reaching to the first obtained transition point.

4 The optimal value function on an invariancy re-
gion

In this section, we investigate the behavior of the optimal value function. The following theorem
presents the representation of the optimal value function on the invariancy region ZR.

Theorem 11. The optimal value function ® is linear in terms of each parameter and it is of degree
two totally form on the invariancy region TR.

Proof. Let (A1, Ao, €1,&), (5\1, o, €1, €2), and (5\1, Ao, €1, €2), be three arbitrary elements in the invari-
ancy region that are not on a single line. Let (7,7, 5), (Z,9, §) and (Z, §, §) be arbitrary primal-dual
optimal solutions at those points, respectively. For

A = A —01AN — 0,AN, (9)
o = Ag—01AN — 622N, (10)
€1 = & — 0308 — 0,7, (11)
€ = & — 0308 — 0,7, (12)

where 0 < 01,92,93,04 < ].,A;\l = 5\1 - 5\1,A5\1 = 5\1 - 5\1,AE1 = €1 - El,Agl = €A1 - €1~ We define:

¥ = £—0,Ax — egAi‘,
y* = g—03Ay — 04Ay,
s¥ = §—03A5— 04AS.

It can be easily investigated that (x*,y*, s*) is a primal-dual optimal solution for (P) and (D). The
optimal value function at this solution is,

b = (b+)\1Ab1+A2Ab2)Ty* = a0+a191+a202+a303+a404+a50103+a69194+a79293+a89204, (13)
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where
a = (b+ AlAbl + Ao Aby) Ty,
—(ANM A + AN AL ),
—(AM AT — AN ADLY),
as = —(b+ MAb + A\Aby) A,
ag = —(b+ M\ Aby + AgAbg) A7,
A

ay

Ay =

as = (AMAb + AXAby)TAY,

ag = (ANAb + AXAby) A,

a7 = (AMAb + AXAb)TAg,

as = (AMAb + AXAb)TAY.
)

On the other hand, solving equations (9), (10) for 61, 65 and equations (11), (12) for 85 and 6, lead
to

th = a1+ 0iA+mAe,
Oy = g+ B2 +2)e,
03 = a3+ Bze1 + 362,
0y = g+ Baer +Va€2,
where
o = Mz hdh
AXN ANy — AN AN
.

AN ANy — AN AN
Mo AN — A\ ANy

Qg = = N N N
AXN ANy — AN AN
Ay
B2 = ———= —
AN AN — AN AN
AN
Moo= < N R N
AN AN — AN AN
AN
Y2 =

CAMAN — AMAN,
Substitution of the values 61, 65,03,0, in (13) leads to
(I)()\l, Ao, €1, 62) =bg + b1 A1 + boAg + bzeq + baes + bser A1 + bgea A1 + brer Ao + bgeaAg,

where
bo = ap+ aiar + asas + azaz + aaq + arazas + ara4as + a3ar + asagag,
by = pra1 + Peaz + Brazas + Bragas + Baazar + faasas,
by = v1a1 + eaz + yia3a5 + y104a6 + Yeasar + Y20u4as,
b3 = [za3+ Baas + Bzaras + Baalag + Bzasar + Biazas,
by = 7303+ Y404 + V300105 + Y4106 + Y3207 + YaQ2as,
bs = [183as + B1Baas + B203a7 + B2B4as,
be = [rysas + Biyaas + Baysar + Pavaas,
br = Bsmas + Bayias + B3y2a7 + Bayeas,
bs = 717205 + V17406 + Y2¥307 + Y2408,
that completes the proof. O
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5 Illustrative example

In this section, examples are presented to illustrate the obtained results.

Example 12. Consider the problem as follows

min —11zy —2x92 4x3 —3x4 —4dx5 —2¢
s.t 5x1 +xo —x3  +2x4 x5 = 12
—14z1 —-3x9 +3x3 —5x4 +xg = 2
211 —|—%x2 —%.’Eg —|—%x4 +x7 = %
3x1 +322 +% T3 —|—%x4 +xg = 3
x1, Ta, T3, Ty, s, Tg, 7, zg > 0.

It is easy to verify that m# = (B,N) = ({1,2,3,5,6},{4,7,8}) is the optimal partition of the index
5 101 5 -3 . ~17 32 —1 -1 ,
set {1, 2, 3,..., 8}. Let Ab; = (5’?’?’ T) and Aby = (T’g’?’ 7) be perturbing
directions. Running Algorithm leads to the region depicted in Figure 1.
A

A=(26,2.2)

F=(8.7,-12.4)

Figure 1:The invariancy region obtained for Example 1.

Example 13. Consider the problem as follows
min —x1 — Ty — 223
st: xi+aro+2x3+z4=1
TG — 2o+ x5 =1
rT1+xo+a3+a6=1
x1, T2, X3, T, Ts5, T > 0.

It is easy to verify that 7 = (B,N) = ({1,2,3,5,6},{4}) is the optimal partition of the index

set {1, 2, 3,..., 6}. Let Ab; = (1,2,1)T and Aby = (2,0,—-3)T be perturbing directions. Running
Algorithm leads to the region depicted in Figure 2.
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(=2/3.0)
(-1/2, %\

G

E

Figure 2:The invariancy region obtained for Example 2.

Example 14. Consider the example 13 with perturbation vectors Ab; = (1, %, %)T and Aby =
(—1,2, %S)T. Running Algorithm leads to the region depicted in Figure 3.

A

B =(1/2,3/2)

F=(-6/5,Xx1/5) = (10/3,-4/3)

E = (—4/9,—4/3)

Figure 3:The invariancy region obtained for Example 3.

Example 15. Consider the problem as follows

min — 211 — To
st: x1+x2+ax3=4
1+ 2x9+714 =6
201 +x0+ x5 =6
1+ x5 =3
L1,T2,T3,%4,T5,Te > 0.

It is easy to verify that 7 = (B,N) = ({1,2,3,4,6},{5}) is the optimal partition of the index set

{1, 2, 3,..., 6}. Let Ab; = (1,2,—1,1)T and Aby = (2,—1,1,2)T be perturbing directions. Running
Algorithm leads to the region depicted in Figure 4.
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~ (~3/4,3/4)

B=(-1/2,1/6)

C = (7/3,-8/3) D =(3,-3)

Figure 4:The invariancy region obtained for Example 4.

In the Figures 1, 2, 3 and 4, lines determining the invariancy regions are called transition lines

and intersection of these lines are transition points. Consider the point (A, \2) = (2,2) on the
transition line AB in Figure 1, it is easy to verify that the optimal partition in this point is

= (B,N)=({2,5,6},{1,3,4,7,8}).

Thus B C B,N C N. This result is in agreement with Lemmas 6 and 7. By the step 2 of the
Algorithm, Lemmas 6 and 7 are true in other transition lines of this region and also in the invariancy
regions of other examples.
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