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5HVHDUFK ,QVWLWXWH IRU ,QIRUPDWLFV�

&HQWHU IRU $GYDQFHG 0RGHOLQJ DQG 2SWLPL]DWLRQ�

����� $YHUHVFX $YHQXH� %XFKDUHVW �� 5RPDQLD

(�PDLO� QDQGUHL#LFL�UR

$EVWUDFW� $ VFDOHG PHPRU\OHVV %)*6 SUHFRQGLWLRQHG FRQMXJDWH JUDGLHQW DOJRULWKP IRU

VROYLQJ XQFRQVWUDLQHG RSWLPL]DWLRQ SUREOHPV LV SUHVHQWHG� 7KH EDVLF LGHD LV WR FRPELQH

WKH VFDOHG PHPRU\OHVV %)*6 PHWKRG DQG WKH SUHFRQGLWLRQLQJ WHFKQLTXH LQ WKH IUDPH RI

WKH FRQMXJDWH JUDGLHQW PHWKRG� 7KH SUHFRQGLWLRQHU� ZKLFK LV DOVR D VFDOHG PHPRU\OHVV

%)*6 PDWUL[� LV UHVHW ZKHQ WKH %HDOH�3RZHOO UHVWDUW FULWHULRQ KROGV� 7KH SDUDPHWHU VFDOLQJ

WKH JUDGLHQW LV VHOHFWHG DV VSHFWUDO JUDGLHQW� ,Q YHU\ PLOG FRQGLWLRQV LW LV VKRZQ WKDW� IRU

VWURQJO\ FRQYH[ IXQFWLRQV� WKH DOJRULWKP LV JOREDOO\ FRQYHUJHQW� &RPSXWDWLRQDO UHVXOWV IRU

D VHW FRQVLVWLQJ RI ��� XQFRQVWUDLQHG RSWLPL]DWLRQ WHVW SUREOHPV� VKRZ WKDW WKLV QHZ

VFDOHG FRQMXJDWH JUDGLHQW DOJRULWKP VXEVWDQWLDOO\ RXWSHUIRUPV NQRZQ FRQMXJDWH JUDGLHQW

PHWKRGV LQFOXGLQJ� WKH VSHFWUDO FRQMXJDWH JUDGLHQW E\ %LUJLQ DQG 0DUWtQH] >�@� WKH

FRQMXJDWH JUDGLHQW E\ 3RODN DQG 5LELqUH >��@� DV ZHOO DV WKH PRVW UHFHQW &*B'(6&(17

FRQMXJDWH JUDGLHQW PHWKRG ZLWK JXDUDQWHHG GHVFHQW E\ +DJHU DQG =KDQJ >���@�

.H\ZRUGV� 8QFRQVWUDLQHG RSWLPL]DWLRQ� FRQMXJDWH JUDGLHQW PHWKRG� VSHFWUDO JUDGLHQW

PHWKRG� :ROIH OLQH VHDUFK� %)*6 SUHFRQGLWLRQLQJ

���� 0DWKHPDWLFV 6XEMHFW &ODVVLILFDWLRQ� ��0��� ��0��� ��&��� ��.

#$� ��
	�����	�

,Q WKLV SDSHU ZH FRQVLGHU WKH IROORZLQJ XQFRQVWUDLQHG RSWLPL]DWLRQ SUREOHP�

��� � �� � ���

ZKHUH � � �Q� → LV FRQWLQXRXVO\ GLIIHUHQWLDEOH DQG LWV JUDGLHQW LV DYDLODEOH� :H DUH

LQWHUHVWHG LQ HODERUDWLQJ DQ DOJRULWKP IRU VROYLQJ ODUJH�VFDOH FDVHV IRU ZKLFK WKH +HVVLDQ RI

� LV HLWKHU QRW DYDLODEOH RU UHTXLUHV D ODUJH DPRXQW RI VWRUDJH DQG FRPSXWDWLRQDO FRVWV�

7KH SDSHU SUHVHQWV D FRQMXJDWH JUDGLHQW DOJRULWKP EDVHG RQ D FRPELQDWLRQ RI WKH VFDOHG

PHPRU\OHVV %)*6 PHWKRG DQG WKH SUHFRQGLWLRQLQJ WHFKQLTXH� )RU JHQHUDO QRQOLQHDU

IXQFWLRQV D JRRG SUHFRQGLWLRQHU LV DQ\ PDWUL[ WKDW DSSUR[LPDWHV ∇ −� �� �� � �
ZKHUH �

LV

WKH VROXWLRQ RI ���� ,Q WKLV DOJRULWKP WKH SUHFRQGLWLRQHU LV D VFDOHG PHPRU\OHVV %)*6 PDWUL[

ZKLFK LV UHVHW ZKHQ WKH 3RZHOO UHVWDUW FULWHULRQ KROGV� 7KH VFDOLQJ IDFWRU LQ WKH

SUHFRQGLWLRQHU LV VHOHFWHG DV VSHFWUDO JUDGLHQW�

7KH DOJRULWKP XVHV WKH FRQMXJDWH JUDGLHQW GLUHFWLRQ ZKHUH WKH IDPRXV SDUDPHWHU β
N

LV REWDLQHG E\ HTXDWLQJ WKH FRQMXJDWH JUDGLHQW GLUHFWLRQ ZLWK WKH GLUHFWLRQ FRUUHVSRQGLQJ WR

WKH 1HZWRQ PHWKRG� 7KXV� ZH JHW D JHQHUDO IRUPXOD IRU WKH GLUHFWLRQ FRPSXWDWLRQ� ZKLFK

FRXOG EH SDUWLFXODUL]HG WR LQFOXGH WKH 3RODN DQG 5LELpUH >��@ DQG WKH )OHWFKHU DQG 5HHYHV >�@

FRQMXJDWH JUDGLHQW DOJRULWKPV� WKH VSHFWUDO FRQMXJDWH JUDGLHQW �6&*� E\ %LUJLQ DQG 0DUWtQH]

                                                          
1 The author was awarded the Romanian $FDGHP\ *UDQW ���������
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>�@ RU WKH DOJRULWKP RI 'DL DQG /LDR >�@� IRU W =��7KLV GLUHFWLRQ LV WKHQ PRGLILHG LQ D

FDQRQLFDO PDQQHU DV LW ZDV FRQVLGHUHG HDUOLHU E\ 2UHQ DQG /XHQEHUJHU >��@� 2UHQ DQG

6SHGLFDWR >��@� 3HUU\ >��@ DQG 6KDQQR >��� ��@� E\ PHDQV RI D VFDOHG� PHPRU\OHVV %)*6

SUHFRQGLWLRQHU SODFHG LQWR WKH %HDOH�3RZHOO UHVWDUW WHFKQRORJ\� 7KH VFDOLQJ IDFWRU LV

FRPSXWHG LQ D VSHFWUDO PDQQHU EDVHG RQ WKH LQYHUVH 5D\OHLJK TXRWLHQW� DV VXJJHVWHG E\

5D\GDQ >��@� 7KH PHWKRG LV DQ H[WHQVLRQ RI WKH VSHFWUDO FRQMXJDWH JUDGLHQW �6&*� E\ %LUJLQ

DQG 0DUWtQH] >�@ RU RI D YDULDQW RI WKH FRQMXJDWH JUDGLHQW DOJRULWKP E\ 'DL DQG /LDR >�@ �IRU

W =� � WR RYHUFRPH WKH ODFN RI SRVLWLYH GHILQLWHQHVV RI WKH PDWUL[ GHILQLQJ WKHLU VHDUFK

GLUHFWLRQ�

7KH SDSHU LV RUJDQL]HG DV IROORZV� ,Q VHFWLRQ � ZH SUHVHQW WKH PHWKRG� 6HFWLRQ � LV

GHGLFDWHG WR WKH 6&$/&* DOJRULWKP� 7KH DOJRULWKP SHUIRUPV WZR W\SHV RI VWHSV� D VWDQGDUG

RQH LQ ZKLFK D GRXEOH TXDVL�1HZWRQ XSGDWLQJ VFKHPH LV XVHG DQG D UHVWDUW RQH ZKHUH WKH

FXUUHQW LQIRUPDWLRQ LV XVHG WR GHILQH WKH VHDUFK GLUHFWLRQ� 7KH FRQYHUJHQFH RI WKH DOJRULWKP

IRU VWURQJO\ FRQYH[ IXQFWLRQV LV SURYHG LQ VHFWLRQ �� )LQDOO\� LQ VHFWLRQ � ZH SUHVHQW

FRPSXWDWLRQDO UHVXOWV RQ D VHW RI ��� XQFRQVWUDLQHG RSWLPL]DWLRQ SUREOHPV IURP WKH &87(

>�@ FROOHFWLRQ DORQJ ZLWK VRPH RWKHU ODUJH�VFDOH XQFRQVWUDLQHG RSWLPL]DWLRQ SUREOHPV� DQG

FRPSDUH WKH SHUIRUPDQFH RI WKH QHZ DOJRULWKP WR 6&* FRQMXJDWH JUDGLHQW PHWKRG E\ %LUJLQ

DQG 0DUWtQH] >�@� WKH 3RODN DQG 5LELpUH FRQMXJDWH JUDGLHQW DOJRULWKP >��@� DV ZHOO DV WKH

UHFHQW &*B'(6&(17 E\ +DJHU DQG =KDQJ >�� �@�

%$�&���'���	�

7KH DOJRULWKP JHQHUDWHV D VHTXHQFH �
N
RI DSSUR[LPDWLRQV WR WKH PLQLPXP �

RI � � LQ

ZKLFK

� � �
N N N N+ = +

�
α � ���

� � 	
N N N N N+ + += − +

� � �
θ β � ���

ZKHUH � � �
N N
= ∇ � �� α

N
LV VHOHFWHG WR PLQLPL]H � �� � DORQJ WKH VHDUFK GLUHFWLRQ �

N
�

β
N
LV D VFDODU SDUDPHWHU� 	 � �

N N N
= −+� DQG θ

N+� LV D SDUDPHWHU WR EH GHWHUPLQHG� 7KH

LWHUDWLYH SURFHVV LV LQLWLDOL]HG ZLWK DQ LQLWLDO SRLQW �
�
DQG � �

� �
= − �

2EVHUYH WKDW LI θ
N+ =

�
�� WKHQ ZH JHW WKH FODVVLFDO FRQMXJDWH JUDGLHQW DOJRULWKPV

DFFRUGLQJ WR WKH YDOXH RI WKH VFDODU SDUDPHWHU β
N
� 2Q WKH RWKHU KDQG� LI β

N
= �� WKHQ ZH

JHW DQRWKHU FODVV RI DOJRULWKPV DFFRUGLQJ WR WKH VHOHFWLRQ RI WKH SDUDPHWHU θ
N+� � &RQVLGHULQJ

β
N
= �� WKHUH DUH WZR SRVVLELOLWLHV IRU θ

N+� � D SRVLWLYH VFDODU RU D SRVLWLYH GHILQLWH PDWUL[� ,I

θ
N+ =

�
� � WKHQ ZH KDYH WKH VWHHSHVW GHVFHQW DOJRULWKP� ,I θ

N N
� �+ +

−= ∇
�

�

�

�� � � RU DQ

DSSUR[LPDWLRQ RI LW� WKHQ ZH JHW WKH 1HZWRQ RU WKH TXDVL�1HZWRQ DOJRULWKPV� UHVSHFWLYHO\�

7KHUHIRUH� ZH VHH WKDW LQ WKH JHQHUDO FDVH� ZKHQ θ
N+ ≠

�
� LV VHOHFWHG LQ D TXDVL�1HZWRQ

PDQQHU� DQG β
N
≠ �� ��� UHSUHVHQWV D FRPELQDWLRQ EHWZHHQ WKH TXDVL�1HZWRQ DQG WKH

FRQMXJDWH JUDGLHQW PHWKRGV� +RZHYHU� LI θ
N+� LV D PDWUL[ FRQWDLQLQJ VRPH XVHIXO LQIRUPDWLRQ

DERXW WKH LQYHUVH +HVVLDQ RI IXQFWLRQ � � ZH DUH EHWWHU RII XVLQJ � �
N N N+ + += −

� � �
θ VLQFH WKH

DGGLWLRQ RI WKH WHUP β
N N
	 LQ ��� PD\ SUHYHQW WKH GLUHFWLRQ �

N
IURP EHLQJ D GHVFHQW

GLUHFWLRQ XQOHVV WKH OLQH VHDUFK LV VXIILFLHQWO\ DFFXUDWH� 7KHUHIRUH� LQ WKLV SDSHU ZH VKDOO

FRQVLGHU θ
N+� DV D SRVLWLYH VFDODU ZKLFK FRQWDLQV VRPH XVHIXO LQIRUPDWLRQ WR WKH LQYHUVH

+HVVLDQ RI IXQFWLRQ � �

7R GHWHUPLQH β
N

FRQVLGHU WKH IROORZLQJ SURFHGXUH� $V ZH NQRZ� WKH 1HZWRQ

GLUHFWLRQ IRU VROYLQJ ��� LV JLYHQ E\ � � � �
N N N+ +

−
+= −∇

�

�

�

�

�
� � � 7KHUHIRUH� IURP WKH HTXDOLW\

− ∇ = − ++
−

+ + +
�

�

�

� � �
� � � � 	

N N N N N N
� � �θ β

ZH JHW�
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ZKHUH 
 � �N N N= −+� � %LUJLQ DQG 0DUWtQH] >�@ DUULYHG DW WKH VDPH IRUPXOD IRU β N � EXW

XVLQJ D JHRPHWULF LQWHUSUHWDWLRQ RI TXDGUDWLF IXQFWLRQ PLQLPL]DWLRQ� 7KH GLUHFWLRQ

FRUUHVSRQGLQJ WR β N
JLYHQ LQ ��� LV DV IROORZV�

� �
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N N N

7

N
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7

N

N+ + +
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7KLV GLUHFWLRQ LV XVHG E\ %LUJLQ DQG 0DUWtQH] >�@ LQ WKHLU 6&* �VSHFWUDO FRQMXJDWH JUDGLHQW�

SDFNDJH IRU XQFRQVWUDLQHG RSWLPL]DWLRQ� ZKHUH θ N+� LV VHOHFWHG LQ D VSHFWUDO PDQQHU� DV

VXJJHVWHG E\ 5D\GDQ >��@� 7KH IROORZLQJ SDUWLFXODUL]DWLRQV DUH REYLRXV� ,I θ N+ =
�

�� WKHQ

��� LV WKH GLUHFWLRQ FRQVLGHUHG E\ 3HUU\ >��@� $W WKH VDPH WLPH ZH VHH WKDW ��� LV WKH GLUHFWLRQ

JLYHQ E\ 'DL DQG /LDR >�@ IRU W =�� REWDLQHG WKLV WLPH E\ DQ LQWHUSUHWDWLRQ RI WKH FRQMXJDF\

FRQGLWLRQ� $GGLWLRQDOO\� LI 	 �M

7

M+ =
�

�� � �= � �� � � �� WKHQ IURP ��� ZH JHW�

� �

 �

� �
	N N N

N N

7

N

N N N

7

N

N+ + +
+ += − +

� � �

� �θ
θ
α θ

� ���

ZKLFK LV WKH GLUHFWLRQ FRUUHVSRQGLQJ WR D JHQHUDOL]DWLRQ RI WKH 3RODN DQG 5LELqUH IRUPXOD� 2I

FRXUVH� LI θ θ
N N+ = =

�
� LQ ���� ZH JHW WKH FODVVLFDO 3RODN DQG 5LELqUH IRUPXOD >��@� ,I

	 �M

7

M+ =
�

�� � �= � �� � � �� DQG DGGLWLRQDOO\ WKH VXFFHVVLYH JUDGLHQWV DUH RUWKRJRQDO� WKHQ

IURP ���

� �
� �

� �
	N N N

N N

7

N

N N N

7

N

N+ + +
+ + += − +

� � �

� � �θ
θ
α θ

� ���

ZKLFK LV WKH GLUHFWLRQ FRUUHVSRQGLQJ WR D JHQHUDOL]DWLRQ RI WKH )OHWFKHU DQG 5HHYHV IRUPXOD

>�@� 7KHUHIRUH� ��� LV D JHQHUDO IRUPXOD IRU GLUHFWLRQ FRPSXWDWLRQ LQ D FRQMXJDWH JUDGLHQW

PDQQHU LQFOXGLQJ WKH FODVVLFDO )OHWFKHU DQG 5HHYHV >�@� DQG 3RODN DQG 5LELqUH >��@ IRUPXODV�

7KHUH LV D UHVXOW E\ 6KDQQR >��� ��@ WKDW VD\V WKDW WKH FRQMXJDWH JUDGLHQW PHWKRG LV

SUHFLVHO\ WKH %)*6 TXDVL�1HZWRQ PHWKRG IRU ZKLFK WKH LQLWLDO DSSUR[LPDWLRQ WR WKH LQYHUVH

RI WKH +HVVLDQ� DW HYHU\ VWHS� LV WDNHQ DV WKH LGHQWLW\ PDWUL[� 7KH H[WHQVLRQ WR WKH VFDOHG

FRQMXJDWH JUDGLHQW LV YHU\ VLPSOH� 8VLQJ WKH VDPH PHWKRGRORJ\ DV FRQVLGHUHG E\ 6KDQQR

>��@ ZH JHW WKH IROORZLQJ GLUHFWLRQ �N+� �

� �
� 	
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LQYROYLQJ RQO\ � VFDODU SURGXFWV� $JDLQ REVHUYH WKDW LI � 	N

7

N+ =
�

�� WKHQ ��� UHGXFHV WR�

� �
� 



 	
	N N N N

N

7

N

N

7

N

N+ + + +
+= − +

� � � �

�θ θ � ����

7KXV� LQ WKLV FDVH� WKH HIIHFW LV VLPSO\ RQH RI PXOWLSO\LQJ WKH +HVWHQHV DQG 6WLHIHO >�@ VHDUFK

GLUHFWLRQ E\ D SRVLWLYH VFDODU�

,Q RUGHU WR HQVXUH WKH FRQYHUJHQFH RI WKH DOJRULWKP ���� ZLWK �N+� JLYHQ E\ ���� ZH

QHHG WR FRQVWUDLQ WKH FKRLFH RI α N � :H FRQVLGHU OLQH VHDUFKHV WKDW VDWLVI\ WKH :ROIH

FRQGLWLRQV >��� ��@�

� � � � � � �N N N N N N

7

N� � � � �+ − ≤α σ α
�

����

∇ + ≥� � � � � �N N N

7

N N

7

N� � �α σ
�
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ZKHUH � �
� �

< ≤ <σ σ �

7KHRUHP �� 6XSSRVH WKDW α
N
LQ ��� VDWLVILHV WKH :ROIH FRQGLWLRQV ���� DQG ����� WKHQ WKH

GLUHFWLRQ �
N+� JLYHQ E\ ��� LV D GHVFHQW GLUHFWLRQ�

3URRI� 6LQFH � �
� �
= − � ZH KDYH � � �7

� � �

�

�= − ≤ � 0XOWLSO\LQJ ��� E\ �
N

7

+� � ZH KDYH
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N
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7
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�θ

$SSO\LQJ WKH LQHTXDOLW\  �  �7 ≤ +
�

�

� �
� � WR WKH VHFRQG WHUP RI WKH ULJKW KDQG VLGH RI

WKH DERYH HTXDOLW\� ZLWK  	 
 �
N

7

N N
= +� �

�
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7

N N
= +� �

�
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%XW� E\ :ROIH FRQGLWLRQ ����� 
 	
N

7

N
> �� 7KHUHIRUH� � �

N

7

N+ + <
� �

� IRU HYHU\ � = � �� ���

2EVHUYH WKDW WKH VHFRQG :ROIH FRQGLWLRQ ���� LV FUXFLDO IRU WKH GHVFHQW FKDUDFWHU RI GLUHFWLRQ

���� %HVLGHV� ZH VHH WKDW WKH HVWLPDWLRQ ���� LV LQGHSHQGHQW RI WKH SDUDPHWHU θ
N+� �

8VXDOO\� DOO FRQMXJDWH JUDGLHQW DOJRULWKPV DUH SHULRGLFDOO\ UHVWDUWHG� 7KH 3RZHOO

UHVWDUWLQJ SURFHGXUH >��� ��@ LV WR WHVW LI WKHUH LV YHU\ OLWWOH RUWKRJRQDOLW\ OHIW EHWZHHQ WKH

FXUUHQW JUDGLHQW DQG WKH SUHYLRXV RQH� $W VWHS �ZKHQ�

� � �
U

7

U U+ +≥
� �

�

� �� � ����

ZH UHVWDUW WKH DOJRULWKP XVLQJ WKH GLUHFWLRQ JLYHQ E\ ����

$W VWHS � ZH NQRZ 	
U
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U
DQG θ

U+� � ,I ���� LV VDWLVILHG� WKHQ D UHVWDUW VWHS LV

FRQVLGHUHG� L�H� WKH GLUHFWLRQ LV FRPSXWHG DV LQ ���� )RU � �≥ +�� ZH FRQVLGHU WKH VDPH

SKLORVRSK\ XVHG E\ 6KDQQR >��� ��@� ZKHUH WKH JUDGLHQW �
N+� LV PRGLILHG E\ D SRVLWLYH

GHILQLWH PDWUL[ ZKLFK EHVW HVWLPDWHV WKH LQYHUVH +HVVLDQ ZLWKRXW DQ\ DGGLWLRQDO VWRUDJH

UHTXLUHPHQWV� L�H� ZH FRPSXWH�
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LQYROYLQJ � VFDODU SURGXFWV� :LWK WKHVH� DW DQ\ QRQUHVWDUW VWHS� WKH GLUHFWLRQ �
N+� IRU
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LQYROYLQJ RQO\ � VFDODU SURGXFWV� 2EVHUYH WKDW 
 	
N

7

N
> � LV VXIILFLHQW WR HQVXUH WKDW WKH

GLUHFWLRQ �
N+� JLYHQ E\ ���� LV ZHOO GHILQHG DQG LW LV DOZD\V D GHVFHQW GLUHFWLRQ�

0RWLYDWHG E\ WKH HIILFLHQF\ RI WKH VSHFWUDO JUDGLHQW PHWKRG LQWURGXFHG E\ 5D\GDQ

>��@ DQG XVHG E\ %LUJLQ DQG 0DUWtQH] >�@ LQ WKHLU VSHFWUDO FRQMXJDWH JUDGLHQW PHWKRG IRU

XQFRQVWUDLQHG RSWLPL]DWLRQ� LQ RXU DOJRULWKP θ
N+� LV GHILQHG DV D VFDODU DSSUR[LPDWLRQ WR WKH

LQYHUVH +HVVLDQ� 7KLV LV JLYHQ DV WKH LQYHUVH RI WKH 5D\OHLJK TXRWLHQW�

	 � � �	 �� 	 	 	
N

7

N N N N

7

N
∇ +







∫ �

�

�

� � 	 �

L�H�

θ
N

N

7

N

N

7

N

	 	


 	+ =
�
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7KH LQYHUVH RI 5D\OHLJK TXRWLHQW OLHV EHWZHHQ WKH VPDOOHVW DQG WKH ODUJHVW HLJHQYDOXH RI WKH

+HVVLDQ DYHUDJH ∇ +∫ �

�

�

� � �	 ��
N N

� � . $JDLQ REVHUYH 
 	
N

7

N
> � LV VXIILFLHQW WR HQVXUH WKDW

θ
N+� LQ ���� LV ZHOO GHILQHG�

($�����������	
����

+DYLQJ LQ YLHZ WKH DERYH GHYHORSPHQWV DQG WKH GHILQLWLRQV RI �
N
� 	

N
DQG 


N
� DV ZHOO DV WKH

VHOHFWLRQ SURFHGXUH IRU θ
N+� FRPSXWDWLRQ� WKH IROORZLQJ VFDOHG FRQMXJDWH JUDGLHQW DOJRULWKP

FDQ EH SUHVHQWHG�

6WHS �� ,QLWLDOL]DWLRQ� 6HOHFW � � Q

�
∈ � DQG WKH SDUDPHWHUV � �

� �
< ≤ <σ σ � &RPSXWH

� �� �
�

DQG � � �
� �
= ∇ � �� 6HW � �

� �
= − DQG α

� �
�= 	 �� 6HW � = ��

6WHS �� /LQH VHDUFK� &RPSXWH α
N
VDWLVI\LQJ WKH :ROIH FRQGLWLRQV ���� DQG ����� 8SGDWH WKH

YDULDEOHV � � �
N N N N+ = +

�
α � &RPSXWH � � �

N N
� ��+ +� �

DQG 	 � �
N N N
= −+� � 
 � �

N N N
= −+� �

6WHS �� 7HVW IRU FRQWLQXDWLRQ RI LWHUDWLRQV� ,I WKLV WHVW LV VDWLVILHG WKH LWHUDWLRQV DUH VWRSSHG�

HOVH VHW � �= +��
6WHS �� 6FDOLQJ IDFWRU FRPSXWDWLRQ� &RPSXWH θ

N
XVLQJ �����

6WHS �� 5HVWDUW GLUHFWLRQ� &RPSXWH WKH �UHVWDUW� GLUHFWLRQ �
N
DV LQ ����

6WHS �� /LQH VHDUFK� &RPSXWH WKH LQLWLDO JXHVV�α α
N N N N

� �= − −� � � �
	 � 8VLQJ WKLV

LQLWLDOL]DWLRQ FRPSXWH α
N
VDWLVI\LQJ WKH :ROIH FRQGLWLRQV� 8SGDWH WKH YDULDEOHV

� � �
N N N N+ = +

�
α � &RPSXWH � �

N
� ��+� �

N+� DQG 	 � �
N N N
= −+� � 
 � �

N N N
= −+� �

6WHS �� 6WRUH� θ θ=
N
� 	 	

N
= DQG 
 


N
= �

6WHS �� 7HVW IRU FRQWLQXDWLRQ RI LWHUDWLRQV� ,I WKLV WHVW LV VDWLVILHG WKH LWHUDWLRQV DUH VWRSSHG�

HOVH VHW � �= +��
6WHS �� 5HVWDUW� ,I WKH 3RZHOO UHVWDUW FULWHULRQ ���� LV VDWLVILHG� WKHQ JR WR VWHS � �D UHVWDUW

VWHS�� RWKHUZLVH FRQWLQXH ZLWK VWHS �� �D VWDQGDUG VWHS��

6WHS ��� 6WDQGDUG GLUHFWLRQ� &RPSXWH WKH GLUHFWLRQ �
N
DV LQ ����� ZKHUH � DQG � DUH

FRPSXWHG DV LQ ���� DQG ���� ZLWK VDYHG YDOXHV θ � 	 DQG 
�

6WHS ��� /LQH VHDUFK� &RPSXWH WKH LQLWLDO JXHVV� α α
N N N N

� �= − −� � � �
	 � 8VLQJ WKLV

LQLWLDOL]DWLRQ FRPSXWH α
N
VDWLVI\LQJ WKH :ROIH FRQGLWLRQV� 8SGDWH WKH YDULDEOHV

� � �
N N N N+ = +

�
α � &RPSXWH � �

N
� ��+� �

N+� DQG 	 � �
N N N
= −+� � 
 � �

N N N
= −+� �

6WHS ��� 7HVW IRU FRQWLQXDWLRQ RI LWHUDWLRQV� ,I WKLV WHVW LV VDWLVILHG WKH LWHUDWLRQV DUH VWRSSHG�

HOVH VHW � �= +� DQG JR WR VWHS �� �
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,W LV ZHOO NQRZQ WKDW LI � LV ERXQGHG EHORZ DORQJ WKH GLUHFWLRQ �
N
� WKHQ WKHUH H[LVWV

D VWHS OHQJWK α
N
VDWLVI\LQJ WKH :ROIH FRQGLWLRQV� 7KH LQLWLDO VHOHFWLRQ RI WKH VWHS OHQJWK

FUXFLDOO\ DIIHFWV WKH SUDFWLFDO EHKDYLRXU RI WKH DOJRULWKP� $W HYHU\ LWHUDWLRQ � ≥ � WKH

VWDUWLQJ JXHVV IRU WKH VWHS α
N
LQ OLQH VHDUFK LV FRPSXWHG DV α

N N N
� �− −� � � �

	 � 7KLV

SURFHGXUH ZDV FRQVLGHUHG IRU WKH ILUVW WLPH E\ 6KDQQR DQG 3KXD LQ &210,1 >��@� 7KH VDPH

RQH LV WDNHQ E\ %LUJLQ DQG 0DUWtQH] LQ 6&* >�@�

&RQFHUQLQJ WKH VWRSSLQJ FULWHULRQ WR EH XVHG LQ VWHSV �� � DQG �� ZH FRQVLGHU�

�
N J∞

≤ ε � ����

ZKHUH � ∞ GHQRWHV WKH PD[LPXP DEVROXWH FRPSRQHQW RI D YHFWRU DQG ε J LV D WROHUDQFH

VSHFLILHG E\ WKH XVHU�

)$��	�*�
����������������	
���
	������	�*�+�������	��

7KURXJKRXW WKLV VHFWLRQ ZH DVVXPH WKDW � LV VWURQJO\ FRQYH[ DQG /LSVFKLW] FRQWLQXRXV RQ

WKH OHYHO VHW

{ }� � � � � � �Q

� �
= ∈ ≤� � � � � � ����

7KDW LV� WKHUH H[LVWV FRQVWDQWV µ > � DQG / VXFK WKDW

� � � � �� � �∇ − ∇ − ≥ −� � � 
 � 
 � 
7 µ
�

����

DQG

∇ − ∇ ≤ −� � � 
 � � 
� � � � � ����

IRU DOO � DQG 
 IURP �
�
� )RU WKH FRQYHQLHQFH RI WKH UHDGHU ZH LQFOXGH KHUH WKH IROORZLQJ

OHPPD �VHH >�@��

/HPPD �� $VVXPH WKDW �N LV D GHVFHQW GLUHFWLRQ DQG ∇ � VDWLVILHV WKH /LSVFKLW] FRQGLWLRQ

∇ − ∇ ≤ −� � � � � � �N N� � � � � ����

IRU HYHU\ � RQ WKH OLQH VHJPHQW FRQQHFWLQJ �N DQG �N+� � ZKHUH / LV D FRQVWDQW� ,I WKH OLQH

VHDUFK VDWLVILHV WKH VHFRQG :ROIH FRQGLWLRQ ����� WKHQ

α
σ

N

N

7

N

N
�

� �

�
≥

−�
�

�
� ����

3URRI� 6XEWUDFWLQJ � �
N

7

N
IURP ERWK VLGHV RI ���� DQG XVLQJ WKH /LSVFKLW] FRQGLWLRQ ZH KDYH

� � � � �σ α
� �

�

�− ≤ − ≤+� � � � � � �
N

7

N N N

7

N N N
����

6LQFH �
N
LV D GHVFHQW GLUHFWLRQ DQG σ

�
�< � ���� IROORZV LPPHGLDWHO\ IURP ����� �

/HPPD �� $VVXPH WKDW ∇ � LV VWURQJO\ FRQYH[ DQG /LSVFKLW] FRQWLQXRXV RQ �
�
� ,I θ

N+� LV

VHOHFWHG E\ VSHFWUDO JUDGLHQW� WKHQ WKH GLUHFWLRQ �
N+� JLYHQ E\ ��� VDWLVILHV�

�
� �

�
N N+ +≤ + +









� �

�

� �

� �

µ µ µ
� ����

3URRI� %\ /LSVFKLW] FRQWLQXLW\ ���� ZH KDYH


 � � � � � � � � � � 	
N N N N N N N N N N

= − = ∇ + − ∇ ≤ =+� � � � � �α α ����

2Q WKH RWKHU KDQG� E\ VWURQJ FRQYH[LW\ ����


 	 	
N

7

N N
≥ µ

�

� ����

6HOHFWLQJ θ
N+� DV LQ ����� LW IROORZV WKDW
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θ
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1RZ� XVLQJ WKH WULDQJOH LQHTXDOLW\ DQG WKH DERYH HVWLPDWHV ���������� DIWHU VRPH DOJHEUD RQ

�
N+� �ZKHUH �

N+� LV JLYHQ E\ ���� ZH JHW ����� �

7KH FRQYHUJHQFH RI WKH VFDOHG FRQMXJDWH JUDGLHQW DOJRULWKP �6&$/&*� ZKHQ � LV

VWURQJO\ FRQYH[ LV JLYHQ E\

7KHRUHP �� $VVXPH WKDW � LV VWURQJO\ FRQYH[ DQG /LSVFKLW] FRQWLQXRXV RQ WKH OHYHO VHW �
�
�

,I DW HYHU\ VWHS RI WKH FRQMXJDWH JUDGLHQW ��� ZLWK �
N+� JLYHQ E\ ��� DQG WKH VWHS OHQJWK

α
N
VHOHFWHG WR VDWLVI\ WKH :ROIH FRQGLWLRQV ���� DQG ����� WKHQ HLWKHU �

N
= � IRU VRPH �� RU


�� �
�

�
N→∞
= �

3URRI� 6XSSRVH �
N
≠ � IRU DOO �� %\ VWURQJ FRQYH[LW\ ZH KDYH


 � � � � �
N

7

N N N

7

N N N
= − ≥+� � �

�

�

µα ����

%\ WKHRUHP �� � �
N

7

N
< �� 7KHUHIRUH� WKH DVVXPSWLRQ �

N
≠ � LPSOLHV �

N
≠ �� 6LQFH

α
N
> �� IURP ���� LW IROORZV WKDW 
 �

N

7

N
> �� %XW � LV VWURQJO\ FRQYH[ RYHU �

�
� WKHUHIRUH

� LV ERXQGHG IURP EHORZ� 1RZ� VXPPLQJ RYHU � WKH ILUVW :ROIH FRQGLWLRQ ���� ZH KDYH

α
N N

7

N

N

� �
=

∞

∑ > −∞
�

�

&RQVLGHULQJ WKH ORZHU ERXQG IRU α
N
JLYHQ E\ ���� LQ OHPPD � DQG KDYLQJ LQ YLHZ WKDW �

N
LV

D GHVFHQW GLUHFWLRQ LW IROORZV WKDW

� �

�

N

7

N

N
N

�

�

�=

∞

∑ < ∞� ����

1RZ� IURP ����� XVLQJ WKH LQHTXDOLW\ RI &DXFK\ DQG ���� ZH JHW

� �
� 	
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7

N

N N

N

N
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µ µ
7KHUHIRUH� IURP ���� LW IROORZV WKDW

�

�

N

N
N

�

�

�

< ∞
=

∞

∑ � ����

1RZ� LQVHUWLQJ WKH XSSHUERXQG ����� IRU �
N
LQ ���� \LHOGV

�
N

N

�

�

< ∞
=

∞

∑ �

ZKLFK FRPSOHWHV WKH SURRI� �

)RU JHQHUDO IXQFWLRQV WKH FRQYHUJHQFH RI WKH DOJRULWKP LV FRPLQJ IURP WKHRUHP �

DQG WKH UHVWDUW SURFHGXUH� 7KHUHIRUH� IRU VWURQJO\ FRQYH[ IXQFWLRQV DQG XQGHU LQH[DFW OLQH

VHDUFK LW LV JOREDO FRQYHUJHQW� 7R D JUHDW H[WHQW� KRZHYHU� WKH 6&$/&* DOJRULWKP LV YHU\

FORVH WR WKH 3HUU\�6KDQQR FRPSXWDWLRQDO VFKHPH >��� ��@� 6&$/&* LV D VFDOHG PHPRU\OHVV

%)*6 SUHFRQGLWLRQHG DOJRULWKP ZKHUH WKH VFDOLQJ IDFWRU LV WKH LQYHUVH RI D VFDODU

DSSUR[LPDWLRQ RI WKH +HVVLDQ� ,I WKH 3RZHOO UHVWDUW FULWHULRQ ���� LV XVHG� IRU JHQHUDO

IXQFWLRQV � ERXQGHG IURP EHORZ ZLWK ERXQGHG VHFRQG SDUWLDO GHULYDWLYHV DQG ERXQGHG OHYHO

VHW� XVLQJ WKH VDPH DUJXPHQWV FRQVLGHUHG E\ 6KDQQR LQ >��@ LW LV SRVVLEOH WR SURYH WKDW WKH

LWHUDWHV HLWKHU FRQYHUJH WR D SRLQW �
VDWLVI\LQJ � �� � � = � RU WKH LWHUDWHV F\FOH� ,W UHPDLQV
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IRU IXUWKHU VWXG\ WR GHWHUPLQH D FRPSOHWH JOREDO FRQYHUJHQFH UHVXOW DQG ZKHWKHU F\FOLQJ FDQ

RFFXU IRU JHQHUDO IXQFWLRQV ZLWK ERXQGHG VHFRQG SDUWLDO GHULYDWLYHV DQG ERXQGHG OHYHO VHW�

0RUH VRSKLVWLFDWHG UHDVRQV IRU UHVWDUWLQJ WKH DOJRULWKPV KDYH EHHQ SURSRVHG LQ WKH

OLWHUDWXUH� EXW ZH DUH LQWHUHVWHG LQ WKH SHUIRUPDQFH RI DQ DOJRULWKP WKDW XVHV WKH 3RZHOO

UHVWDUW FULWHULRQ� DVVRFLDWHG ZLWK WKH VFDOHG PHPRU\OHVV %)*6 SUHFRQGLWLRQHG GLUHFWLRQ

FKRLFH IRU UHVWDUW� $GGLWLRQDOO\� VRPH FRQYHUJHQFH DQDO\VLV ZLWK 3RZHOO UHVWDUW FULWHULRQ ZDV

JLYHQ E\ 'DL DQG <XDQ >�@ DQG FDQ EH XVHG LQ WKLV FRQWH[W RI WKH SUHFRQGLWLRQHG DQG VFDOHG

PHPRU\OHVV %)*6 DOJRULWKP�

,$��	�������	����
������������	���
��	��

,Q WKLV VHFWLRQ ZH SUHVHQW WKH SHUIRUPDQFH RI D )RUWUDQ LPSOHPHQWDWLRQ RI WKH 6&$/&* �

VFDOHG FRQMXJDWH JUDGLHQW DOJRULWKP RQ D VHW RI ��� XQFRQVWUDLQHG RSWLPL]DWLRQ WHVW

SUREOHPV� $W WKH VDPH WLPH� ZH FRPSDUH WKH SHUIRUPDQFH RI 6&$/&* ZLWK WKH EHVW VSHFWUDO

FRQMXJDWH JUDGLHQW DOJRULWKP� 6&* �EHWDW\SH ��3HUU\�0��� E\ %LUJLQ DQG 0DUWtQH] >�@� ZLWK

WKH &*B'(6&(17 � D FRQMXJDWH JUDGLHQW PHWKRG ZLWK JXDUDQWHHG GHVFHQW E\ +DJHU DQG

=KDQJ >�� �@ DQG ZLWK WKH 3RODN�5LELqUH DOJRULWKP � 35�

7KH 6&$/&* FRGH LV DXWKRUHG E\ $QGUHL� ZKLOH WKH 6&* DQG 3RODN�5LELqUH DUH FR�

DXWKRUHG E\ %LUJLQ DQG 0DUWtQH] DQG &*B'(6&(17 LV FR�DXWKRUHG E\ +DJHU DQG =KDQJ� $OO

FRGHV DUH ZULWWHQ LQ )RUWUDQ DQG FRPSLOHG ZLWK I�� �GHIDXOW FRPSLOHU VHWWLQJV� RQ DQ ,QWHO

3HQWLXP �� ���*K]� 7KH &*B'(6&(17 FRGH FRQWDLQV WKH YDULDQW LPSOHPHQWLQJ WKH :ROIH

OLQH VHDUFK �:� DQG WKH YDULDQW FRUUHVSRQGLQJ WR WKH DSSUR[LPDWH :ROIH FRQGLWLRQV �D:��

$OO DOJRULWKPV LPSOHPHQWV WKH VDPH VWRSSLQJ FULWHULRQ DV LQ ����� ZKHUH ε
J
= −
�� �

�

7KH WHVW SUREOHPV DUH WKH XQFRQVWUDLQHG SUREOHPV LQ WKH &87( >�@ FROOHFWLRQ� DORQJ

ZLWK RWKHU ODUJH�VFDOH RSWLPL]DWLRQ SUREOHPV� :H VHOHFWHG �� ODUJH�VFDOH XQFRQVWUDLQHG

RSWLPL]DWLRQ SUREOHPV LQ H[WHQGHG RU JHQHUDOL]HG IRUP� )RU HDFK IXQFWLRQ ZH KDYH

FRQVLGHUHG �� QXPHULFDO H[SHULPHQWV ZLWK QXPEHU RI YDULDEOHV Q =���� ���� ������ � � ��

/HW �
L

$/*�
DQG �

L

$/*�
EH WKH RSWLPDO YDOXH IRXQG E\ $/*� DQG $/*�� IRU SUREOHP

L =� ���� � �� UHVSHFWLYHO\� :H VD\ WKDW� LQ WKH SDUWLFXODU SUREOHP L� WKH SHUIRUPDQFH RI

$/*� ZDV EHWWHU WKDQ WKH SHUIRUPDQFH RI $/*� LI�

� �
L

$/*

L

$/*� � ���− < −

DQG WKH QXPEHU RI LWHUDWLRQV� RU WKH QXPEHU RI IXQFWLRQ�JUDGLHQW HYDOXDWLRQV� RU WKH &38 WLPH

RI $/*� ZDV OHVV WKDQ WKH QXPEHU RI LWHUDWLRQV� RU WKH QXPEHU RI IXQFWLRQ�JUDGLHQW

HYDOXDWLRQV� RU WKH &38 WLPH FRUUHVSRQGLQJ WR $/*�� UHVSHFWLYHO\�

7KH QXPHULFDO UHVXOWV FRQFHUQLQJ WKH QXPEHU RI LWHUDWLRQV� WKH QXPEHU RI UHVWDUW

LWHUDWLRQV� WKH QXPEHU RI IXQFWLRQ DQG JUDGLHQW HYDOXDWLRQV� FSX WLPH LQ VHFRQGV� IRU HDFK RI

WKHVH PHWKRGV FDQ EH IRXQG LQ >�@�

7DEOHV ��� VKRZ WKH QXPEHU RI SUREOHPV� RXW RI ���� IRU ZKLFK 6&$/&* YHUVXV

6&*� 35� &*B'(6&(17�:� RU &*B'(6&(17�D:� DFKLHYHG WKH PLQLPXP QXPEHU RI

LWHUDWLRQV ��LWHU�� WKH PLQLPXP QXPEHU RI IXQFWLRQ HYDOXDWLRQV ��IJ� DQG WKH PLQLPXP FSX

WLPH �&38�� UHVSHFWLYHO\�

7DEOH �� 3HUIRUPDQFH RI 6&$/&* YHUVXV 6&*� ��� SUREOHPV�

6&$/&* 6&*  

� LWHU ��� �� ��

� IJ ��� ��� ���

&38 ��� �� ��
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7DEOH �� 3HUIRUPDQFH RI 6&$/&* YHUVXV 35� ��� SUREOHPV�

6&$/&* 35  

� LWHU ��� �� ��

� IJ ��� ��� ���

&38 ��� �� ��

7DEOH �� 3HUIRUPDQFH RI 6&$/&* YHUVXV &*B'(6&(17�:�� ��� SUREOHPV�

6&$/&* &*B'(6&(17�:�  

� LWHU ��� ��� ��

� IJ ��� ��� ��

&38 ��� �� ��

7DEOH �� 3HUIRUPDQFH RI 6&$/&* YHUVXV &*B'(6&(17�D:�� ��� SUREOHPV�

6&$/&* &*B'(6&(17�D:�  

� LWHU ��� ��� ��

� IJ ��� ��� ��

&38 ��� �� ��

)RU H[DPSOH� ZKHQ FRPSDULQJ 6&$/&* DQG 6&* �7DEOH ��� VXEMHFW WR WKH QXPEHU RI

LWHUDWLRQV� 6&$/&* ZDV EHWWHU LQ ��� SUREOHPV �L�H� LW DFKLHYHG WKH PLQLPXP QXPEHU RI

LWHUDWLRQV LQ ��� SUREOHPV�� 6&* ZDV EHWWHU LQ �� SUREOHPV� DQG WKH\ KDG WKH VDPH QXPEHU

RI LWHUDWLRQV LQ �� SUREOHPV� HWF� )URP WKHVH 7DEOHV ZH VHH WKDW� DW OHDVW IRU WKLV VHW RI ���

SUREOHPV� WKH WRS SHUIRUPHU LV 6&$/&*� 6LQFH WKHVH FRGHV XVHV WKH VDPH :ROIH OLQH VHDUFK�

H[FHSWLQJ &*B'(6&(17�D:� ZKLFK LPSOHPHQWV DQ DSSUR[LPDWH :ROIH OLQH VHDUFK� DQG WKH

VDPH VWRSSLQJ FULWHULRQ WKH\ GLIIHU LQ WKHLU FKRLFH RI WKH VHDUFK GLUHFWLRQ� +HQFH� DPRQJ

WKHVH FRQMXJDWH JUDGLHQW DOJRULWKPV� 6&$/&* DSSHDUV WR JHQHUDWH WKH EHVW VHDUFK GLUHFWLRQ�

RQ DYHUDJH�

-$��	������	�

:H KDYH SUHVHQWHG D VFDOHG PHPRU\OHVV %)*6 SUHFRQGLWLRQHG FRQMXJDWH JUDGLHQW DOJRULWKP�

6&$/&* � VFDOHG FRQMXJDWH JUDGLHQW DOJRULWKP� IRU VROYLQJ ODUJH�VFDOH XQFRQVWUDLQHG

RSWLPL]DWLRQ SUREOHPV� 6&$/&* FDQ EH FRQVLGHUHG DV D PRGLILFDWLRQ RI WKH EHVW DOJRULWKP

E\ %LUJLQ DQG 0DUWtQH] >�@� ZKLFK LV PDLQO\ D VFDOHG YDULDQW RI 3HUU\©V >��@� DQG RI WKH 'DL

DQG /LDR >�@ � ��� =� LQ RUGHU WR RYHUFRPH WKH ODFN RI SRVLWLYH GHILQLWHQHVV RI WKH PDWUL[

GHILQLQJ WKH VHDUFK GLUHFWLRQ� 7KLV PRGLILFDWLRQ WDNHV WKH DGYDQWDJH RI WKH TXDVL�1HZWRQ

%)*6 XSGDWLQJ IRUPXOD� 8VLQJ WKH UHVWDUW WHFKQRORJ\ RI %HDOH�3RZHOO� ZH JHW D VFDOHG

FRQMXJDWH JUDGLHQW DOJRULWKP LQ ZKLFK WKH SDUDPHWHU VFDOLQJ WKH JUDGLHQW LV VHOHFWHG DV

VSHFWUDO JUDGLHQW� $OWKRXJK WKH XSGDWH IRUPXODV ��� DQG ��������� DUH PRUH FRPSOLFDWHG WKH

VFKHPH SURYHG WR EH HIILFLHQW DQG UREXVW LQ QXPHULFDO H[SHULPHQWV� 7KH DOJRULWKP

LPSOHPHQWV WKH :ROIH FRQGLWLRQV DQG ZH KDYH SURYHG WKDW WKH VWHSV DUH DORQJ WKH GHVFHQW

GLUHFWLRQV�

7KH SHUIRUPDQFHV IRU RXU VFDOHG FRQMXJDWH JUDGLHQW DOJRULWKP ZHUH KLJKHU WKDQ WKRVH

RI 6&* � VSHFWUDO FRQMXJDWH JUDGLHQW PHWKRG E\ %LUJLQ DQG 0DUWtQH]� &*B'(6&(17 �

FRQMXJDWH JUDGLHQW ZLWK JXDUDQWHHG GHVFHQW E\ +DJHU DQG =KDQJ DQG VFDOHG 3RODN�5LELqUH

IRU D VHW RI ��� XQFRQVWUDLQHG RSWLPL]DWLRQ SUREOHPV ZLWK GLPHQVLRQV UDQJLQJ EHWZHHQ

���
DQG �� � �

$V HDFK RI WKHVH FRGHV FRQVLGHUHG KHUH DUH GLIIHUHQW� PDLQO\ LQ WKH DPRXQW RI OLQHDU

DOJHEUD UHTXLUHG DW HDFK VWHS� LW LV TXLWH FOHDU WKDW GLIIHUHQW FRGHV ZLOO EH VXSHULRU LQ GLIIHUHQW
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SUREOHP VHWV� *HQHUDOO\� RQH QHHGV WR VROYH WKRXVDQGV GLIIHUHQW SUREOHPV EHIRUH WUHQGV EHJLQ

WR HPHUJH� )RU DQ\ SDUWLFXODU SUREOHP DOPRVW DQ\ PHWKRG FDQ ZLQ� +RZHYHU� ZH KDYH VWURQJ

FRPSXWDWLRQDO HYLGHQFH WKDW RXU VFDOHG PHPRU\OHVV %)*6 SUHFRQGLWLRQHG FRQMXJDWH JUDGLHQW

DOJRULWKP LV WKH WRS SHUIRUPHU DPRQJ WKHVH FRQMXJDWH JUDGLHQW DOJRULWKPV�

"���
�����
>�@ $QGUHL� 1�� KWWS���ZZZ�LFL�UR�FDPR�QHFXODL�DQSDSHU�KWP�

>�@ %LUJLQ� (� DQG 0DUWtQH]� -�0�� ����� $ VSHFWUDO FRQMXJDWH JUDGLHQW PHWKRG IRU

XQFRQVWUDLQHG RSWLPL]DWLRQ� $SSOLHG 0DWK� DQG 2SWLPL]DWLRQ� ��� SS���������

>�@ %RQJDUW]� ,� &RQQ� $�5�� *RXOG� 1�,�0� DQG 7RLQW� 3�/�� ����� &87(� FRQVWUDLQHG DQG

XQFRQVWUDLQHG WHVWLQJ HQYLURQPHQWV� $&0 7UDQV� 0DWK� 6RIWZDUH� ��� SS���������

>�@ 'DL <�+� DQG /LDR� /�=�� ����� 1HZ FRQMXJDWH FRQGLWLRQV DQG UHODWHG QRQOLQHDU

FRQMXJDWH JUDGLHQW PHWKRGV� $SSO� 0DWK� 2SWLP�� YRO� �� SS��������

>�@ 'DL <�+� DQG <XDQ� <�� ����� &RQYHUJHQFH SURSHUWLHV RI WKH %HDOH�3RZHOO UHVWDUW

DOJRULWKP� 6FLHQFH LQ &KLQD �VHULHV $� ��� ����� ����������

>�@ )OHWFKHU� 5� DQG 5HHYHV� &�0�� ����� )XQFWLRQ PLQLPL]DWLRQ E\ FRQMXJDWH JUDGLHQWV�

&RPSXW� -� �� SS� ��������

>�@ +DJHU� :�:� DQG =KDQJ� +�� ����� $ QHZ FRQMXJDWH JUDGLHQW PHWKRG ZLWK JXDUDQWHHG

GHVFHQW DQG DQ HIILFLHQW OLQH VHDUFK� 6,$0 -RXUQDO RQ 2SWLPL]DWLRQ� ��� ��������

>�@ +DJHU� :�:� DQG =KDQJ� +�� ����� &*�'(6&(17� $ FRQMXJDWH JUDGLHQW PHWKRG ZLWK

JXDUDQWHHG GHVFHQW �DOJRULWKP GHWDLOV DQG FRPSDULVRQV�� 8QLYHUVLW\ RI )ORULGD� 'HSDUWPHQW

RI 0DWKHPDWLFV� -DQXDU\ ��� �����

>�@ +HVWHQHV� 0�5� DQG 6WLHIHO� (�� ����� 0HWKRGV RI FRQMXJDWH JUDGLHQWV IRU VROYLQJ OLQHDU

V\VWHPV� -� 5HVHDUFK 1DW� %XU� 6WDQGDUGV 6HF� %� ��� SS� ��������

>��@ 2UHQ� 6�6� DQG /XHQEHUJHU� '�*�� ����� 6HOI�VFDOLQJ YDULDEOH PHWULF DOJRULWKP� 3DUW ,�

0DQDJHPHQW 6FL�� ��� SS���������

>��@ 2UHQ� 6�6� DQG 6SHGLFDWR� (�� ����� 2SWLPDO FRQGLWLRQLQJ RI VHOI�VFDOLQJ YDULDEOH PHWULF

DOJRULWKPV� 0DWK� 3URJUDPPLQJ� ��� SS�������

>��@ 3HUU\� -�0�� ����� $ FODVV RI FRQMXJDWH JUDGLHQW DOJRULWKPV ZLWK D WZR VWHS YDULDEOH

PHWULF PHPRU\� 'LVFXVVLRQ SDSHU ���� &HQWHU IRU 0DWKHPDWLFDO 6WXGLHV LQ (FRQRPLFV DQG

0DQDJHPHQW 6FLHQFH� 1RUWKZHVWHUQ 8QLYHUVLW\� �����

>��@ 3RODN (� DQG 5LELqUH� *�� ����� 1RWH VXU OD FRQYHUJHQFH GH PHWKRGV GH GLUHFWLRQV

FRQMXJUHV� 5HYXH )UDQFDLVH ,QIRUPDW� 5HVHUFKH 2SpUDWLRQQHOOH ��� SS� ������

>��@ 3RZHOO� 0�-�'�� ����� 6RPH FRQYHUJHQFH SURSHUWLHV RI WKH FRQMXJDWH JUDGLHQW PHWKRG�

0DWK� 3URJUDPPLQJ� ��� SS�������

>��@ 3RZHOO� 0�-�'�� ����� 5HVWDUW SURFHGXUHV IRU WKH FRQMXJDWH JUDGLHQW PHWKRG� 0DWK�

3URJUDPPLQJ� ��� SS���������

>��@ 5D\GDQ� 0�� ����� 7KH %DU]LODL DQG %RUZHLQ JUDGLHQW PHWKRG IRU WKH ODUJH VFDOH

XQFRQVWUDLQHG PLQLPL]DWLRQ SUREOHP� 6,$0 -� 2SWLP�� �� ������

>��@ 6KDQQR� '�)�� ����� &RQMXJDWH JUDGLHQW PHWKRGV ZLWK LQH[DFW VHDUFKHV� 0DWKHPDWLFV RI

2SHUDWLRQV 5HVHDUFK� YRO� �� SS���������

>��@ 6KDQQR� '�)�� ����� 2Q WKH FRQYHUJHQFH RI D QHZ FRQMXJDWH JUDGLHQW DOJRULWKP� 6,$0

-� 1XPHU� $QDO� YRO� ��� SS����������

>��@ 6KDQQR� '�)� DQG 3KXD� .�+�� ����� $OJRULWKP ���� 0LQLPL]DWLRQ RI XQFRQVWUDLQHG

PXOWLYDULDWH IXQFWLRQV� $&0 7UDQV� RQ 0DWK� 6RIW�� �� SS�������

>��@ :ROIH� 3�� ����� &RQYHUJHQFH FRQGLWLRQV IRU DVFHQW PHWKRGV� 6,$0 5HY�� ��� SS�����

����

>��@ :ROIH� 3�� ����� &RQYHUJHQFH FRQGLWLRQV IRU DVFHQW PHWKRGV ,,� VRPH FRUUHFWLRQV�

6,$0 5HY� ��� SS���������

0D\ ��� ����


