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Abstract. In the hybrid conjugate gradient algorithms, we suggest in this letter, the
parameter ﬂk is computed as a convex combination of the Polak-Ribiére-Polyak and Dai-

Yuan conjugate gradient algorithms, ie. S, =(1-6,) kPRP +06, ,BkDY. In one hybrid

algorithm the parameter @, is computed in such a way that the conjugacy condition is

satisfied, independent of the line search. In the other, it is computed in such a way that the
conjugate gradient direction is the Newton direction. The algorithms use the standard Wolfe
line search conditions. Numerical comparisons with conjugate gradient algorithms using a
set of 750 unconstrained optimization problems, some of them from the CUTE library, show
that the hybrid computational scheme based on conjugacy condition outperform the known
hybrid conjugate gradient algorithms.
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1. Introduction
Let us consider the nonlinear unconstrained optimization problem

min{f(x):XeR”}, (1)
where f : R" — R is a continuously differentiable function, bounded from below. For solving
this problem, starting from an initial guess X, € R", a nonlinear conjugate gradient method,
generates a sequence {Xk } as:

X = X% +ondy, (2)

where @, >0 is obtained by line search, and the directions d, are generated as:
deyi ==0%c + BiSi» do =-0,- 3)
In (3) B, is known as the conjugate gradient parameter, S, = X,,, —X, and ¢, =Vf(x,).
Consider |||| the Euclidean norm and define y, = g, ., — 0, . The line search in the conjugate

gradient algorithms often is based on the standard Wolfe conditions:

f (% + e d) = f (%) < pr 9e dy., 4)
Okndy 200, d,, ®)
where d, is a descent direction and 0 < p < o <1. Plenty of conjugate gradient methods are

known, and an excellent survey of these methods, with a special attention on their global
convergence, is given by Hager and Zhang [10]. Different conjugate gradient algorithms
correspond to different choices for the scalar parameter f,. Some of these methods as

Fletcher and Reeves (FR) [8], Dai and Yuan (DY) [3] and Conjugate Descent (CD) proposed
by Fletcher [7]:
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have strong convergence properties, but they may have modest practical performance due to
jamming. On the other hand, the methods of Polak — Ribiére [14] and Polyak (PRP) [15],

Hestenes and Stiefel (HS) [11] or Liu and Storey (LS) [13]:

o _ eV pis _ GeYe  pis _ Qe
g T ws T s
in general may not be convergent, but they often have better computational performances.
In this paper we focus on hybrid conjugate gradient methods. These algorithms have
been devised to exploit the attractive features of the above conjugate gradient algorithms.
They are defined by (2) and (3) where the parameter £, is as in Table 1.

Table 1. Hybrid conjugate gradient algorithms.

Nr. Formula Author(s)
hDY _ DY i HS DY Hybrid Dai-Yuan [4]
| AP = max{cﬁk .min{ B, B }} PR
c=(-0)/(1+0)
hDYz _ : HS DY Hybrid Dai-Yuan zero
2. = max{O,mln{ s B }} [4] (hDY2)
GN _ FR i PRP FR Gilbert and Nocedal [9]
3. | B _max{— ! ,mln{ PRE B! }} s
Hus _ ; PRP pFR Hu and Storey [12]
4. | phs = max{O,mln{ PRE B! }} (HuS)
PRP PRP FR Touati-Ahmed and
0< <
5 Tas _ ) Pk 2 A Storey [16] (TaS)
‘ k FR .
¥ otherwise
LS-CD _ ; LS pCD Hybrid Liu-Storey,
6. k - max{O, mm{ k 2Pk }} Conjugate-Descent
(LS-CD)

In this paper we propose another hybrid conjugate gradient as a convex combination of PRP
and DY conjugate gradient algorithms. We selected these two methods to combine in a hybrid
conjugate gradient algorithm because PRP has good computational properties, on one side,
and DY has strong convergence properties, on the other side. Often PRP method performs
better in practice than DY and we speculate this in order to have a good practical conjugate

algorithm. The iterates X;,X,X,,... of our algorithms are computed by means of the
recurrence (2) where the stepsize @, >0 is determined according to the Wolfe conditions (4)

and (5), and the directions d, are generated as:

dk+1 = =0k +ﬂkNSka do :_go, (6)
where
T T
Bl = (=007 + 00" =(1-6) Ik 4 g Jee e )
O« 9« Y Sk

and @, is a scalar parameter satisfying 0 <6, <1, which follows to be determined. Observe

that if €, =0, then B) =A™, and if 6, =1, then B =B°". On the other hand, if

0< 6 <1,then B isaconvex combination of B and £ . It easy to see that:
T T
Y« 9 9xn9
dk+1 = _gk+1 +(1_9k) kT <o Sk +9k k+'|1' ! S'k . (8)
9k O« Yi Sk

Supposing that d, is a descent direction (d, =—0, ), then for the algorithm given by (2) and
(8) we can prove the following results.



Theorem 1. Assume that ¢, in algorithm (2) and (8) is determined by Wolfe line search (4)

and (5).1f 0< 6, <1, and

Oy Sy (9 Y )(GeaS)
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then direction d, ., given by (8) is a descent direction.
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Proof. Since 0 < 6, <1, from (8) we get

gk+1 kel — ||gk+1|| +(1 6 ) yk gkﬂ gk+lsk +9 gkﬂgkﬂ gk+lsk
k k k
<fg. o Dhorgl g+ S g - ( S kjngmn hlig s
gk Sk ||gk+1|| y(; g(;n gk+15k
Ok S«

But, Y, s, >0by (5) and since g[sk <0, it follows that = ||gk+l||2 < 0. Therefore, from
S

(9), it follows that g, ,d, ., <0, i.e. the direction d, , is a descent one. m

Theorem 2. Suppose that (g,.,Y, )(9¢,;S,) <0. If 0< 6, <1 then the direction d,, given
by (8) satisfies the sufficient descent condition

9is
gz+ldk+l —_(1 9 ; lsk]” k+1|| (10)

k
Proof. From (8) we have:

g + y g + g +
gk+l kel = ||gk+1|| +(1 9) gk lgk gk+lsk 9 ==l 1 K gk+lsk

k Jk kk

__ 2_,_(9 Op.iS +(1-6, (91 Y)(9r.15) __( -4, 9k+1 ] <0.
||gk+1|| yIs, ||gk+1|| ( ) ar o, yIs, ||gk+1||

Observe that, since Y;S, >0 by (5) and since ;S =Y,S +0;S <YS. then
Yy S/ Or,,S, > 1. Therefore, if 0< @, <1, it follows that &, <Y, S, / g¢,,S,. Therefore
T
-6 gk+lsk
ko, T
Yic S

To select the parameter 6, we consider the following two possibilities. In the first

> (), proving the theorem. m

hybrid conjugate gradient algorithm the parameter 6, is selected in such a manner that the
conjugacy condition y:dk ., =0 is satisfied at every iteration, independent on the line search.

Hence, from Yy, d, , =0 after some algebra, using (8), we get:

g, = gecove - Q)5 ~ (¥ 9 (9 0|
AP A N

In the second algorithm the parameter 6, is selected in such a manner that the direction d,,,
from (8) is the Newton direction, i.e.

(11)

V(%) Gy =~ Gy + (- e)ykgk“s 14, 9k+lgk+l s, (12)
Or 0, YiSe



Having in view that V> f (X, ,,)S, = Y, , from (12) we get:

= HkNDOMB _ (y;—gkﬂ _S-krgkﬂ)"gknz _(ng)/k)(yISk)'

2 2
||gk+l|| ||gk|| _(ngyk)(y!Sk)
Observe that the parameter 6, given by (11) or (13) can be outside the interval [0,1].

O

(13)

However, in order to have a real convex combination in (7) the following rule is considered:
if g <0, then set 6, =0 in (7), i.e. B =B ; if 6 =1, then take &, =1 in (7), i.e.

BY = B>". Therefore, under this rule for 6, selection, the direction d,,, in (8) combines in
a convex combination manner the properties of PRP and DY algorithms.

2. The New Hybrid Conjugate Gradient Algorithms (CCOMB, NDOMB)
Step 1. Initialization. Select X, € R" and the parameters 0 < p < o <1. Compute f(X,) and

g, Consider d, =—g, and set the initial guess: @, = 1/”90”-

Step 2. Test for continuation of iterations. If g, || <107, then stop.

Step 3. Line search. Compute ¢, >0 satisfying the Wolfe line search condition (4) and (5)

and update the variables X, ., = X, +¢,d, . Compute S, =X,,, —X, and Y, =0,,,—0,.

Step 4. @, parameter computation. If (Vg G, )(¥s S¢) =G| 9 =0, then set 6, =0,

otherwise compute 6, as follows:

CCOMB algorithm (6, from Conjugacy Condition): 6, = 6",

NDOMB algorithm (8, from Newton Direction): 6, = &, """,

Step 5. A conjugate gradient parameter computation. If 0 < §, <1, then compute £ as in

(7). If 6, =1, thenset B = B, If 6, <0, thenset B = B.

Step 6. Direction computation. Compute d =—g,,, + ,BkN S, . If the restart criterion of Powell
0719/ 2 0.2] g, [, (14)

is satisfied, then set d,,, =—0,,, otherwise defined,,, =d . Compute the initial guess

O = Ay dk—lH/Hdk
It is well known that if f is bounded along the direction d, then there exists a

2

, set K =K +1 and continue with step 2. ®

stepsize ¢, satisfying the Wolfe line search conditions (4) and (5). In our algorithm when

the Powell restart condition is satisfied, then we restart the algorithm with the negative
gradient — g, ,,. More sophisticated reasons for restarting the algorithms have been proposed

in the literature [5], but we are interested in the performance of a conjugate gradient algorithm
that uses this restart criterion, associated to a direction satisfying the conjugacy condition or is
equal to the Newton direction. Under reasonable assumptions, conditions (4), (5) and (14) are
sufficient to prove the global convergence of the algorithm.

3. Numerical experiments and comparisons

In this section we present the computational performance of a Fortran implementation of the
CCOMB and NDOMB algorithms on a set of 750 unconstrained optimization test problems.
The test problems are the unconstrained problems in the CUTE [2] library, along with other
large-scale optimization problems presented in [1]. We selected 75 large-scale unconstrained
optimization problems in extended or generalized form. Each problem is tested 10 times for a
gradually increasing number of variables: n=1000,2000,...,10000. At the same time we

present comparisons with other conjugate gradient algorithms, including the performance
profiles of Dolan and Mor¢ [6].



All algorithms implement the Wolfe line search conditions with p =0.0001

and 0 =0.9, and the same stopping criterion Hgkum <107°, where ||||Oo is the maximum

absolute component of a vector. The comparisons of algorithms are given in the following
context. Let fiALGI and fiA"Gz be the optimal value found by ALG1 and ALG2, for problem
i=1,...,750, respectively. We say that, in the particular problem i, the performance of

ALG1 was better than the performance of ALG2 if:

fiALGl _ .I:iALGZ <107 (15)
and the number of iterations, or the number of function-gradient evaluations, or the CPU time
of ALG1 was less than the number of iterations, or the number of function-gradient
evaluations, or the CPU time corresponding to ALG2, respectively.
All codes are written in double precision Fortran and compiled with f77 (default compiler
settings) on an Intel Pentium 4, 1.8GHz workstation. All these codes are authored by Andrei.
The performances of these algorithms have been evaluated using the profiles of Dolan and
Mor¢ [6]. That is, for each algorithm we plot the fraction of problems for which the algorithm
is within a factor of the best CPU time. The left side of these Figures gives the percentage of
the test problems, out of 750, for which an algorithm is more successful; the right side gives
the percentage of the test problems that were successfully solved by each of the algorithms.
Mainly, the right side represents a measure of an algorithm’s robustness. Figure 1 shows the
performance profiles of CCOMB and NDOMB versus PRP and DY, respectively.
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Fig. 1. Performance profiles based on CPU time.

From Figure 1 we see that both CCOMB and NDOMB are more performant than PRP and
DY. Observe that, CCOMB is more successful than NDOMB. In Figure 2 we present the
Dolan-Moré performance profiles of CCOMB versus some hybrid conjugate gradient
algorithms.
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Fig. 2. Performance profiles of CCOMB versus hybrid algorithms: hDY, hDYz, GN and HusS.

4. Conclusion
The known hybrid conjugate gradient algorithms are based on projection of the classical
conjugate gradient algorithms FR, DY, CD, PRP, HS and LS. In this paper we have proposed

new hybrid conjugate gradient algorithms in which the parameter /[, is computed as a convex

of A and B, ie. B, =(1-6)BF +6,4°" . The parameter 6, is computed in such a

manner that the conjugacy condition is satisfied, or the corresponding direction in hybrid
conjugate gradient algorithm is the Newton direction. The Dolan and Moré CPU performance
profile of hybrid conjugate gradient algorithm based on conjugacy condition (CCOMB
algorithm) is higher than the performance profile corresponding to the hybrid algorithm based
to the Newton direction (NDOMB algorithm). The performance profile of CCOMB algorithm
was higher than those of the well established hybrid conjugate gradient algorithms (hDY,
hDYz, GN, HuS) for a set consisting of 750 unconstrained optimization test problems, some
of them from CUTE library. Additionally the proposed hybrid conjugate gradient algorithm
CCOMB is more robust than the PRP and DY conjugate gradient algorithms.
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