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6&$/&* LV D SDFNDJH RI )RUWUDQ �� VXEURXWLQHV IRU VROYLQJ ODUJH�VFDOH XQFRQVWUDLQHG RSWLPL]DWLRQ

SUREOHPV E\ PHDQV RI D VFDOHG FRQMXJDWH JUDGLHQW PHWKRG� ,Q WKLV DOJRULWKP WKH VHDUFKLQJ GLUHFWLRQ LV D

FRPELQDWLRQ RI WKH 1HZWRQ GLUHFWLRQ DQG WKDW FRUUHVSRQGLQJ WR WKH FRQMXJDWH JUDGLHQW PHWKRG ZLWK

VFDOOHG JUDGLHQW� ZKLFK VDWLVI\ WKH TXDVL�1HZWRQ HTXDWLRQ� 7KH VWHSOHQJWK LV FRPSXWHG XVLQJ WKH :ROIH

OLQH VHDUFK FRQGLWLRQV� 7KH FRPSXWDWLRQDO VFKHPH LV HPEHGGHG LQWR WKH UHVWDUW SKLORVRSK\ RI %HDOH�

3RZHOO >����@� 7KH SDUDPHWHU VFDOLQJ WKH JUDGLHQW LV VHOHFWHG DV VSHFWUDO JUDGLHQW� DV VXJJHVWHG E\

5D\GDQ >��@� RU LQ DQ DQWLFLSDWLYH PDQQHU E\ PHDQV D IRUPXOD XVLQJ WKH IXQFWLRQ YDOXHV LQ WZR

VXFFHVVLYH SRLQWV >�@� ,Q YHU\ PLOG FRQGLWLRQV LW LV VKRZQ WKDW� IRU VWURQJO\ FRQYH[ IXQFWLRQV� WKH

DOJRULWKP LV JOREDO FRQYHUJHQW� &RPSXWDWLRQDO UHVXOWV DQG SHUIRUPDQFH SURILOH E\ 'RODQ DQG 0RUp >�@�

IRU D WHVW VHW FRQVLVWLQJ RI ��� XQFRQVWUDLQHG RSWLPL]DWLRQ SUREOHPV �VRPH RI WKHP IURP &87( >�@��

VKRZ WKDW WKLV QHZ VFDOHG QRQOLQHDU FRQMXJDWH JUDGLHQW DOJRULWKP VXEVWDQWLDOO\ RXWSHUIRUPV NQRZQ

FRQMXJDWH JUDGLHQW PHWKRGV LQFOXGLQJ� VSHFWUDO FRQMXJDWH JUDGLHQW 6&* E\ %LUJLQ DQG 0DUWLQH] >�@�

VFDOHG )OHWFKHU DQG 5HHYHV� DQG 3RODN DQG 5LELqUH� &*B'(6&(17 E\ +DJHU DQG =KDQJ >�����@ DQG

&210,1 E\ 6KDQQR DQG 3KXD >��@�

&DWHJRULHV DQG 6XEMHFW 'HVFULSWRUV� * ��� >1XPHULFDO $QDO\VLV@� 2SWLPL]DWLRQ � 8QFRQVWUDLQHG

RSWLPL]DWLRQ� JUDGLHQW PHWKRGV� *�� >0DWKHPDWLFV RI &RPSXWLQJ@� 0DWKHPDWLFDO 6RIWZDUH �

$OJRULWKP GHVLJQ DQG DQDO\VLV� (IILFLHQF\� 5HOLDELOLW\ DQG UREXVWQHVV�

*HQHUDO 7HUPV� $OJRULWKPV

$GGLWLRQDO .H\ :RUG DQG 3KUDVHV� &RQMXJDWH JUDGLHQW PHWKRG� TXDVL�1HZWRQ PHWKRG� VFDOLQJ�

5D\OHLJK TXRWLHQW

��� �!"�#��! ��
,Q >�@ ZH LQWURGXFHG D QHZ VFDOHG QRQOLQHDU FRQMXJDWH JUDGLHQW PHWKRG IRU VROYLQJ ODUJH�

VFDOH XQFRQVWUDLQHG RSWLPL]DWLRQ SUREOHP�

��
 � %� � � ���

ZKHUH � � �Q� → LV FRQWLQXRXVO\ GLIIHUHQWLDEOH DQG LWV JUDGLHQW LV DYDLODEOH� 6&$/&* LV D

GRXEOH�SUHFLVLRQ )RUWUDQ SDFNDJH IRU VROYLQJ ��� LPSOHPHQWLQJ WKLV DOJRULWKP� 7KH VHDUFKLQJ

GLUHFWLRQ LV D FRPELQDWLRQ RI WKH 1HZWRQ GLUHFWLRQ DQG WKDW FRUUHVSRQGLQJ WR WKH FRQMXJDWH

JUDGLHQW PHWKRG ZLWK VFDOOHG JUDGLHQW� ZKLFK VDWLVILHV WKH TXDVL�1HZWRQ HTXDWLRQ� 7KH

VWHSOHQJWK LV FRPSXWHG WR VDWLVI\ WKH :ROIH OLQH VHDUFK FRQGLWLRQV� 7KH FRPSXWDWLRQDO

VFKHPH LV HPEHGGHG LQWR WKH UHVWDUW SKLORVRSK\ RI %HDOH�3RZHOO >����@� 7KH SDUDPHWHU

VFDOLQJ WKH JUDGLHQW LV VHOHFWHG DV VSHFWUDO JUDGLHQW� DV VXJJHVWHG E\ 5D\GDQ >��@� RU LQ DQ

DQWLFLSDWLYH PDQQHU E\ PHDQV RI D IRUPXOD XVLQJ WKH IXQFWLRQ YDOXHV LQ WZR VXFFHVVLYH SRLQWV

>�@� 7KH DOJRULWKP LQ 6&$/&* KDV EHHQ GHYHORSHG IRU IXQFWLRQV ZLWK D ODUJH QXPEHU RI

YDULDEOHV� 7R DFFHVV WKH SDFNDJH� WKH XVHU PXVW VXSSO\ D VXEURXWLQH IRU IXQFWLRQ RI WKH

SUREOHP DQG LWV GHULYDWLYH FDOFXODWLRQV� DV ZHOO DV D GULYHU SURJUDP IRU FDOOLQJ WKH SDFNDJH

ZLWK DSSURSULDWH RSWLRQV VSHFLILFDWLRQV DQG LQSXW SDUDPHWHUV� 7KH SHUIRUPDQFH RI WKH
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SDFNDJH GHSHQGV RQ WKH LQLWLDO JXHVV DQG RQ WKH LQSXW SDUDPHWHUV� DOO RI WKHP EHLQJ SURYLGHG

E\ WKH XVHU�

,Q WKH QH[W VHFWLRQ� ZH GHVFULEH WKH PHWKRG DQG SURYH WKDW WKH GLUHFWLRQ LV D GHVFHQW

RQH� ,Q 6HFWLRQ � ZH SUHVHQW WKH DOJRULWKP� 6HFWLRQ � LV GHGLFDWHG WR SUHVHQW WKH FRQYHUJHQFH

DQDO\VLV IRU VWURQJO\ FRQYH[ IXQFWLRQV� DQG LQ 6HFWLRQ � ZH SURYLGH VRPH GHWDLOV RI WKH

SDFNDJH DV ZHOO DV D QXPHULFDO VWXG\ DQG FRPSDULVRQV ZLWK FRQMXJDWH JUDGLHQW DOJRULWKPV

)OHWFKHU�5HHYHV >�@ DQG 3RODN�5LELqUH >��@ DQG 3RO\DN >��@� DQG SDFNDJHV� 6&* E\ %LUJLQ

DQG 0DUWLQH] >�@� &*B'(6&(17 E\ +DJHU DQG =KDQJ >��@ DQG &210,1 E\ 6KDQQR DQG

3KXD >��@�

$��!%&�'&!%�#

7KH DOJRULWKP JHQHUDWH D VHTXHQFH %
N

RI DSSUR[LPDWLRQV WR WKH PLQLPXP %

RI � � LQ

ZKLFK

% % �
N N N N+ = +

�
α � ���

� � �
N N N N N+ + += − +

� � �
θ β � ���

ZKHUH � � %
N N
= ∇ � �� α

N
LV VHOHFWHG WR PLQLPL]H � %� � DORQJ WKH VHDUFK GLUHFWLRQ �

N
� DQG

β
N
LV D VFDODU SDUDPHWHU� 7KH LWHUDWLYH SURFHVV LV LQLWLDOL]HG ZLWK DQ LQLWLDO SRLQW %

�
DQG

� �
� �
= − �

2EVHUYH WKDW LI θ
N+ =

�
�� WKHQ ZH JHW WKH FODVVLFDO FRQMXJDWH JUDGLHQW DOJRULWKPV

DFFRUGLQJ WR WKH YDOXH RI WKH VFDODU SDUDPHWHU β
N
� 2Q WKH RWKHU KDQG� LI β

N
= �� WKHQ ZH

JHW DQRWKHU FODVV RI DOJRULWKPV DFFRUGLQJ WR WKH VHOHFWLRQ RI WKH SDUDPHWHU θ
N+� � 7KHUH DUH

WZR SRVVLELOLWLHV IRU θ
N+� � D SRVLWLYH VFDODU RU D SRVLWLYH GHILQLWH PDWUL[� ,I θ

N+ =
�

� ZH KDYH

WKH VWHHSHVW GHVFHQW DOJRULWKP� ,I θ
N N

� %+ +
−= ∇

�

�

�

�� � � RU DQ DSSUR[LPDWLRQ RI LW� WKHQ ZH JHW

WKH 1HZWRQ RU WKH TXDVL�1HZWRQ DOJRULWKPV� UHVSHFWLYHO\� 7KHUHIRUH� ZH VHH WKDW LQ JHQHUDO

FDVH� ZKHQ θ
N+ ≠

�
� LV VHOHFWHG LQ D TXDVL�1HZWRQ PDQQHU� DQG β

N
≠ �� ��� UHSUHVHQWV D

FRPELQDWLRQ EHWZHHQ WKH TXDVL�1HZWRQ DQG FRQMXJDWH JUDGLHQW PHWKRGV�

7R GHWHUPLQH β
N

FRQVLGHU WKH IROORZLQJ SURFHGXUH� $V ZH NQRZ WKH 1HZWRQ

GLUHFWLRQ IRU VROYLQJ ��� LV JLYHQ E\ � � % �
N N N+ +

−
+= −∇

�

�

�

�

�
� � � 7KHUHIRUH� IURP WKH HTXDOLW\

− ∇ = − ++
−

+ + +
�

�

�

� � �
� % � � �

N N N N N N
� � �θ β

ZH JHW�

β
θ

N

N N

7

N N N

7

N

N

7

N N

� � % � � �

� � % �
=

∇ −
∇

+ + + +

+

�

�

� � �

�

�

� �

� �
� ���

8VLQJ WKH 7D\ORU GHYHORSPHQW� DIWHU VRPH DOJHEUD ZH REWDLQ�

β
θ

N

N N N

7

N

N

7

N

& � �

& �
=

−+ +� �
�

� �
���

ZKHUH � % %
N N N
= −+� DQG & � �

N N N
= −+� � %LUJLQ DQG 0DUWLQH] >�@ DULYHG DW WKH VDPH

IRUPXOD IRU β
N
� EXW XVLQJ D JHRPHWULF LQWHUSUHWDWLRLQ IRU TXDGUDWLF IXQFWLRQ PLQLPL]DWLRQ�

7KH GLUHFWLRQ FRUUHVSRQGLQJ WR β
N
JLYHQ LQ ��� LV DV IROORZV�

� �
& � �

& �
�

N N N

N N N

7

N

N

7

N

N+ + +
+ += − +

−
� � �

� �θ
θ� �

� ���
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7KLV GLUHFWLRQ LV XVHG E\ %LUJLQ DQG 0DUWLQH] >�@ LQ WKHLU 6&* �VSHFWUDO FRQMXJDWH JUDGLHQW�

SDFNDJH IRU XQFRQVWUDLQHG RSWLPL]DWLRQ� ZKHUH θ N+� LV VHOHFWHG LQ D VSHFWUDO PDQQHU� DV

VXJJHVWHG E\ 5D\GDQ >��@� 7KH IROORZLQJ SDUWLFXODUL]DWLRQV FDQ EH UHPDUNHG� ,I θ N+ =
�

��

WKHQ ��� LV WKH GLUHFWLRQ FRQVLGHUHG E\ 3HUU\ >��@� $W WKH VDPH WLPH ZH VHH WKDW ��� LV WKH

GLUHFWLRQ JLYHQ E\ 'DL DQG /LDR >�@ IRU W =�� REWDLQHG WKLV WLPH E\ DQ LQWHUSUHWDWLRQ RI WKH

FRQMXJDF\ FRQGLWLRQ� $GGLWLRQDOO\� LI � �M
7

M+ =
�

�� ' (= � �� � � �� WKHQ IURP ��� ZH JHW�

� �
& �

� �
�N N N

N N

7

N

N N N

7

N

N+ + +
+ += − +

� � �

� �θ
θ
α θ

� ���

ZKLFK LV WKH GLUHFWLRQ FRUUHVSRQGLQJ WR D JHQHUDOL]DWLRQ RI WKH 3RODN DQG 5LELqUH IRUPXOD� 2I

FRXUVH� LI θ θN N+ = =
�

� LQ ���� ZH JHW WKH FODVVLFDO 3RODN DQG 5LELqUH IRUPXOD >��@� ,I

� �M
7

M+ =
�

�� ' (= � �� � � �� DQG DGGLWLRQDOO\ WKH VXFFHVVLYH JUDGLHQWV DUH RUWKRJRQDO� WKHQ

IURP ���

� �
� �

� �
�N N N

N N

7

N

N N N

7

N

N+ + +
+ + += − +

� � �

� � �θ
θ
α θ

� ���

ZKLFK LV WKH GLUHFWLRQ FRUUHVSRQGLQJ WR D JHQHUDOL]DWLRQ RI WKH )OHWFKHU DQG 5HHYHV IRUPXOD

>�@� 7KHUHIRUH� ��� LV D JHQHUDO IRUPXOD IRU GLUHFWLRQ FRPSXWDWLRQ LQ D FRQMXJDWH JUDGLHQW

PDQQHU LQFOXGLQJ WKH FODVVLFDO )OHWFKHU DQG 5HHYHV >�@� DQG 3RODN DQG 5LELqUH >��@ IRUPXODV�

:H VHH WKDW WKH GLUHFWLRQ JLYHQ E\ ��� FDQ EH ZULWWHQ DV�

� 	
� &

& �

� �

& �
� ) �N N N

N N

7

N

7

N

N N

7

N

7

N

N N N+ + + + + += − − +






≡ −

� � � � � �
θ θ � ���

ZKHUH

) 	
� &

& �

� �

& �N N N

N N

7

N

7

N

N N

7

N

7

N

+ + += − +
� � �

θ θ � ����

,I θ N+ =
�

�� ZH KDYH�

� 	
� &

& �

� �

& �
�N

N N

7

N

7

N

N N

7

N

7

N

N+ += − − +





� �
� ����

ZKLFK LV H[DFWO\ WKH 3HUU\ IRUPXOD� $ PDMRU GLIILFXOW\ ZLWK ��� LV WKDW WKH PDWUL[

)N+� � GHILQHG E\ ����� LV QRW V\PPHWULF DQG KHQFH QRW SRVLWLYH GHILQLWH� 7KXV� WKH GLUHFWLRQV

�N+� IURP ��� DUH QRW QHFHVVDULO\ GHVFHQW GLUHFWLRQV DQG WKHUHIRUH QXPHULFDO LQVWDELOLW\ FDQ

UHVXOW� %HVLGHV� DQRWKHU GLIILFXOW\ DULVLQJ IURP WKLV ODFN RI V\PPHWU\ LV WKDW WKH WUXH TXDVL�

1HZWRQ HTXDWLRQ * & �N N N+ =
�

LV QRW VDWLVILHG�

,Q RUGHU WR RYHUFRPH WKLV GLIILFXOW\ DQG WR JHW D WUXH TXDVL�1HZWRQ XSGDWLQJ ZH ILUVW

PDNH WKH PDWUL[ )N+� IURP ���� V\PPHWULF DV IROORZV�

) 	
� & & �

& �

� �

& �N N N

N N

7

N N

7

N

7

N

N N

7

N

7

N

+ + += −
+

+
� � �

θ θ � ����

1RZ� ZH IRUFH )N+� WR VDWLVI\ WKH TXDVL�1HZWRQ HTXDWLRQ * & �N N N+ =
�

\LHOGLQJ WKH

IROORZLQJ V\PPHWULF XSGDWH�

) 	
& � � &

& �

& &

& �

� �

& �N N N

N N

7

N N

7

N

7

N

N

N

7

N

N

7

N

N N

7

N

7

N

+ + + += −
+

+ +





� � � �
�
 �θ θ θ ����

%\ GLUHFW FRPSXWDWLRQ LW LV YHU\ HDV\ WR SURRI WKDW )N+�



VDWLVI\ WKH TXDVL�1HZWRQ HTXDWLRQ�

L�H� ) & �N N N+ =
�


 � 1RWLFH WKDW
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� ) �
N N N+ + += −

� � �



����

GRHV QRW DFWXDOO\ UHTXLUH WKH PDWUL[ )
N+�

 � L�H� WKH GLUHFWLRQ �

N+� FDQ EH FRPSXWHG DV�

� �
� �

& �
&

& &

& �

� �

& �

� &

& �
�

N N N N

N

7

N

N

7

N

N N

N

7

N

N

7

N

N

7

N

N

7

N

N

N

7

N

N

7

N

N+ + + +
+

+
+

+
+= − +









 − +









 −









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�

�

�

�

�

�θ θ θ θ � ����

LQYROYLQJ RQO\ � VFDODU SURGXFWV� $JDLQ REVHUYH WKDW LI � �
N

7

N+ =
�

�� WKHQ ���� UHGXFHV WR�

� �
� &

& �
�

N N N N

N

7

N

N

7

N

N+ + + +
+= − +

� � � �

�θ θ � ����

7KXV� LQ WKLV FDVH� WKH HIIHFW LV VLPSO\ RQH RI PXOWLSO\LQJ WKH +HVWHQV DQG 6WLHIHO >��@ VHDUFK

GLUHFWLRQ E\ D SRVLWLYH VFDODU�

,Q RUGHU WR HQVXUH WKH FRQYHUJHQFH RI WKH DOJRULWKP ���� ZLWK �
N+� JLYHQ E\ ����� ZH

QHHG WR FRQVWUDLQ WKH FKRLFH RI α
N
� :H FRQVLGHU OLQH VHDUFKHV WKDW VDWLVI\ WKH :ROIH

FRQGLWLRQV >�����@�

� % � � % � �
N N N N N N

7

N
� � � � �+ − ≤α σ α

�
����

∇ + ≥� % � � � �
N N N

7

N N

7

N
� � �α σ

�
����

ZKHUH � �
� �

< ≤ <σ σ �

7KHRUHP �� 6XSSRVH WKDW α
N
LQ ��� VDWLVILHV WKH :ROIH FRQGLWLRQV ���� DQG ����� WKHQ WKH

GLUHFWLRQ �
N+� JLYHQ E\ ���� LV D GHVFHQW GLUHFWLRQ�

3URRI� 6LQFH � �
� �
= − � ZH KDYH � � �7

� � �

�

�= − ≤ � 0XOWLSO\LQJ ���� E\ �
N

7

+� � ZH KDYH

[� �
& �

� & � � & � � & �
N

7

N

N

7

N

N N N

7

N N N

7

N N

7

N N

7

N+ + + + + + += − +
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�
�

� � �

�
�

� �
� � � �� �� �θ θ

]− −+ + +� � � � � �� � �� � & � & & � �
N

7

N N

7

N N N

7

N N

7

N�

�

� �

�θ

$SSO\LQJ WKH LQHTXDOLW\ 
 � 
 �7 ≤ +
�

�

� �
� � WR WKH VHFRQG WHUP RI WKH ULJKW KDQG VLGH RI

WKH DERYH HTXDOLW\� ZLWK 
 � & �
N

7

N N
= +� �

�
DQG � � � &

N

7

N N
= +� �

�
ZH JHW�

� �
� �

& �N

7

N

N

7

N

N

7

N

+ +
+≤ −

� �

�

�� �
� ����

%XW� E\ :ROIH FRQGLWLRQ ����� & �
N

7

N
> �� 7KHUHIRUH� � �

N

7

N+ + <
� �

� IRU HYHU\ ( = � �� ���

2EVHUYH WKDW WKH VHFRQG :ROIH FRQGLWLRQ ���� LV FUXFLDO IRU WKH GHVFHQW FKDUDFWHU RI GLUHFWLRQ

����� 0RUHRYHU� ZH VHH WKDW WKH HVWLPDWLRQ ���� LV LQGHSHQGHQW E\ WKH SDUDPHWHU θ
N+� �

8VXDOO\� DOO FRQMXJDWH JUDGLHQW DOJRULWKPV DUH SHULRGLFDOO\ UHVWDUWHG� 7KH VWDQGDUG

UHVWDUWLQJ SRLQW RFFXUV ZKHQ WKH QXPEHU RI LWHUDWLRQV LV HTXDO WR WKH QXPEHU RI YDULDEOHV� EXW

VRPH RWKHU UHVWDUWLQJ PHWKRGV FDQ EH FRQVLGHUHG� 7KH 3RZHOO UHVWDUWLQJ SURFHGXUH >��@ LV WR

WHVW LI WKHUH LV YHU\ OLWWOH RUWKRJRQDOLW\ OHIW EHWZHHQ WKH FXUHQW JUDGLHQW DQG WKH SUHYLRXV RQH�

$W VWHS �ZKHQ�

� � �
U

7

U U+ +≥
� �

�

� �� � ����

ZH UHVWDUW WKH DOJRULWKP XVLQJ WKH GLUHFWLRQ JLYHQ E\ ����� $QRWKHU UHVWDUWLQJ SURFHGXUH�

FRQVLGHUHG E\ %LUJLQ DQG 0DUWLQH] >�@� FRQVLVWV RI WHVWLQJ LI WKH DQJOH EHWZHHQ WKH FXUUHQW

GLUHFWLRQ DQG − +�
N �

LV QRW DFXWH HQRXJK� 7KHUHIRUH� DW VWHS �ZKHQ�

� � � �
U

7

U U U+
−

+> −
�

�

� � �
�� � ����

WKH DOJRULWKP LV UHVWDUWHG XVLQJ WKH GLUHFWLRQ JLYHQ E\ �����
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$W VWHS � ZKHQ RQH RI WKH WZR FULWHULD ���� RU ���� LV VDWLVILHG� WKH GLUHFWLRQ LV

FRPSXWHG DV LQ ����� )RU ( �≥ +�� ZH FRQVLGHU WKH VDPH SKLORVRSK\ XVHG WR JHW ����� L�H�

WKDW RI PRGLI\LQJ WKH JUDGLHQW �
N+� ZLWK D SRVLWLYH GHILQLWH PDWUL[ ZKLFK EHVW HVWLPDWHV WKH

LQYHUVH +HVVLDQ ZLWKRXW DQ\ DGGLWLRQDO VWRUDJH UHTXLUHPHQWV� 7KHUHIRUH� WKH GLUHFWLRQ �
N+� �

IRU ( �≥ +�� LV FRPSXWHG XVLQJ D GRXEOH XSGDWH VFKHPH DV�

� * �
N N N+ + += −

� � �
� ����

ZKHUH
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� 1RZ� IURP ���� ZH VHH

WKDW� IRU DOO ( �

θ
N �+ ≤

�

�
� ����

:LWK WKLV� OLNH LQ OHPPD �� ZH JHW ����� �

7KH FRQYHUJHQFH RI WKH VFDOHG FRQMXJDWH JUDGLHQW DOJRULWKP �6&$/&*� ZKHQ � LV

VWURQJO\ FRQYH[ LV JLYHQ E\

7KHRUHP �� $VVXPH WKDW � LV VWURQJO\ FRQYH[ DQG /LSVFKLW] FRQWLQXRXV RQ WKH OHYHO VHW ,
�
�

,I DW HYHU\ VWHS RI WKH FRQMXJDWH JUDGLHQW ��� ZLWK �
N+� JLYHQ E\ ���� DQG WKH VWHS OHQJWK

α
N
VHOHFWHG WR VDWLVI\ WKH :ROIH FRQGLWLRQV ���� DQG ����� WKHQ HLWKHU �

N
= � IRU VRPH (� RU

��
 �
(

�
N→∞
= �

3URRI� 6XSSRVH �
N
≠ � IRU DOO (� %\ VWURQJ FRQYH[LW\ ZH KDYH

& � � � � �
N

7

N N N

7

N N N
= − ≥+� � �

�

�

µα ����

%\ WKHRUHP �� � �
N

7

N
< �� 7KHUHIRUH� WKH DVVXPSWLRQ �

N
≠ � LPSOLHV �

N
≠ �� 6LQFH

α
N
> �� IURP ���� LW IROORZV WKDW & �

N

7

N
> �� %XW � LV VWURQJO\ FRQYH[ RYHU ,

�
� WKHUHIRUH

� LV ERXQGHG IURP EHORZ� 1RZ� VXPPLQJ RYHU ( WKH ILUVW :ROIH FRQGLWLRQ ���� ZH KDYH
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α
N N

7

N

N

� �
=

∞

∑ > −∞
�

�

&RQVLGHULQJ WKH ORZHU ERXQG IRU α
N
JLYHQ E\ ���� LQ OHPPD �� DQG KDYLQJ LQ YLHZ WKDW �

N
LV

D GHVFHQW GLUHFWLRQ� LW IROORZV WKDW

� �

�

N

7

N

N
N

�

�

�=

∞

∑ < ∞� ����

1RZ� IURP ����� XVLQJ WKH LQHTXDOLW\ RI &DXFK\ DQG ���� ZH JHW

� �
� �

& �

� �

�

�
N

7

N

N

7

N

N

7

N

N N

N

N

+ +
+ + +≤ − ≤ − = −

� �

�

�

�

� �

�

�

�

� �
�

µ µ
7KHUHIRUH� IURP ���� LW IROORZV WKDW

�

�

N

N
N

�

�

�

< ∞
=

∞

∑ � ����

1RZ� LQVHUWLQJ WKH XSSHUERXQG ����� RU ����� IRU �
N
LQ ���� \LHOGV

�
N

N

�

�

< ∞
=

∞

∑ �

ZKLFK FRPSOHWHV WKH SURRI� �

)RU JHQHUDO IXQFWLRQV WKH FRQYHUJHQFH RI WKH DOJRULWKP LV FRPPLQJ IURP WKHRUHP �

DQG WKH UHVWDUW SURFHGXUH� 2XU DOJRULWKP LV YHU\ FORVH WR 3HUU\�6KDQQR FRPSXWDWLRQDO

VFKHPH� 7KHUHIRUH� IRU FRQYH[ IXQFWLRQV DQG XQGHU LQH[DFW OLQH VHDUFK LW LV JOREDO

FRQYHUJHQW� ,I UHVWDUWV DUH HPSOR\HG� WKH DOJRULWKP LV FRQYHUJHQW� EXW WKH VSHHG RI

FRQYHUJHQFH FDQ GHFUHDVH� 2Q WKH RWKHU KDQG� IRU JHQHUDO IXQFWLRQV WKDW DUH ERXQGHG IURP

EHORZ ZLWK ERXQGHG OHYHO VHWV DQG ERXQGHG VHFRQG SDUWLDO GHULYDWLYHV� WKH FRQYHUJHQFH RI

WKH SURSRVHG DOJRULWKP FDQ EH HVWDEOLVKHG XVLQJ H[DFWO\ WKH VDPH DQDO\VLV JLYHQ E\ 6KDQQR

LQ >��@�

.����'&" �����!�#+���#���'/�" ����
,Q WKLV VHFWLRQ ZH SUHVHQW D QXPHULFDO VWXG\ FRQFHUQLQJ WKH SHUIRUPDQFH RI 6&$/&* � VFDOHG

FRQMXJDWH JUDGLHQW DOJRULWKP RQ D QXPEHU RI ��� WHVW XQFRQVWUDLQHG RSWLPL]DWLRQ SUREOHPV�

$W WKH VDPH WLPH� ZH FRPSDUH WKH SHUIRUPDQFH RI 6&$/&* WR 6&* �EHWDW\SH ��3HUU\�0��

WKH EHVW VSHFWUDO FRQMXJDWH JUDGLHQW DOJRULWKP ��� E\ %LUJLQ DQG 0DUWLQH] >�@� WR

&*B'(6&(17 � D FRQMXJDWH JUDGLHQW PHWKRG ZLWK JXDUDQWHHG GHVFHQW E\ +DJHU DQG =KDQJ

>�����@� WR VFDOHG 3RODN�5LELqUH DOJRULWKP ��� DQG VFDOHG )OHWFKHU�5HHYHV DOJRULWKP ��� DQG

WR &210,1 FRQMXJDWH JUDGLHQW DOJRULWKP E\ 6KDQQR DQG 3KXD >��@�

7KH 6&$/&* FRGH LV DXWKRUHG E\ $QGUHL� ZKLOH WKH 6&* LV FR�DXWKRUHG E\ %LUJLQ

DQG 0DUWLQH] DQG &*B'(6&(17 LV FR�DXWKRUHG E\ +DJHU DQG =KDQJ� 3RODN�5LELHUH DQG

)OHWFKHU�5HHYHV DOJRULWKPV DUH LPSOHPHQWHG LQWR WKH IUDPH RI 6&*� &210,1 LV DXWKRUHG

E\ 6KDQQR DQG 3KXD >��@� $OO FRGHV DUH ZULWWHQ LQ )RUWUDQ DQG FRPSLOHG ZLWK I�� �GHIDXOW

FRPSLOHU VHWWLQJV� RQ D ZRUN VWDWLRQ ���*K]�

6&$/&* FRGH LPSOHPHQWV ERWK WKH VFDOHG FRQMXJDWH JUDGLHQW ZLWK VSHFWUDO FKRLFH RI

VFDOLQJ SDUDPHWHU θ
N+� � DV ZHOO DV ZLWK DQWLFLSDWLYH FKRLFH RI WKLV SDUDPHWHU� XVLQJ 3RZHOO

UHVWDUW FULWHULRQ� %DVLFDOO\� 6&$/&* FDQ EH GHVFULEHG E\ WKH IROORZLQJ FRPSRQHQWV� DQ XVHU�

VXSSOLHG GULYHU� WKH PDLQ VXEURXWLQH LPSOHPHQWLQJ 6&$/&* DOJRULWKP� D OLQH�VHDUFK

VXEURXWLQH LPSOHPHQWLQJ WKH :ROIH OLQH VHDUFK� D VXEURXWLQH VSHFLI\LQJ WKH IXQFWLRQ WR EH

PLQLPL]HG DQG LWV JUDGLHQW� DQG D VXEURXWLQH ZLWK WKH LQLWLDO JXHVV� 7KH OLQH VHDUFK LV

LPSOHPHQWHG LQ WKH VDPH PDQQHU DV WKDW JLYHQ E\ 6KDQQR DQG 3KXD LQ WKHLU &210,1

SDFNDJH�
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,Q RUGHU WR FRPSDUH 6&$/&* ZLWK 6&*� VFDOHG 3RODN�5LELqUH DQG VFDOHG )OHWFKHU�

5HHYHV ZH PDQXIDFWXUHG D QHZ 6&* FRGH RI %LUJLQ DQG 0DUWLQH] E\ LQWURGXFLQJ D VHTXHQFH

RI FRGH WR FRPSXWH WKH θ
N+� DQWLFLSDWLYH DFFRUGLQJ WR ���� DQG WKH 3RZHOO UHVWDUW FULWHULRQ�

7KHUHIRUH� 6&* FRGH LPSOHPHQWV ERWK UHVWDUW FULWHULD� 3RZHOO ���� DQG DQJOH �����

&*B'(6&(17 FRGH FRQWDLQV ERWK YDULDQWV LPSOHPHQWLQJ WKH :ROIH OLQH VHDUFK DQG WKH

YDULDQW FRUUHVSRQGLQJ WR DSSUR[LPDWH :ROIH FRQGLWLRQV� XVLQJ UHVWDUWLQJ DW HYHU\ 


LWHUDWLRQV� 2Q WKH RWKHU KDQG� &210,1 LPSOHPHQWV D %)*6 PRGLILFDWLRQ RI 3HUU\ PHWKRG

>��@ ZLWK :ROIH OLQH VHDUFK DQG 3RZHOO UHVWDUW FULWHULRQ�

7KH WHVW SUREOHPV DUH WKH XQFRQVWUDLQHG SUREOHPV LQ WKH &87( >�@ OLEUDU\� DORQJ

ZLWK RWKHU ODUJH�VFDOH RSWLPL]DWLRQ WHVW SUREOHPV� :H VHOHFWHG �� ODUJH�VFDOH XQFRQVWUDLQHG

RSWLPL]DWLRQ WHVW SUREOHPV ��� IURP &87( OLEUDU\� LQ H[WHQGHG RU JHQHUDOL]HG IRUP� )RU

HDFK WHVW IXQFWLRQ ZH KDYH FRQVLGHUHG �� QXPHULFDO H[SHULPHQWV ZLWK QXPEHU RI YDULDEOHV

Q =���� ���� ������ � � ��

7KH QXPHULFDO UHVXOWV FRQFHUQLQJ WKH QXPEHU RI LWHUDWLRQV� QXPEHU RI UHVWDUW

LWHUDWLRQV� QXPEHU RI IXQFWLRQ DQG JUDGLHQW HYDOXDWLRQV� FSX WLPH LQ VHFRQGV� IRU HDFK RI WKH

PHWKRGV DUH SRVWHG DW WKH IROORZLQJ ZHE VLWH�

KWWS���ZZZ�LFL�UR�FDPR�QHFXODL�DQVRIW�KWP�VFDOFJW

,Q WKH IROORZLQJ ZH SUHVHQW WKH QXPHULFDO SHUIRUPDQFHV RI DOO WKHVH FRGHV� LQFOXGLQJ

WKH SHUIRUPDQFH SURILOHV RI 'RODQ DQG 0RUp >�@ VXEMHFW WR WKH QXPEHU RI LWHUDWLRQV� WKH

QXPEHU RI IXQFWLRQ HYDOXDWLRQV DQG FSX WLPH PHWULFV� UHVSHFWLYHO\� )RU 6&$/&* DQG

&210,1 ZH SUHVHQW WKHLU SHUIRUPDQFHV RQ VRPH DSSOLFDWLRQV IURP 0,13$&.�� OLEUDU\�

���� 6&$/&* ZLWK θ V
YHUVXV 6&$/&* ZLWK θ D

,Q 6&$/&* FRGH WKH FRPSXWDWLRQV DUH WHUPLQDWHG DV VRRQ DV ���D� LV VDWLVILHG� ZKHUH

ε
J
= −
�� �

DQG ε
I
= −
�� �� � 7KH :ROIH OLQH VHDUFK FRQGLWLRQV DUH LPSOHPHQWHG ZLWK WKH

IROORZLQJ YDOXHV RI SDUDPHWHUV σ
�
DQG σ

�
� σ

�
� ����= � DQG σ

�
� �= � �

&RQFHUQLQJ WKH UHVWDUW FULWHULRQ� ZH LPSOHPHQWHG ERWK WKH 3RZHOO DQG DQJOH FULWHULD�

%RWK WKHVH FULWHULD KDYH D FUXFLDO UROH RQ WKH SUDFWLFDO HIILFLHQF\ RI WKH FRQMXJDWH JUDGLHQW

DOJRULWKPV� +RZHYHU� ZH REVHUYHG WKDW IRU 6&$/&* WKH 3RZHOO FULWHULRQ LV PRUH SHUIRUPDQW

WKDQ WKH DQJOH FULWHULRQ� $V WKH QXPHULFDO H[SHULPHQWV SURYH D ODUJH SHUFHQWDJH RI WKH

6&$/&*©V LWHUDWLRQV DUH UHVWDUW LWHUDWLRQV� 7KHUHIRUH ZH FRPSDUH 6&$/&* DOJRULWKPV ZLWK

3RZHOO UHVWDUW FULWHULRQ ZKHUH θ
N+� LV VHOHFWHG LQ D VSHFWUDO RU LQ DQ DQWLFLSDWLYH PDQQHU�

7DEOH � VKRZV WKH JOREDO FKDUDFWHULVWLFV� FRUUHVSRQGLQJ WR WKHVH ��� WHVW SUREOHPV�

UHIHULQJ WR WKH WRWDO QXPEHU RI LWHUDWLRQV� WRWDO QXPEHU RI IXQFWLRQ HYDOXDWLRQV DQG WRWDO FSX

WLPH IRU WKHVH DOJRULWKPV�

7DEOH �� *OREDO FKDUDFWHULVWLFV RI 6&$/&* ZLWK θ V

YHUVXV 6&$/&* ZLWK θ D

�

��� SUREOHPV�

*OREDO FKDUDFWHULVWLFV θ V θ D

7RWDO QXPEHU RI LWHUDWLRQV ������ ������

7RWDO QXPEHU RI IXQFWLRQ HYDOXDWLRQV ������ ������

7RWDO FSX WLPH �VHFRQGV� ������� �������

2XW RI ��� SUREOHPV VROYHG LQ WKLV VHW RI H[SHULPHQWV WKH FULWHULRQ �
N J∞

≤ ε LQ

���D� VWRSSHG WKH LWHUDWLRQV IRU ��� SUREOHPV� L�H� ������ LQ FDVH RI 6&$/&* ZLWK θ V
� DQG

IRU ��� SUREOHPV� L�H� ������ LQ FDVH RI 6&$/&* ZLWK θ D
�

7DEOH � VKRZV WKH QXPEHU RI SUREOHPV� RXW RI ���� IRU ZKLFK 6&$/&* ZLWK θ V
DQG

6&$/&* ZLWK θ D
DFKLHYHG WKH PLQLPXP QXPEHU RI LWHUDWLRQV� PLQLPXP QXPEHU RI

IXQFWLRQ HYDOXDWLRQV DQG WKH PLQLPXP FSX WLPH� UHVSHFWLYHO\�



12

7DEOH �� 3HUIRUPDQFH RI 6&$/&* DOJRULWKPV�

��� SUREOHPV�

3HUIRUPDQFH FULWHULRQ � RI SUREOHPV

6&$/&* �θ V

� DFKLHYHG PLQLPXP � RI LWHUDWLRQV LQ ���

6&$/&* �θ D

� DFKLHYHG PLQLPXP � RI LWHUDWLRQV LQ ���

6&$/&* �θ V

� DQG 6&$/&* �θ D

� DFKLHYHG WKH VDPH � RI LWHUDWLRQV LQ ���

6&$/&* �θ V

� DFKLHYHG PLQLPXP � RI IXQFWLRQ HYDOXDWLRQV LQ ���

6&$/&* �θ D

� DFKLHYHG PLQLPXP � RI IXQFWLRQ HYDOXDWLRQV LQ ���

6&$/&* �θ V

� DQG 6&$/&* �θ D

� DFKLHYHG WKH VDPH � RI IXQFWLRQ

HYDOXDWLRQV LQ
���

6&$/&* �θ V

� DFKLHYHG PLQLPXP FSX WLPH LQ ���

6&$/&* �θ D

� DFKLHYHG PLQLPXP FSX WLPH LQ ���

6&$/&* �θ V

� DQG 6&$/&* �θ D

� DFKLHYHG WKH VDPH FSX WLPH LQ ���

2EVHUYH WKDW WKH WRWDO QXPEHU LQ 7DEOH � H[FHHGV ��� GXH WR WLHV IRU VRPH SUREOHPV� 7KH

SHUIRUPDQFH RI WKHVH DOJRULWKPV KDYH EHHQ HYDOXDWHG XVLQJ WKH SURILOHV RI 'RODQ DQG 0RUp

>�@� 7KDW LV� IRU HDFK DOJRULWKP� ZH SORW WKH IUDFWLRQ RI SUREOHPV IRU ZKLFK WKH DOJRULWKP LV

ZLWKLQ D IDFWRU RI WKH EHVW QXPEHU RI LWHUDWLRQV DQG FSX WLPH� UHVSHFWLYHO\� 7KH OHIW VLGH RI

WKHVH )LJXUHV JLYHV WKH SHUFHQWDJH RI WKH WHVW SUREOHPV� RXW RI ���� IRU ZKLFK DQ DOJRULWKP LV

PRUH SHUIRUPDQW� WKH ULJKW VLGH JLYHV WKH SHUFHQWDJH RI WKH WHVW SUREOHPV WKDW ZHUH

VXFFHVIXOO\ VROYHG E\ HDFK RI WKH DOJRULWKPV� 0DLQO\� WKH ULJKW VLGH UHSUHVHQWV D PHDVXUH RI

DQ DOJRULWKP©V UREXVWQHVV� ,Q )LJXUHV � DQG � ZH FRPSDUH WKH SHUIRUPDQFH SURILOHV RI

6&$/&* ZLWK θ V

DQG 6&$/&* ZLWK θ D

UHIHULQJ WR WKH QXPEHU RI IXQFWLRQ HYDOXDWLRQV

DQG FSX WLPH� UHVSHFWLYHO\�

)LJ��� )XQFWLRQ HYDOXDWLRQV SHUIRUPDQFH SURILOH RI 6&$/&*�

θ V

YHUVXV θ D

�
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)LJ� �� &38 WLPH SHUIRUPDQFH SURILOH RI 6&$/&*�

θ V

YHUVXV θ D

�

7KH WRS FXUYH FRUUHVSRQGV WR WKH DOJRULWKP WKDW VROYHG WKH PRVW SUREOHPV LQ D

QXPEHU RI IXQFWLRQ HYDOXDWLRQV �)LJXUH �� RU LQ D FSX WLPH �)LJXUH �� WKDW ZDV ZLWKLQ D JLYHQ

IDFWRU τ RI WKH EHVW QXPEHU RI IXQFWLRQ HYDOXDWLRQV RU FSX WLPH� UHVSHFWLYHO\� 6LQFH WKH WRS

FXUYH LQ )LJXUHV � DQG � FRUUHVSRQGV WR 6&$/&* ZLWK θ D

� WKLV DOJRULWKP LV FOHDUO\ EHWWHU

WKDQ 6&$/&* ZLWK θ V

� +RZHYHU� ERWK FRGHV KDYH VLPLODU SHUIRUPDQFHV IRU DOPRVW DOO

YDOXHV RI τ � 7KHUHIRUH� ZH VHH WKDW WKH DQWLFLDSWLYH VHOHFWLRQ RI WKH VFDOLQJ SDUDPHWHU

FRPSDUHV IDYRXUDEOH� EHLQJ VOLJKWO\ EHWWHU WKHQ VSHFWUDO DSSURDFK�

$V ZH NQRZ� GLIIHUHQW VWRSSLQJ FULWHULD FKDQJH WKH SHUIRUPDQFHV RI WKH DOJRULWKPV�

DV ZHOO DV WKH DFFXUDF\ RI WKH VROXWLRQ� )RU H[DPSOH� FRQVLGHULQJ WKH VWRSSLQJ FULWHULD ���D��

���F�� WKHQ WKH SHUIRUPDQFH RI 6&$/&* �θ D

�� IRU VROYLQJ WKLV VHW RI ��� WHVW SUREOHPV� LV

JLYHQ DV LQ 7DEOH ��

7DEOH �� *OREDO FKDUDFWHULVWLFV RI 6&$/&* �θ D

� VXEMHFW WR GLIIHUHQW

VWRSSLQJ FULWHULD� ��� SUREOHPV�

6WRSSLQJ FULWHULD � LWHU � IJ FSX �V�

��D ������ ������ �������

��E ������ ������ �������

��F ������ ������� �������

���� 6&* ZLWK θ V

YHUVXV 6&* ZLWK θ D

7KH GLUHFWLRQ LQ 6&* FRGH E\ %LUJLQ DQG 0DUWLQH] >�@ LV FRPSXWHG DV LQ ���� ZKHUH θ
N+� LV

GHWHUPLQHG LQ D VSHFWUDO ����� RU LQ DQ DQWLFLSDWLYH ����� PDQQHU� 7KH :ROIH OLQH VHDUFK

FRQGLWLRQV DUH LPSOHPHQWHG OLNH LQ 6&$/&* ZLWK σ
�

� ����= � DQG σ
�

� �= � � ,Q 6&* WKH

LWHUDWLRQV DUH VWRSSHG ZKHQ ���D� LV VDWLVILHG� 7KH RULJLQDO VWRSSLQJ FULWHULRQ XVHG LQ 6&*

ZDV� { }∇ ≤ +� % ��% � %
N J N� � � � �

� �
�ε +RZHYHU� H[FHSW WKH FDVHV LQ ZKLFK � YDQLVKHV DW DQ

RSWLPXP� WKLV FULWHULRQ RIWHQ OHDGV WR D SUHPDWXUH WHUPLQDWLRQ� ,Q IDFW� IRU VRPH SUREOHPV�

ZKHQ � LV ODUJH DW WKH VWDUWLQJ SRLQW� 6&* VWRS WKH LWHUDWLRQV DOPRVW LPPHGLDWHO\� IDU IURP

WKH RSWLPXP� 7KHUHIRUH� ZH FKDQJHG WKH VWRSSLQJ FULWHULD DV LQ ���D�� /LNH LQ 6&$/&* WKH

LQLWLDO JXHVV RI WKH VWHS�OHQJWK DW WKH ILUVW LWHUDWLRQ LV VHOHFWHG DV� �
�

	 �� $W WKH IROORZLQJ
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LWHUDWLRQV WKH VWDUWLQJ JXHVV IRU WKH VWHS α
N
LV FRPSXWHG DV α

N N N
� �− −� � � �

	 � 7DEOHV � DQG

� VKRZ WKH JOREDO FKDUDFWHULVWLFV FRUUHVSRQGLQJ WR WKHVH ��� WHVW SUREOHPV� ZKHUH WKH

LWHUDWLRQV DUH UHVWDUWHG XVLQJ WKH 3RZHOO ���� RU DQJOH ���� UHVWDUW FULWHULRQ� UHVSHFWLYHO\�

7DEOH �� *OREDO FKDUDFWHULVWLFV RI 6&* ZLWK θ V
YHUVXV 6&* ZLWK θ D

�

3RZHOO UHVWDUW� ��� SUREOHPV�

*OREDO FKDUDFWHULVWLFV θ V θ D

7RWDO QXPEHU RI LWHUDWLRQV ������ ������

7RWDO QXPEHU RI IXQFWLRQ HYDOXDWLRQV ������ �������

7RWDO FSX WLPH �VHFRQGV� ������� �������

7DEOH �� *OREDO FKDUDFWHULVWLFV RI 6&* ZLWK θ V

YHUVXV 6&* ZLWK θ D

�

$QJOH UHVWDUW� ��� SUREOHPV�

*OREDO FKDUDFWHULVWLFV θ V θ D

7RWDO QXPEHU RI LWHUDWLRQV ������ ������

7RWDO QXPEHU RI IXQFWLRQ HYDOXDWLRQV ������� �������

7RWDO FSX WLPH �VHFRQGV� ������� �������

2EVHUYH WKDW ERWK FRGHV KDYH VLPLODU SHUIRUPDQFHV� 6LQFH WKH FRGHV RQO\ GLIIHU LQ WKH

SURFHGXUH IRU θ
N+� FRPSXWDWLRQ ZH VHH WKDW θ

N+� FRPSXWHG LQ DQ DQWLFLSDWLYH PDQQHU� ZKLFK

LV EDVHG RQO\ RQ WKH IXQFWLRQ YDOXHV LQ WZR VXFFHVVLYH SRLQWV� LV FRPSHWLWLYH ZLWK WKH VSHFWUDO

IRUPXOD ZKLFK FRQVLGHUV WKH +HVVLDQ DYHUDJH EHWZHHQ WZR VXFFHVVLYH LWHUDWLRQV� ,W LV ZRUWK

VD\LQJ WKDW RXW RI ��� SUREOHPV VROYHG E\ 6&* ZLWK θ D
LQ WKLV QXPHULFDO H[SHULPHQW� RQO\

IRU ��� �L�H� ������� γ
N+� LQ ���� ZDV QHJDWLYH LQ FDVH RI 3RZHOO UHVWDUW� DQG IRU RQO\ ���

�L�H� ����� γ
N+� LQ ���� ZDV QHJDWLYH LQ FDVH RI DQJOH UHVWDUW� )URP 7DEOHV � DQG � ZH VHH

WKDW 6&* ZLWK 3RZHOO UHVWDUW FULWHULRQ� LQ ERWK LPSOHPHQWDWLRQV XVLQJ θ V
RU θ D

� LV VOLJKWO\

EHWWHU WKDQ 6&* ZLWK DQJOH FULWHULRQ� )RU H[DPSOH� IRU VROYLQJ WKLV VHW RI ��� SUREOHPV 6&*

ZLWK 3RZHOO UHVWDUW DQG θ V
LV ZLWK ���� VHFRQGV IDVWHVW WKDQ 6&* ZLWK DQJOH UHVWDUW DQG θ V

�

���� &*B'(6&(17 ZLWK :ROIH OLQH VHDUFK �:� YHUVXV &*B'(6&(17 ZLWK

DSSUR[LPDWH :ROIH OLQH VHDUFK �D:�

5HFHQWO\� IRU VROYLQJ ���� +DJHU DQG =KDQJ >��@ SUHVHQWHG D QHZ FRQMXJDWH JUDGLHQW

DOJRULWKP ZLWK JXDUDQWHHG GHVFHQW DQG WKH SHUIRUPDQFH RI WKH )RUWUDQ �� SDFNDJH
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$IWHU VRPH VLPSOH DOJHEUD ZH VHH WKDW WKH GLUHFWLRQ �
N

+=

+� RI +DJHU DQG =KDQJ LV UHODWHG WR

WKH GLUHFWLRQ �N
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,Q WKHLU DOJRULWKP +DJHU DQG =KDQJ UHVWULFW β N
WR EH QRQQHJDWLYH� 7KLV LV PRWLYDWHG

E\ WKH ZRUN RI *LOEHUW DQG 1RFHGDO >��@ ZKR PRGLILHG WKH 3RODN DQG 5LELqUH XSGDWLQJ

IRUPXOD DV { }β βN N��%+ = �� DQG SURYHG WKH JOREDO FRQYHUJHQFH RI WKLV FRPSXWDWLRQDO

VFKHPH IRU JHQHUDO QRQOLQHDU IXQFWLRQV� 6LPLODU WR WKH DSSURDFKHV FRQVLGHUHG E\ *LOEHUW DQG

1RFHGDO >��@� +DQ� /LX� 6XQ DQG <LQ >��@� DQG :DQJ� +DQ DQG :DQJ >��@ LQ WKHLU VWXGLHV RQ

WKH 3RODN�5LELqUH YHUVLRQ RI WKH FRQMXJDWH JUDGLHQW PHWKRG� +DJHU DQG =KDQJ SURYH WKH

FRQYHUJHQFH IRU JHQHUDO QRQOLQHDU IXQFWLRQV E\ UHVWULFWLQJ WKH ORZHU ERXQG RI β N
LQ WKH

IROORZLQJ PDQQHU�

� � �N N N N+ += − +
� �

β � ����

{ }β β ηN N N= 
�� � � ����

{ }η
η

N

N N� ��
 �
=

−�

�
� ����

ZKHUH β N LV JLYHQ E\ ����� DQG WKH SDUDPHWHU η > � LV D XVHU VSHFLILHG FRQVWDQW� �6XJJHVWHG

YDOXH� η = � ��� � FRQVLGHUHG LQ DOO QXPHULFDO H[SHULPHQWV��

$Q LPSRUWDQW LQQRYDWLRQ JLYHQ E\ +DJHU DQG =KDQJ LQ WKHLU DSSURDFK FRQVLVWV RI D

QHZ HIILFLHQW DQG KLJKO\ DFFXUDWH OLQH VHDUFK SURFHGXUH� 7KLV LV EDVHG RQ WKH :ROIH

FRQGLWLRQV ��������� DQG RQ D YHU\ ILQH LQWHUSUHWDWLRQ RI WKH QXPHULFDO LVVXH FRQFHUQLQJ WKH

ILUVW :ROIH FRQGLWLRQ ����� ,Q &*B'(6&(17 WKH LWHUDWLRQV DUH VWRSSHG ZKHQHYHU

� N J∞
≤ ε � ZKHUH ε J =

−�� �
� 7KH :ROIH OLQH VHDUFK FRQGLWLRQV DUH LPSOHPHQWHG LQ

&*B'(6&(17 ZLWK� σ
�

��= � DQG σ
�

� �= � � 7KHVH YDOXHV UHSUHVHQW D FRPSURPLVH EHWZHHQ

WKH GHVLUH IRU D UDSLG WHUPLQDWLRQ RI OLQH VHDUFK ZLWK D VHPQLILFDWLYH LPSURYHPHQW LQ WKH

IXQFWLRQ YDOXH� 7KH OLQH VHDUFK LPSOHPHQWLQJ WKH DSUR[LPDWH :ROIH FRQGLWLRQV LV YHU\

VRSKLVWLFDWHG ZLWK D ORW RI SDUDPHWHUV ZKLFK FDQ EH VSHFLILHG E\ WKH XVHU� ,Q RXU QXPHULFDO

H[SHULPHQWV ZH FRQVLGHUHG WKH YDOXHV RI WKHVH SDUDPHWHUV JLYHQ E\ GHIDXOW� 7KH DOJRULWKP LV

UHVWDUWHG DW HYHU\ PXOWLSOH RI 
� 7DEOH � VKRZV WKH JOREDO FKDUDFWHULVWLFV RI &*B'(6&(17

ZLWK :ROIH OLQH VHDUFK �:�� DV ZHOO DV RI &*B'(6&(17 ZLWK DSSUR[LPDWH :ROIH OLQH

VHDUFK �D:�� FRUUHVSRQGLQJ WR WKHVH ��� WHVW SUREOHPV�

7DEOH �� *OREDO FKDUDFWHULVWLFV RI &*B'(6&(17�

��� SUREOHPV�

*OREDO FKDUDFWHULVWLFV : D:

7RWDO QXPEHU RI LWHUDWLRQV ������ ������

7RWDO QXPEHU RI IXQFWLRQ HYDOXDWLRQV ������ ������

7RWDO FSX WLPH �VHFRQGV� ������� �������

,Q )LJXUHV � DQG � ZH FRPSDUH WKH SHUIRUPDQFH SURILOHV RI &*B'(6&(17 ZLWK :ROIH OLQH

VHDUFK DQG &*B'(6&(17 ZLWK DSSUR[LPDWH :ROIH OLQH VHDUFK UHIHULQJ WR WKH QXPEHU RI

IXQFWLRQ HYDOXDWLRQV DQG FSX WLPH� UHVSHFWLYHO\�
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7KH EHVW SHUIRUPDQFH� UHODWLYH WR WKH IXQFWLRQ HYDOXDWLRQV PHWULF RU FSX WLPH PHWULF�

ZDV REWDLQHG E\ &*B'(6&(17 ZLWK DSSUR[LPDWH :ROIH OLQH VHDUFK� WKH WRS FXUYH LQ

)LJXUHV � DQG �� ,Q &*B'(6&(17 WKH VHDUFK GLUHFWLRQV DUH DOZD\V GHVFHQW GLUHFWLRQV�

LQGHSHQGHQW RI WKH DFFXUDF\ LQ WKH OLQH VHDUFK >��@� 6LQFH ERWK FRGHV JHQHUDWH WKH VDPH

GLUHFWLRQ� LW IROORZV WKDW WKH &*B'(6&(17 ZLWK DSSUR[LPDWH :ROIH OLQH VHDUFK LV PRUH

SHUIRUPDQW� VXEMHFW WR WKHVH PHWULFV� EHFDXVH LW JHQHUDWHV D PRUH DFFXUDWH VWHS OHQJWK�

)LJ� �� &*B'(6&(17� 3HUIRUPDQFH EDVHG RQ QXPEHU RI IXQFWLRQ HYDOXDWLRQV�

)LJ� �� &*B'(6&(17� 3HUIRUPDQFH EDVHG RQ &38 WLPH�

2EVHUYH� LQ )LJXUH �� WKDW WKH &*B'(6&(17 ZLWK DSSUR[LPDWH :ROIH OLQH VHDUFK FRGH LV WKH

WRS SHUIRUPHU� UHODWLYH WR WKH IXQFWLRQ HYDOXDWLRQ PHWULF IRU DOPRVW DOO YDOXHV RI τ � )URP

)LJXUH � ZH QRWH WKDW UHODWLYH WR WKH FSX WLPH PHWULF� ERWK FRGHV KDYH VLPLODU SHUIRUPDQFHV

IRU DOO YDOXHV RI τ � &*B'(6&(17 ZLWK DSSUR[LPDWH :ROIH OLQH VHDUFK EHLQJ VOLJKWO\ EHWWHU�

7KHUHIRUH� WKH RYHUDOO SRRU SHUIRUPDQFH RI &*B'(6&(17 ZLWK :ROIH OLQH VHDUFK� ERWK LQ

WKH IXQFWLRQ HYDOXDWLRQ DQG FSX WLPH� LV FRQQHFWHG ZLWK WKH SHUIRUPDQFH RI WKH OLQH VHDUFK�

+DJHU DQG =KDQJ >�����@ JLYH FRPSXWDWLRQDO HYLGHQFH WKDW WKHLU &*B'(6&(17 LV EHWWHU

WKDQ /�%)*6 � /LPLWHG 0HPRU\ TXDVL�1HZWRQ PHWKRG E\ 1RFHGDO >��@ DQG /LX DQG 1RFHGDO

>��@� DQG WKDQ 353� YHUVLRQ RI WKH FRQMXJDWH JUDGLHQW PHWKRG GHYHORSHG E\ *LOEHUW DQG

1RFHGDO >��@�
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���� 6FDOHG 3RODN�5LELqUH DQG VFDOHG )OHWFKHU�5HHYHV

7KH VHDUFK GLUHFWLRQ LQ VFDOHG 3RODN�5LELqUH RU VFDOHG )OHWFKHU�5HHYHV DOJRULWKPV LV

FRPSXWHG DV LQ ��� RU ��� UHVSHFWLYHO\� ZKHUH WKH VFDOLQJ SDUDPHWHU θ
N

LV VHOHFWHG LQ D

VSHFWUDO RU DQ DQWLFLSDWLYH PDQQHU� 7KH LWHUDWLRQV DUH VWRSSHG ZKHQHYHU ���D� LV VDWLVILHG�

/LNH LQ 6&$/&*� WKH LQLWLDO JXHVV RI WKH VWHS�OHQJWK DW WKH ILUVW LWHUDWLRQ LV VHOHFWHG DV�

�
�

	 �� $W WKH IROORZLQJ LWHUDWLRQV WKH VWDUWLQJ JXHVV IRU WKH VWHS α
N
LV FRPSXWHG DV

α
N N N

� �− −� � � �
	 � 7DEOHV � DQG � VKRZ WKH JOREDO FKDUDFWHULVWLFV FRUUHVSRQGLQJ WR WKHVH

��� WHVW SUREOHPV� ZKHUH ERWK YDULDQWV RI WKH DOJRULWKPV LPSOHPHQW WKH 3RZHOO UHVWDUW

FULWHULRQ�

7DEOH �� *OREDO FKDUDFWHULVWLFV RI 3RODN�5LELqUH�

��� SUREOHPV� 3RZHOO UHVWDUW�

*OREDO FKDUDFWHULVWLFV θ V θ D

7RWDO QXPEHU RI LWHUDWLRQV ������ ������

7RWDO QXPEHU RI IXQFWLRQ HYDOXDWLRQV ������ ������

7RWDO FSX WLPH �VHFRQGV� ������� �������

7DEOH �� *OREDO FKDUDFWHULVWLFV RI )OHWFKHU�5HHYHV�

��� SUREOHPV� 3RZHOO UHVWDUW

*OREDO FKDUDFWHULVWLFV θ V θ D

7RWDO QXPEHU RI LWHUDWLRQV ������ ������

7RWDO QXPEHU RI IXQFWLRQ HYDOXDWLRQV ������ ������

7RWDO FSX WLPH �VHFRQGV� ������� �������

:H VHH WKDW ZKLOH WKHUH DUH GLIIHUHQFHV� ERWK WKHVH YDULDQWV RI 3RODN�5LELqUH DQG )OHWFKHU�

5HHYHV DOJRULWKPV KDYH VLPLODU SHUIRUPDQFHV� )OHWFKHU�5HHYHV ZLWK θ D

EHLQJ VOLJKWO\ PRUH

FRPSHWLWLYH� DW OHDVW IRU WKLV VHW RI WHVW SUREOHPV FRQVLGHUHG LQ WKLV VWXG\�

���� &RPSDULVRQ� 6&$/&* YHUVXV 6&* DQG &*B'(6&(17

0RWLYDWHG E\ WKH UHVXOWV JLYHQ LQ WKH DERYH 7DEOHV DQG )LJXUHV LQ WKH IROORZLQJ ZH FRPSDUH

6&$/&* �θ D

� ZLWK 6&* �θ V

� DQG &*B'(6&(17 �D:�� %RWK 6&$/&* DQG 6&* UHVWDUW

LWHUDWLRQV XVLQJ WKH 3RZHOO FULWHULRQ� 7DEOH � VKRZV WKH JOREDO FKDUDFWHULVWLFV� FRUUHVSRQGLQJ

WR WKHVH ��� WHVW SUREOHPV� UHIHULQJ WR WKH WRWDO QXPEHU RI LWHUDWLRQV� WRWDO QXPEHU RI IXQFWLRQ

HYDOXDWLRQV DQG WRWDO FSX WLPH IRU WKHVH DOJRULWKPV�

7DEOH �� *OREDO FKDUDFWHULVWLFV RI 6&$/&* �θ D

�� 6&* �θ V

� DQG &*B'(6&(17 �D:��

3RZHOO UHVWDUW� ��� SUREOHPV�

*OREDO FKDUDFWHULVWLFV 6&$/&* 6&* &*B'(6&(17

7RWDO QXPEHU RI LWHUDWLRQV ������ ������ ������

7RWDO QXPEHU RI IXQFWLRQ HYDOXDWLRQV ������ ������ ������

7RWDO FSX WLPH �VHFRQGV� ������� ������� �������

7DEOH �� LOOXVWUDWHV WKH QXPEHU RI SUREOHPV� RXW RI ���� IRU ZKLFK WKH DERYH DOJRULWKPV

DFKLHYHG WKH PLQLPXP QXPEHU RI LWHUDWLRQV� PLQLPXP QXPEHU RI IXQFWLRQ HYDOXDWLRQV DQG

PLQLPXP FSX WLPH� UHVSHFWLYHO\�
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7DEOH ��� 3HUIRUPDQFH RI 6&$/&* �θ D

�� 6&* �θ V

� DQG &*B'(6&(17 �D:��

3RZHOO UHVWDUW� ��� SUREOHPV�

3HUIRUPDQFH FULWHULRQ � RI SUREOHPV

6&$/&* �θ D

� DFKLHYHG PLQLPXP � RI LWHUDWLRQV LQ ���

6&* �θ V

� DFKLHYHG PLQLPXP � RI LWHUDWLRQV LQ ���

&*B'(6&(17 �D:� DFKLHYHG PLQLPXP � RI LWHUDWLRQV LQ ���

6&$/&* �θ D

� DFKLHYHG PLQLPXP � RI IXQFWLRQ HYDOXDWLRQV LQ ���

6&* �θ V

�DFKLHYHG PLQLPXP � RI IXQFWLRQ HYDOXDWLRQV LQ ���

&*B'(6&(17 �D:� DFKLHYHG PLQLPXP � RI IXQFWLRQ HYDOXDWLRQV LQ ���

6&$/&* �θ D

� DFKLHYHG PLQLPXP FSX WLPH LQ ���

6&* �θ V

� DFKLHYHG PLQLPXP FSX WLPH LQ ��

&*B'(6&(17 �D:� DFKLHYHG PLQLPXP FSX WLPH LQ ���

,Q )LJXUHV � DQG � ZH FRPSDUH WKH SHUIRUPDQFH SURILOHV RI DOO WKHVH WKUHH DOJRULWKPV VXEMHFW

WR IXQFWLRQ HYDOXDWLRQV DQG FSX WLPH PHWULFV� UHVSHFWLYHO\�

)LJ� �� 3HUIRUPDQFH EDVHG RQ QXPEHU RI IXQFWLRQ HYDOXDWLRQV�

6&$/&* �θ D

� YHUVXV 6&* �θ V

� DQG &*B'(6&(17 �D:��

)LJ� �� 3HUIRUPDQFH EDVHG RQ FSX WLPH�

6&$/&* �θ D

� YHUVXV 6&* �θ V

� DQG &*B'(6&(17 �D:��
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1RWLFH WKDW UHODWLYH WR WKH IXQFWLRQ HYDOXDWLRQV DQG FSX WLPH PHWULFV IURP )LJXUHV �

DQG � LW IROORZV WKDW 6&$/&* �θ D

� LV WKH WRS SHUIRUPHU IRU DOO YDOXHV RI τ � 7KH )LJXUHV

LQGLFDWH WKDW UHODWLYH WR WKHVH PHWULFV 6&$/&* �θ D

� DSSHDUV WR EH WKH EHVW� IROORZHG E\

6&*�θ V

� DQG IROORZHG E\ &*B'(6&(17 �D:��

1RZ� VLQFH WKH 6&$/&* DQG 6&* FRGHV XVH WKH VDPH OLQH VHDUFK �ZLWK WKH VDPH

YDOXHV IRU σ
�

DQG σ
�
SDUDPHWHUV�� WKHVH FRGHV RQO\ GLIIHU LQ WKHLU FKRLFH RI WKH VHDUFK

GLUHFWLRQ� 7KHUHIRUH� RQ DYHUDJH� 6&$/&* DSSHDUV WR JHQHUDWH D EHWWHU VHDUFK GLUHFWLRQ WKDQ

6&*� )URP 7DEOH �� ZH VHH WKDW UHIHULQJ WR WKH QXPEHU SUREOHPV VROYHG LQ PLQLPXP

QXPEHU RI LWHUDWLRQV 6&$/&* LV DERXW ��� WLPHV PRUH SHUIRUPDQW WKDQ 6&*� &RQVLGHULQJ

WKH IXQFWLRQ HYDOXDWLRQV LW LV DERXW WZLFH PRUH SHUIRUPDQW� 5HIHULQJ WR WKH FSX WLPH ZH VHH

WKDW 6&$/&* LV DERXW ��� WLPHV IDVWHVW WKDQ 6&*�

,Q WKH IXQFWLRQ HYDOXDWLRQ PHWULF� IURP 7DEOH ��� ZH VHH WKDW� DW OHDVW IRU WKLV VHW RI

��� SUREOHPV� ZLWK GLPHQVLRQV UDQJLQJ IURP ���
WR �� �

� 6&$/&* LV DERXW WZLFH PRUH

SHUIRUPDQW WKDQ &*B'(6&(17� ,Q WKH FSX WLPH PHWULF 6&$/&* LV DERXW � WLPHV PRUH

SHUIRUPDQW WKDQ &*B'(6&(17� L�H� WKH IUDFWLRQ RI SUREOHPV IRU ZKLFK 6&$/&* DFKLHYHG

WKH EHVW WLPH LV DERXW � WLPHV JUHDWHU WKDQ WKDW FRUUHVSRQGLQJ WR &*B'(6&(17� ,Q )LJXUHV �

DQG � WKHVH SHUIRUPDQFHV DUH LOOXVWUDWHG IRU τ = �� 7KH VDOLHQW SRLQW FRPSXWDWLRQDO\ LV WKDW�

HYHQ WKH &*B'(6&(17 XVHV WKH ORRS XQUROOLQJ WR D GHSWK RI �� KRZHYHU 6&$/&* LV IDVWHU�

,Q WKH OLQH VHDUFK� PRUH IXQFWLRQ HYDOXDWLRQV DUH QHHGHG E\ &*B'(6&(17 ZLWK DSSUR[LPDWH

:ROIH WR DFKLHYH WKH VWRSSLQJ FULWHULRQ� ZKLOH LQ 6&$/&* WKH QXPEHU RI FDOOV RI WKH :ROIH

OLQH VHDUFK VXEURXWLQH LV VXEVWDQWLDOO\ VPDOOHU WKDQ WKH QXPEHU RI LWHUDWLRQV� L�H� WKH LQLWLDO

JXHVV RI WKH VWHS�OHQJWK LV DFFHSWHG DV VDWLVI\LQJ WKH :ROIH FRQGLWLRQV DW WKH YHU\ ILUVW

LWHUDWLRQ RI WKH VXEURXWLQH� 7KLV KDV D JUHDW LQIOXHQFH RQ WKH FSX WLPH� &RQFHUQLQJ WKH WRWDO

FSX WLPH IRU VROYLQJ WKLV VHW RI ��� SUREOHPV� IURP 7DEOH � ZH VHH WKDW 6&$/&* LV DOPRVW

WZLFH IDVWHVW WKDQ &*B'(6&(17�

7KH 6&$/&* DQG &*B'(6&(17 DOJRULWKPV �DQG FRGHV� GLIIHU LQ PDQ\ UHVSHFWV�

6LQFH ERWK RI WKHP XVH WKH :ROIH OLQH VHDUFK �KRZHYHU� LPSOHPHQWHG LQ GLIIHUHQW PDQQHUV��

PDLQO\ WKHVH FRGHV GLIIHU LQ WKHLU FKRLFH RI WKH VHDUFK GLUHFWLRQ� 6&$/&* DSSHDUV WR

JHQHUDWH D EHWWHU VHDUFK GLUHFWLRQ� RQ DYHUDJH� 7KH GLUHFWLRQ �
N+� XVHG LQ 6&$/&* LV PRUH

HODERUDWH� LW VDWLVI\ WKH TXDVL�1HZWRQ HTXDWLRQ LQ D UHVWDUW HQYLURQPHQW� $OWKRXJK WKH XSGDWH

IRUPXODV ���� DQG ��������� DUH PRUH FRPSOLFDWHG WKDQ WKH FRPSXWDWLRQDO VFKHPH ���� DQG

���������� WKLV VFKHPH SURYHG WR EH PRUH HIILFLHQW DQG PRUH UREXVW LQ QXPHULFDO H[SHULPHQWV�

+RZHYHU� VLQFH HDFK RI WKHVH FRGHV DUH GLIIHUHQW LQ WKH DPRXQW RI OLQHDU DOJHEUD UHTXLUHG LQ

HDFK LWHUDWLRQ DQG LQ WKH UHODWLYH QXPEHU RI IXQFWLRQ DQG LWV JUDGLHQW HYDOXDWLRQV� LW LV TXLWH

FOHDU WKDW GLIIHUHQW FRGHV ZLOO EH VXSHULRU LQ GLIIHUHQW SUREOHP VHW�

���� &RPSDULVRQV� 6&$/&* YHUVXV 6&*� &*B'(6&(17 DQG &210,1

,Q WKH IROORZLQJ ZH FRPSDUH 6&$/&* �θ D

� ZLWK 6&* �θ V

�� &*B'(6&(17 �D:� DQG

&210,1 E\ 6KDQQR DQG 3KXD� 7DEOH �� VKRZV WKH JHQHUDO FKDUDFWHULVWLFV� FRUUHVSRQGLQJ WR

WKHVH ��� WHVW SUREOHPV� UHIHULQJ WR WKH WRWDO QXPEHU RI LWHUDWLRQV� WKH WRWDO QXPEHU RI

IXQFWLRQ HYDOXDWLRQV DQG WKH WRWDO FSX WLPH IRU WKHVH DOJRULWKPV�

7DEOH ��� *OREDO FKDUDFWHULVWLFV RI 6&$/&* �θ D

�� 6&* �θ V

�� &*B'(6&(17 �D:�

DQG &210,1� ��� SUREOHPV�

*OREDO FKDUDFWHULVWLFV

$OJRULWKP � LWHUDWLRQV � IXQFWLRQ HYDOV FSX WLPH �VHFRQGV�

6&$/&* �θ D

� ������ ������ �������

6&* �θ V

� ������ ������ �������

&*B'(6&(17 �D:� ������ ������ �������

&210,1 ������ ������� �������
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,Q )LJXUHV � DQG � ZH FRPSDUH WKH SHUIRUPDQFH SURILOHV RI WKHVH DOJRULWKPV VXEMHFW WR WKH

QXPEHU RI IXQFWLRQ HYDOXDWLRQV DQG FSX WLPH� UHVSHFWLYHO\�

)LJ� �� 3HUIRUPDQFH EDVHG RQ QXPEHU RI IXQFWLRQ HYDOXDWLRQV�

)LJ� �� 3HUIRUPDQFH EDVHG RQ FSX WLPH�

7KH WRS FXUYH FRUUHVSRQG WR WKH DOJRULWKP WKDW VROYHG WKH PRVW SUREOHPV LQ D QXPEHU RI

IXQFWLRQ HYDOXDWLRQV �)LJXUH �� RU LQ D FSX WLPH �)LJXUH �� WKDW ZDV ZLWKLQ D JLYHQ IDFWRU RI

WKH EHVW QXPEHU IXQFWLRQ HYDOXDWLRQV DQG FSX WLPH� UHVSHFWLYHO\� 6LQFH WKH WRS FXUYH LQ
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)LJXUHV � DQG � FRUUHVSRQGV WR 6&$/&*� WKLV DOJRULWKP LV FOHDUO\ WKH EHVW DPRQJ WKHVH

DOJRULWKPV FRQVLGHUHG LQ WKLV VWXG\�

5HODWLYH WR WKH IXQFWLRQ HYDOXDWLRQV DQG FSX WLPH PHWULFV� IURP )LJXUHV � DQG �� ZH

VHH WKDW IRU τ = � 6&$/&* DQG &210,1 KDYH VLPLODU SHUIRUPDQFHV� KRZHYHU 6&$/&*

�θ D

� LV WRS SHUIRUPHU IRU DOPRVW DOO YDOXHV RI τ � &RQFHUQLQJ WKH UREXVWQHVV� ZH VHH WKDW

6&$/&* �θ D

� LV PRUH UREXVW� IROORZHG E\ 6&* �θ V

�� &*B'(6&(17 �D:� DQG

&210,1� LQ WKLV RUGHU� 6LQFH DOO WKHVH DOJRULWKPV XVH WKH VDPH :ROIH OLQH VHDUFK� WKH VDPH

UHVWDUW FULWHULRQ �3RZHOO�� DQG WKH VDPH VWRSSLQJ FULWHULD� PDLQO\ WKHVH DOJRULWKPV GLIIHU LQ

WKHLU SURFHGXUHV IRU VHDUFK GLUHFWLRQ FRPSXWDWLRQ� 7KHUHIRUH� )LJXUHV � DQG � JLYH D

FRPSXWDWLRQDO HYLGHQFH WKDW 6&$/&* JHQHUDWHV D EHWWHU GLUHFWLRQ�

7KH FRPSDULVRQ EHWZHHQ 6&$/&* DQG &210,1� VXEMHFW WR IXQFWLRQ HYDOXDWLRQV

DQG FSX WLPH PHWULFV� UHYHDOV WKDW 6&$/&* LV PRUH SHUIRUPDQW WKDQ &210,1� $Q

H[SODQDWLRQ RI WKLV EHKDYLRXU VHHPV WR EH DV IROORZV� $V ZH NQRZ 2UHQ >��@� 2UHQ DQG

/XHQEHUJHU >��@ DQG 2UHQ DQG 6SHGLFDWR >��@ PRGLILHG WKH %UR\GHQ FODVV RI TXDVL�1HZWRQ

PHWKRGV E\ LQWURGXFLQJ D VFDODU SDUDPHWHU LQ RUGHU WR PDNH WKH VHTXHQFH RI LQYHUVH +HVVLDQ

LQYDULDQW XQGHU PXOWLSOLFDWLRQ RI IXQFWLRQ � E\ D VFDODU FRQVWDQW� )RU WKLV VFDOLQJ SDUDPHWHU

6KDQQR >��@ VXJJHVWV WKH YDOXH � & & &
N

7

N N

7

N
	 DV WKDW YDOXH PLQLPL]LQJ WKH FRQGLWLRQ QXPEHU

RI * *
N N

−
+

�

�
� 7KLV VFDOLQJ IDFWRU LV XVHG LQ &210,1� 2Q WKH RWKHU KDQG� LQ 6&$/&* ZH

XVH DQRWKHU YDOXH IRU VFDOLQJ SDUDPHWHU θ
N+� � DV D VFDODU DSSUR[LPDWLRQ RI WKH LQYHUVH

+HVVLDQ JLYHQ E\ ���� RU ���� \HDOGLQJ WR D PRUH HIILFLHQW GLUHFWLRQ� 7KLV IDFWRU JUHDWO\

LQFUHDVH ERWK WKH FRPSXWDWLRQDO VWDELOLW\ DQG HIILFLHQF\ DV WKH SUREOHP VL]H LQFUHDVH�

H[SODLQLQJ WKH QXPHULFDO EHKDYLRXU RI 6&$/&* LQ FRPSDULVRQ ZLWK &210,1 VXEMHFW WR

IXQFWLRQ HYDOXDWLRQV DQG FSX WLPH PHWULFV�

���� &RPSDULVRQV� 6&$/&* YHUVXV 6&*� &*B'(6&(17� &210,1 DQG 3RODN�5LELqUH

)LJXUHV � DQG �� VKRZ WKH SHUIRUPDQFH SURILOHV RI 6&$/&* �θ D

�� 6&* �θ V

��

&*B'(6&(17 �D:�� &210,1 DQG VSHFWUDO 3RODN�5LELqUH� VXEMHFW WR QXPEHU RI IXQFWLRQ

HYDOXDWLRQV DQG FSX WLPH PHWULFV� UHVSHFWLYHO\� $JDLQ ZH QRWLFH WKDW� DW OHDVW IRU WKLV VHW RI

��� WHVW XQFRQVWUDLQHG RSWLPL]DWLRQ SUREOHPV� 6&$/&* ZLWK θ D

LV WKH WRS SHUIRUPHU ERWK

VXEMHFW WR IXQFWLRQ HYDOXDWLRQV DQG FSX WLPH PHWULFV� :H VHH WKDW� IRU τ = � � WKH DOJRULWKPV

FODVLILHV LQ WZR JURXSV ZLWK VLPLODU SHUIRUPDQFHV� 2QH JURXS LQFOXGH 6&$/&* DQG

&210,1� DQG WKH VHFRQG RQH FRQWDLQV 6&*� &*B'(6&(17 DQG 3RODN�5LELqUH� 7KLV

VHSDUDWLRQ LV PRUH HYLGHQW IRU FSX WLPH PHWULF� $V ZH KDYH DOUHDG\ VDLG� WKHVH DOJRULWKPV

GLIIHU LQ WKHLU SURFHGXUHV IRU VHDUFK GLUHFWLRQ FRPSXWDWLRQ� &RPSDUHG WR 6&*�

&*B'(6&(17 DQG 3RODN�5LELqUH� WKH GLUHFWLRQ LQ 6&$/&* DQG &210,1 LV PRUH

HODERUDWHG� ,W VDWLVI\ WKH TXDVL�1HZWRQ HTXDWLRQ XVLQJ D GRXEOH XSGDWH VFKHPH LQ D UHVWDUW

HQYLURQPHQW JLYHQ E\ 3RZHOO SURFHGXUH�

&RPSXWDWLRQDOO\� WKH VDOLHQW SRLQW LV WKDW WKH VFDOHG 3RODN�5LELqUH DOJRULWKP LQ WKLV

LPSOHPHQWDWLRQ KDV WKH EHVW SHUIRUPDQFH SURILOH� FRPSDUHG WR 6&* DQG &*B'(6&(17�

&RQFHUQLQJ WKH UREXVWQHVV� ZH VHH WKDW VFDOHG 3RODN�5LELqUH FODVVLILHV WKH VHFRQG�

LPPHGLDWHO\ DIWHU 6&$/&*� 6FDOHG 3RODN�5LELqUH DOJRULWKP SRVVHVV D EXLOW�LQ UHVWDUW IHDWXUH

WKDW DGGUHVVHV WKH MDPPLQJ SUREOHP� :KHQ � % %
N N N
= −+� LV VPDOO� WKH IDFWRU &

N
LQ WKH

QXPHUDWRU RI ��� WHQGV WR ]HUR� +HQFH� WKH QHZ VHDUFK GLUHFWLRQ �
N+� JLYHQ E\ ��� LV

HVVHQWLDOO\ WKH VFDOHG VWHHSHVW GHVFHQW GLUHFWLRQ − + +θ
N N
�

� �
� ZKHUH WKH VFDOLQJ IDFWRUθ

N+� LV D

VFDODU DSSUR[LPDWLRQ WR WKH LQYHUVH +HVVLDQ� *HQHUDOO\� WKH VFDOHG 3RODN�5LELqUH PHWKRG

DXWRPDWLFDOO\ DGMXVW WKH SDUDPHWHU β
N
WR DYRLG MDPPLQJ� 2Q WKH RWKHU KDQG� 6&* GRHV QRW

KDYH WKLV SURSHUW\� (YHQ WKDW &
N
LQ WKH QXPHUDWRU RI ��� WHQGV WR ]HUR� WKH QHZ VHDUFK

GLUHFWLRQ JLYHQ E\ ��� LV GLIIHUHQW E\ WKH VFDOHG VWHHSHVW GHVFHQW GLUHFWLRQ − + +θ
N N
�

� �
�

7KHUHIRUH� MDPPLQJ FDQ DSSHDU� +RZHYHU� LQ WKH QXPHUDWRU RI ��� DSSHUDV WKH IDFWRU
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θ
N N N
& �+ −

�
ZKLFK LV UHVHPEOLJ WKH TXDVL�1HZWRQ HTXDWLRQ� )LJXUHV � DQG �� JLYH

FRPSXWDWLRQDO HYLGHQFH WKDW 6&* LV PRUH UREXVW WKDQ &*B'(6&(17� &*B'(6&(17 ZDV

GHVLJQHG LQ RUGHU WR HQVXUH VXIILFLHQW GHVFHQW� LQGHSHQGHQW RI WKH DFFXUDF\ RI WKH OLQH VHDUFK�

:KHQ �
N
LV VPDOO� IURP ���� ZH VHH WKDW WKH QHZ VHDUFK GLUHFWLRQ HVVHQWLDOO\ LV WKH +HVWHQV

DQG 6WLHIHO GLUHFWLRQ ZKLFK DYRLGV MDPPLQJ�

)LJ� �� 3HUIRUPDQFH EDVHG RQ QXPEHU RI IXQFWLRQ HYDOXDWLRQV�

)LJ� ��� 3HUIRUPDQFH EDVHG RQ FSX WLPH�
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���� &RPSDULVRQV� 6&$/&* YHUVXV 6&*� VFDOHG 3RODN�5LELqUH�3RO\DN� VFDOHG )OHWFKHU�

5HHYHV DQG &210,1 RQ 0,13$&.�� DSSOLFDWLRQV

,Q 7DEOHV ����� ZH SUHVHQW WKH SHUIRUPDQFH RI 6&$/&*� 6&*� VFDOHG 3RODN�5LELqUH�3RO\DN

�V353� DQG VFDOHG )OHWFKHU�5HHYHV �V)5� IRU � XQFRQVWUDLQHG RSWLPL]DWLRQ DSSOLFDWLRQV IURP

0,13$&.�� FROOHFWLRQ >�@� )RU FRPSDULVRQ� LQ 7DEOH �� ZH SUHVHQW WKH SHUIRUPDQFHV RI

&210,1 RQ VDPH SUREOHPV� ,Q DOO WKHVH QXPHULFDO H[SHULPHQWV ZH KDYH FRQVLGHUHG WKH

VWDQGDUG LQLWLDO SRLQW� DV LW LV UHFRPPHQGHG LQ 0,13$&.�� DQG WKH LWHUDWLRQV ZDV VWRSSHG

DFFRUGLQJ WR ���D� FULWHULD�

7DEOH ��� 3HUIRUPDQFH RI 6&$/&*� 6&*� V353 DQG V)5�

(ODVWLF�3ODVWLF 7RUVLRQ 3UREOHP�

Q[ Q\= =��� ���� � F = �� � Q =����� �

� LWHU � IJ FSX �V�

$OJRULWKP θ V θ D θ V θ D θ V θ D � %� �


6&$/&* ��� ��� ��� ��� ����� ����� ������������

6&* ��� ��� ��� ��� ����� ����� ������������

V353 ��� ��� ��� ��� ����� ����� ������������

V)5 ��� ��� ��� ��� ����� ����� ������������

Q[ Q\= =��� ���� � F = �� � Q = ����� �

6&$/&* ��� ��� ��� ��� ����� ������ ������������

6&* ��� ��� ��� ��� ������ ������ ������������

V353 ��� ��� ��� ��� ������ ������ ������������

V)5 ��� ��� ��� ��� ������ ������ ������������

7DEOH ��� 3HUIRUPDQFH RI 6&$/&*� 6&*� V353 DQG V)5�

3UHVVXUH 'LVWULEXWLRQ LQ D -RXUQDO %HDULQJ�

Q[ Q\= =��� ���� � HFF = ��� � - =��� Q =����� �

� LWHU � IJ FSX �V�

$OJRULWKP θ V θ D θ V θ D θ V θ D � %� �


6&$/&* ��� ��� ��� ��� ����� ����� ������������

6&* ��� ��� ��� ��� ����� ����� ������������

V353 ��� ��� ��� ��� ����� ����� ������������

V)5 ��� ��� ��� ��� ����� ����� ������������

Q[ Q\= =��� ���� � HFF = ��� � - =��� Q = ����� �

6&$/&* ��� ��� ���� ���� ������ ������ ������������

6&* ���� ���� ���� ���� ������ ������ ������������

V353 ��� ��� ���� ���� ������ ������ ������������

V)5 ��� ���� ���� ���� ������ ������ ������������

7DEOH ��� 3HUIRUPDQFH RI 6&$/&*� 6&*� V353 DQG V)5�

2SWLPDO 'HVLJQ ZLWK &RPSRVLWH 0DWHULDOV�

Q[ Q\= =��� ���� � λ = � ���� � � Q =����� �

� LWHU � IJ FSX �V�

$OJRULWKP θ V θ D θ V θ D θ V θ D � %� �


6&$/&* ��� ��� ��� ��� ����� ����� ������������

6&* ���� ���� ���� ���� ������ ������ ������������

V353 ���� ���� ���� ���� ������ ������ ������������

V)5 ���� ���� ���� ���� ������ ������ ������������
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Q[ Q\= =��� ���� � λ = � ���� � Q = ����� �

6&$/&* ���� ��� ���� ���� ������ ������ ������������

6&* ���� ���� ���� ���� ������� ������� ������������

V353 ���� ���� ���� ���� ������� ������� ������������

V)5 ���� ���� ���� ���� ������� ������� ������������

7DEOH ��� 3HUIRUPDQFH RI 6&$/&*� 6&*� V353 DQG V)5�

,QKRPRJHQHRXV 6XSHUFRQGXFWRUV�

��GLPHQVLRQDO *LQ]EXUJ�/DQGDX SUREOHP�

W = �� Q =���� �

� LWHU � IJ FSX �V�

$OJRULWKP θ V θ D θ V θ D θ V θ D � %� �


6&$/&* ���� ���� ���� ���� ������ ������ ��������H���

6&* ����� ����� ����� ����� ������ ������ ��������H���

V353 ����� ����� ����� ����� ������ ������ ��������H���

V)5 ����� ����� ����� ����� ������ ������ ��������H���

7DEOH ��� 3HUIRUPDQFH RI 6&$/&*� 6&*� V353 DQG V)5�

/HRQDUG�-RQHV &OXVWHU 3UREOHP�

QGLP �� QDWRPV  ����� Q = ���� �

� LWHU � IJ FSX �V�

$OJRULWKP θ V θ D θ V θ D θ V θ D � %� �


6&$/&* ���� ���� ���� ���� ������ ������ ������������

6&* ���� ���� ���� ���� ������� ������� ������������

V353 ���� ���� ���� ���� ������ ������ ������������

V)5 ���� ���� ���� ���� ������ ������ ������������

7DEOH ��� 3HUIRUPDQFH RI 6&$/&*� 6&*� V353 DQG V)5�

6WHDG\ 6WDWH &RPEXVWLRQ� 6ROLG IXHO LJQLWLRQ�

Q[ Q\= =��� ���� � λ = � ��� � Q =����� �
� LWHU � IJ FSX �V�

$OJRULWKP θ V θ D θ V θ D θ V θ D � %� �


6&$/&* ��� ��� ��� ��� ����� ����� ������������

6&* ��� ��� ��� ��� ����� ����� ������������

V353 ��� ��� ��� ��� ����� ����� ������������

V)5 ��� ��� ��� ��� ����� ����� ������������

Q[ Q\= =��� ���� � λ = � ��� � Q = ����� �

6&$/&* ��� ��� ��� ��� ������ ������ ������������

6&* ��� ��� ��� ��� ������ ������ ������������

V353 ��� ��� ���� ��� ������ ������ ������������

V)5 ��� ��� ��� ��� ������ ������ ������������
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7DEOH ��� 3HUIRUPDQFH RI &210,1 RQ 0,13$&.�� DSSOLFDWLRQV�

3UREOHP 
 � LWHU � IJ FSX �V� � %� �


(ODVWLF�3ODVWLF 7RUVLRQ ����� ��� ��� ����� �����������

����� ��� ��� ����� �����������

3UHVVXUH 'LVWULEXWLRQ LQ D

-RXUQDO %HDULQJ ����� ��� ��� ����� �������������

����� ��� ���� ������ ������������

2SWLPDO 'HVLJQ ZLWK

&RPSRVLWH 0DWHULDOV ����� ��� ��� ����� ������������

����� ��� ���� ������ ������������

,QKRPRJHQHRXV

6XSHUFRQGXFWRUV ���� ���� ����� ������ ����������H���

/HRQDUG�-RQHV &OXVWHU ���� ��� ���� ������ ��������������

6WHDG\ 6WDWH &RPEXVWLRQ

6ROLG IXHO LJQLWLRQ ����� ��� ��� ����� �������������

����� ��� ��� ������ �������������

)URP 7DEOHV ����� ZH VHH WKDW IRU VROYLQJ WKHVH �� 0,13$&.�� DSSOLFDWLRQV� WKH WRS

SHUIRUPHU LV 6&$/&* �θ D

� IROORZHG LPPHGLDWHOO\ E\ &210,1� (YHQ WKDW 6&$/&* DQG

&210,1 KDYH D ORW RI DOJHEUD LQ FRPPRQ� ZH VHH WKDW 6&$/&* LV PRUH SHUIRUPDQW WKDQ

&210,1� 7KH WRWDO QXPEHU RI IXQFWLRQ HYDOXDWLRQV RI 6&$/&* �θ D

� LV ����� FRPSDUHG

WR ����� UHTXLUHG E\ &210,1 IRU VROYLQJ WKHVH �� DSSOLFDWLRQV� $W WKH VDPH WLPH ZH VHH

WKDW 6&$/&* LV ZLWK ������ VHFRQGV IDVWHU WKDQ &210,1� 7KLV LV LQ DFFRUGDQFH ZLWK

SHUIRUPDQFH SURILOHV IURP )LJXUHV � DQG ��� IRU τ = ��

���� $FFXUDF\ FRPSDULVRQV

,Q WKH QH[W VHULHV RI H[SHULPHQWV ZH H[SORUH WKH DELOLW\ RI WKH DOJRULWKPV WR DFFXUDWHO\ VROYH

WKH SUREOHPV� 6LQFH &*B'(6&(17 LPSOHPHQWV D QHZ OLQH VHDUFK SURFHGXUH EDVHG RQ

DSSUR[LPDWH :ROIH FRQGLWLRQV� ZH FRPSDUH 6&$/&* DQG &*B'(6&(17� DQG FRQVLGHU WKH

IROORZLQJ WZR SUREOHPV:

� % % % % % % %
L L L L L

L

Q

Q�

� �

�

�

�

�

�

�

�

�

� �� � � � � �� � � � � � �= − − + + + + ++ + +
=

−

∑ �%'457,& � &87(�

� % % %
L

L

Q

Q� �

�

�

�

��
�

�
= + − +

=

−

∑���� � ���� �� �(*� � &87(�

ZLWK WKH LQLWLDO SRLQW %
�

� �= � � � ��� 7DEOHV ��D�E DQG ��D�E FRQWDLQ WKH QXPEHU RI LWHUDWLRQV�

FSX WLPH �VHFRQGV� DQG WKH YDOXH RI IXQFWLRQ LQ RSWLPDO SRLQW IRU DOO WKHVH SUREOHPV� VXEMHFW

WR ILYH YDOXHV RI WROHUDQFHε
J
RQ �

N ∞
�

7DEOH ��D� ,WHUDWLRQ DQG VROXWLRQ WLPH YHUVXV WROHUDQFH ε
J
�

6&$/&*� � %
�
� �� Q =������

θ V θ D

ε
J

�LWHU WLPH � %� �
 �LWHU WLPH � %� �


�� �− ��� ����� �������������� ��� ����� ��������������

�� �− ��� ����� �������������� ��� ����� ��������������

�� �− ��� ����� �������������� ��� ����� ��������������

�� �− ��� ����� �������������� ��� ����� ��������������

�� ��− ��� ����� �������������� ��� ����� ��������������
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Table 19b. Iteration and solution time versus tolerance ε
J

,

CG_DESCENT,  � %
�
� ��  Q =������

W aW
ε

J
#iter time � %� �
 #iter time � %� �


�� �− 815* 159.01 40034.30554037 2005 412.22 40034.30553834

�� �− 815* 159.01 40034.30554037 5259 1097.08 40034.30553825

�� �− 815* 159.01 40034.30554037 8932 1897.67 40034.30553825

�� �− 815* 159.01 40034.30554037 10020 2140.18 40034.30553825

�� ��− 815* 158.46 40034.30554037 10048 2136.65 40034.30553825

* Line search fails, too many secant steps. - your tolerance  is too strict.

Table 20a. Iteration and solution time versus tolerance ε
J

,

SCALCG,  � %
�
� ��  Q =������

θ V θ D

ε
J

#iter time � %� �
 #iter time � %� �


�� �− 111 4.95 -9998.947391877 107 4.88 -9998.947382045

�� �− 123 8.57 -9998.947392267 111 7.36 -9998.947382099

�� �− 204 81.01 -9998.947392269 111 7.42 -9998.947382099

�� �− 204 81.07 -9998.947392269 111 7.42 -9998.947382099

�� ��− 204 81.18 -9998.947392269 111 7.42 -9998.947382099

Table 20b. Iteration and solution time versus tolerance ε
J

,

CG_DESCENT,  � %
�
� ��  Q =������

W aW
ε

J
#iter time � %� �
 #iter time � %� �


�� �− 114 6.92 -9998.999975574 114 6.92 -9998.999975574

�� �− 125 8.90 -9998.999985862 161 10.43 -9999.

�� �− 125 8.84 -9998.999985862 179 11.59 -9999.

�� �− 125 8.90 -9998.999985862 199 12.96 -9999.

�� ��− 125* 8.73 -9998.999985862 267 16.86 -9999.

* Line search fails, too many secant steps. - your tolerance  is too strict.

6RPH FRPPHQWV DUH LQ RUGHU�

� 7KHVH WZR SUREOHPV ZDV VHOHFWHG VLQFH WKH\ LOOXVWUDWH WKH W\SLFDO EHKDYLRXU WKDW ZH QRWLFHG

LQ WKH WHVW SUREOHPV� 2EVHUYH WKDW ERWK RI WKHP KDYH D QRQ]HUR RSWLPDO IXQFWLRQ YDOXH� :KHQ

WKH RSWLPDO IXQFWLRQ YDOXH LV ]HUR� ZKLOH WKH PLQLPL]HU LV QRW ]HUR� WKHQ WKH HVWLPDWH

ε
I N
� %� �+� IRU WKH HUURU LQ IXQFWLRQ YDOXH XVHG LQ WKH VHFRQG VWRSSLQJ FULWHULRQ LQ ���D� FDQ

EH YHU\ SRRU DV WKH LWHUDWHV DSSURDFK WKH PLQLPL]HU �ZKHUH � YDQLVKHV��

� %RWK 6&$/&* DQG &*B'(6&(17 DUH DEOH WR VROYH WKHVH SUREOHPV VXEMHFW WR GLIIHUHQW

YDOXHV RI WROHUDQFH ε
J
� +RZHYHU� WKH UHVXOWV REWDLQHG E\ &*B'(6&(17 DUH PRUH DFFXUDWH�

7KLV LV GXH WR WKH OLQH VHDUFK SURFHGXUH LPSOHPHQWLQJ WKH :ROIH FRQGLWLRQV� 7KH DSSUR[LPDWH

:ROIH FRQGLWLRQV DUH ZD\ PRUH DFFXUDWH� ,Q IDFW� D OLQH VHDUFK LPSOHPHQWLQJ WKH :ROIH

FRQGLWLRQV FDQ FRPSXWH D VROXWLRQ ZLWK DFFXUDF\ RQ WKH RUGHU RI WKH VTXDUH URRW RI WKH
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PDFKLQH HSVLORQ� 2Q WKH RWKHU KDQG� D OLQH VHDUFK EDVHG RQ WKH DSSUR[LPDWH :ROIH FRQGLWLRQV

FDQ FRPSXWH D VROXWLRQ ZLWK DFFXUDF\ RQ WKH RUGHU RI WKH PDFKLQH HSVLORQ >��@�

� 2EVHUYH WKDW LQ WHUPV RI QXPEHU RI LWHUDWLRQV RU FSX WLPH� 6&$/&* LV PRUH UREXVW WKDQ

&*B'(6&(17 ZLWK DSSUR[LPDWH :ROIH OLQH VHDUFK� 7ROHUDQFHV ORZHU WKDQ �� �−
GR QRW

FKDQJH VLJQLILFDQWO\ WKH QXPEHU RI LWHUDWLRQV RU FSX WLPH RI 6&$/&*� 2Q WKH RWKHU KDQG�

&*B'(6&(17 LV PRUH VHQVLWLYH WR ε
J

PRGLILFDWLRQ� 5HGXFLQJ ε
J

ZH VHH WKDW

&*B'(6&(17 UHTXLUHV PRUH LWHUDWLRQV� DQG RI FRXUVH PRUH FSX WLPH� WR JHW WKH

FRUUHVSRQGLQJ DFFXUDF\�

� *HQHUDOO\� ZH VHH WKDW WKH QXPEHU RI LWHUDWLRQV DQG FSX WLPH FRUUHVSRQGLQJ WR 6&$/&* DUH

ORZHU WKDQ WKH VDPH HOHPHQWV UHTXLUHG E\ &*B'(6&(17� 7KLV RQFH DJDLQ LOOXVWUDWHV WKDW WKH

FUXFLDO HOHPHQW RI DQ\ XQFRQVWUDLQHG RSWLPL]DWLRQ DOJRULWKP LV JLYHQ E\ WKH VHDUFK GLUHFWLRQ

SURFHGXUH�

0��������� ��
:H KDYH SUHVHQWHG D QHZ FRQMXJDWH JUDGLHQW DOJRULWKP� 6&$/&* � VFDOHG FRQMXJDWH JUDGLHQW

DOJRULWKP� IRU VROYLQJ ODUJH�VFDOH XQFRQVWUDLQHG RSWLPL]DWLRQ SUREOHPV� ,Q D ZD\ 6&$/&*

FDQ EH FRQVLGHUHG DV D PRGLILFDWLRQ RI WKH EHVW DOJRULWKP E\ %LUJLQ DQG 0DUWLQH] >�@� ZKLFK

PDLQO\ LV D VFDOHG YDULDQW RI 3HUU\©V >��@� LQ RUGHU WR RYHUFRPH WKH ODFN RI SRVLWLYH

GHILQLWHQHVV RI WKH PDWUL[ GHILQLQJ WKH VHDUFK GLUHFWLRQ� 7KLV PRGLILFDWLRQ WDNHV WKH

DGYDQWDJH RI WKH TXDVL�1HZWRQ %)*6 XSGDWLQJ IRUPXOD� 8VLQJ WKH UHVWDUW WHFKQRORJ\ RI

%HDOH�3RZHOO� ZH JHW D VFDOHG FRQMXJDWH JUDGLHQW DOJRULWKP LQ ZKLFK WKH SDUDPHWHU VFDOLQJ

WKH JUDGLHQW LV VHOHFWHG DV VSHFWUDO JUDGLHQW RU LQ DQ DQWLFLSDWLYH PDQQHU E\ PHDQV RI D

IRUPXOD XVLQJ WKH IXQFWLRQ YDOXHV LQ WZR VXFFHVVLYH SRLQWV� $OWKRXJK WKH XSGDWH IRUPXODV

���� DQG ��������� DUH PRUH FRPSOLFDWHG WKH VFKHPH SURYHG WR EH HIILFLHQW DQG UREXVW LQ

QXPHULFDO H[SHULPHQWV� 7KH DOJRULWKP LPSOHPHQWV WKH :ROIH FRQGLWLRQV� DQG ZH SURYH WKDW

WKH VWHSV DUH DORQJ WKH GHVFHQW GLUHFWLRQV�

7KH SHUIRUPDQFH SURILOHV IRU RXU VFDOHG FRQMXJDWH JUDGLHQW DOJRULWKP ZDV KLJKHU

WKDQ WKRVH RI 6&* � VSHFWUDO FRQMXJDWH JUDGLHQW PHWKRG E\ %LUJLQ DQG 0DUWLQH] >�@�

&*B'(6&(17 � FRQMXJDWH JUDGLHQW ZLWK JXDUDQWHHG GHVFHQW E\ +DJHU DQG =KDQJ >��@�

VFDOHG 3RODN�5LELqUH DQG )OHWFKHU�5HHYHV� DQG &210,1 E\ 6KDQQR DQG 3KXD >��@� IRU D WHVW

VHW FRQVLVWLQJ RI ��� XQFRQVWUDLQHG RSWLPL]DWLRQ SUREOHPV �VRPH RI WKHP IRUP &87(� ZLWK

GLPHQVLRQV UDQJLQJ EHWZHHQ ���
DQG �� � � 5HODWLYH WR WKH IXQFWLRQ HYDOXDWLRQV DQG FSX WLPH

PHWULFV� 6&$/&* LV WKH WRS SHUIRUPHU� ,Q WKH IXQFWLRQ HYDOXDWLRQV PHWULF� WKH QXPEHU RI

SUREOHPV IRU ZKLFK 6&$/&* DFKLHYHG WKH EHVW QXPEHU LV DERXW WZLFH JUHDWHU WKDQ WKDW

FRUUHVSRQGLQJ WR &*B'(6&(17� 6LPLODUO\� WKH IUDFWLRQ RI SUREOHPV IRU ZKLFK 6&$/&*

DFKLHYHG WKH EHVW WLPH LV DERXW � WLPHV JUHDWHU WKDQ WKDW FRUUHVSRQGLQJ WR &*B'(6&(17�

7KH EHWWHU SHUIRUPDQFH RI 6&$/&*� UHODWLYH WR 6&*� &*B'(6&(17 DQG VFDOHG 3RODN�

5LELqUH�3RO\DN� LQ WKH WLPH DQG IXQFWLRQ HYDOXDWLRQ PHWULFV� LV FRQQHFWHG ZLWK WKH VHDUFK

GLUHFWLRQ SURFHGXUH RI VHOHFWLRQ� 7KH GLUHFWLRQ �
N+� XVHG LQ 6&$/&* LV KLJKO\ HODERUDWH� LW

VDWLVI\ WKH TXDVL�1HZWRQ HTXDWLRQ LQ D UHVWDUW HQYLURQPHQW� +RZHYHU� &*B'(6&(17 ZLWK

DSSUR[LPDWH :ROIH OLQH VHDUFK LV PRUH DFFXUDWH WKDQ 6&$/&*� 8VLQJ D OLQH VHDUFK EDVHG RQ

WKH DSSUR[LPDWH :ROIH FRQGLWLRQV� &*B'(6&(17 FRPSXWHV D VROXWLRQ ZLWK DFFXUDF\ RI WKH

RUGHU RI WKH PDFKLQH HSVLORQ� 2Q WKH RWKHU KDQG� 6&$/&*� LPSOHPHQWLQJ WKH :ROIH OLQH

VHDUFK� FRPSXWHV D VROXWLRQ ZLWK DFFXUDF\ RQ WKH RUGHU RI WKH VTXDUH URRW RI WKH PDFKLQH

HSVLORQ�

6&$/&* DQG &210,1 EHORQJ WR WKH VDPH FODVV RI FRQMXJDWH JUDGLHQW DOJRULWKPV�

%RWK RI WKHP FRQVLGHU D %)*6 PRGLILFDWLRQ RI WKH 3HUU\ XSGDWLQJ VFKHPH ZKLFK VDWLVI\ WKH

TXDV\�1HZWRQ HTXDWLRQ LQ D %HDOH�3RZHOO UHVWDUW HQYLURQPHQW� 0DLQO\� WKH GLIIHUHQFH LV LQ

WKH VFDOLQJ RI JUDGLHQW SDUDPHWHU� )RU WKLV SDUDPHWHU 6&$/&* FRQVLGHUV D VFDODU

DSSUR[LPDWLRQ RI LQYHUVH +HVVLDQ� ZLFK SURYH WR EH HIILFLHQW DQG UREXVW LQ QXPHULFDO
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FDOFXODWLRQV� 2Q WKH RWKHU KDQG� &210,1 XVHV D YDOXH PLQLPL]LQJ WKH FRQGLWLRQ QXPEHU RI

* *
N N

−
+

�

�
�

,W LV LPSRUWDQW WR QRWLFH WKDW GLIIHUHQW VWRSSLQJ FULWHULD KDYH D GUDPDWLF LQIOXHQFH RQ

WKH SHUIRUPDQFHV RI WKH DOJRULWKPV� DV ZHOO DV RQ WKH DFFXUDF\ RI WKH VROXWLRQ� 7R JHW UHOHYDQW

FRQFOXVLRQV� LQ WKLV QXPHULFDO H[SHULPHQW ZH WULHG WR XQLI\ WKH VWRSSLQJ FULWHULD LQ WKHVH

FRGHV� 7KH FULWHULD ���D� XVHG LQ WKLV QXPHULFDO VWXG\ VHHPV WR EH WKH EHVW LQ FDVH RI VROYLQJ

ODUJH�VFDOH SUREOHPV� 7KH VHFRQG FULWHULRQ LQ ���D�� ZKLFK FRQVLGHUV WKH FKDQJH LQ IXQFWLRQ

YDOXH� LV LPSRUWDQW� ,Q WKHVH H[SHULPHQWV 6&$/&* WHUPLQDWHV WKH LWHUDWLRQV GXH WR LW IRU

DERXW ������ RI SUREOHPV�

)LQDOO\� VLQFH HDFK RI WKHVH FRGHV� ZH KDYH FRQVLGHUHG KHUH LQ WKLV QXPHULFDO VWXG\�

DUH GLIIHUHQW LQ PDQ\ UHVSHFWV� PDLQO\ LQ WKH DPRXQW RI OLQHDU DOJHEUD UHTXLUHG LQ HDFK

LWHUDWLRQ� LQ VWRSSLQJ FULWHULD� DQG LQ WKH UHODWLYH QXPEHU RI IXQFWLRQ DQG LWV JUDGLHQW

HYDOXDWLRQV� LW LV TXLWH FOHDU WKDW GLIIHUHQW FRGHV ZLOO EH VXSHULRU LQ GLIIHUHQW SUREOHP VHW�

+RZHYHU� ZH KDYH D VWURQJ FRPSXWDWLRQDO HYLGHQFH WKDW RXU 6&$/&* DOJRULWKP LV RQH RI WKH

WRS SHUIRUPHUV DPRQJ FRQMXJDWH JUDGLHQW DOJRULWKPV�

"&,&"&��&�
�� $1'5(,� 1� ¦$ QHZ JUDGLHQW GHVFHQW PHWKRG IRU XQFRQVWUDLQHG RSWLPL]DWLRQ§� ,&,

7HFKQLFDO 5HSRUW� 0DUFK �����
�� $9(5,&.� %�0�� &$57(5� 5�*�� 025e� -�-� DQG ;8(� *�/� ¦7KH 0,13$&.�� WHVW

SUREOHP FROOHFWLRQ§� $UJRQQH 1DWLRQDO /DERUDWRU\� 3UHSULQW 0&6�3��������� -XQH
�����

�� %$5=,/$,� -� DQG %25:(,1� -�0� ¦7ZR SRLQW VWHS VL]H JUDGLHQW PHWKRG§� ,0$ -�
1XPHU� $QDO�� �� SS��������� �����

�� %($/(� (�0�/� ¦$ GHULYDWLRQ RI FRQMXJDWH JUDGLHQWV§ LQ� )�$� /RRWVPD� HG��
1XPHULFDO 0HWKRGV IRU 1RQOLQHDU 2SWLPL]DWLRQ� $FDGHPLF 3UHVV� /RQGRQ� SS�������
�����

�� %,5*,1� (� DQG 0$57,1(=� -�0� ¦$ VSHFWUDO FRQMXJDWH JUDGLHQW PHWKRG IRU

XQFRQVWUDLQHG RSWLPL]DWLRQ§� $SSOLHG 0DWK� DQG 2SWLPL]DWLRQ� ��� SS��������� ����
�� %21*$57=� ,�� &211� $�5�� *28/'� 1�,�0�� DQG 72,17� 3�/� ¦&87(�

FRQVWUDLQHG DQG XQFRQVWUDLQHG WHVWLQJ HQYLURQPHQWV§� $&0 7UDQV� 0DWK� 6RIWZDUH�
��� SS��������� �����

�� '$,� <�+�� DQG /,$2� /�=� ¦1HZ FRQMXJDWH FRQGLWLRQV DQG UHODWHG QRQOLQHDU

FRQMXJDWH JUDGLHQW PHWKRGV§� $SSO� 0DWK� 2SWLP�� YRO� �� SS�������� �����
�� '2/$1� (�'�� DQG 025e� -�-� ¦%HQFKPDUNLQJ RSWLPL]DWLRQ VRIWZDUH ZLWK

SHUIRUPDQFH SURILOHV§� 0DWK� 3URJUDPPLQJ� ��� SS� �������� �����
�� )/(7&+(5� 5�� DQG 5((9(6� &�0� ¦)XQFWLRQ PLQLPL]DWLRQ E\ FRQMXJDWH

JUDGLHQWV§� &RPSXW� -� �� SS� �������� �����
��� *,/%(57� -�&�� DQG 12&('$/� -� ¦*OREDO FRQYHUJHQFH SURSHUWLHV RI FRQMXJDWH

JUDGLHQW PHWKRGV IRU RSWLPL]DWLRQ§� 6,$0 -� 2SWLP�� �� SS������� �����
��� +$*(5� :�:�� DQG =+$1*� +� ¦$ QHZ FRQMXJDWH JUDGLHQW PHWKRG ZLWK

JXDUDQWHHG GHVFHQW DQG DQ HIILFLHQW OLQH VHDUFK§� 8QLYHUVLW\ RI )ORULGD� 'HSDUWPHQW
RI 0DWKHPDWLFV� 1RYHPEHU ��� ���� �WKHRU\ DQG FRPSDULVRQV�� UHYLVHG -XO\ �� �����

��� +$*(5� :�:�� DQG =+$1*� +� ¦&*�'(6&(17� $ FRQMXJDWH JUDGLHQW PHWKRG ZLWK

JXDUDQWHHG GHVFHQW �DOJRULWKP GHWDLOV DQG FRPSDULVRQV�§� 8QLYHUVLW\ RI )ORULGD�
'HSDUWPHQW RI 0DWKHPDWLFV� -DQXDU\ ��� �����

��� +$1� -�<�� /,8� *�+�� 681 '�)�� DQG <,1� +�;� ¦2Q WKH JOREDO FRQYHUJHQFH RI

QRQOLQHDU FRQMXJDWH JUDGLHQW PHWKRGV§� 7HFKQLFDO 5HSRUW ������� ,QVW� RI $SSOLHG
0DWK�� &KLQHVH $FDGHP\ RI 6FLHQFH� %HLMLQJ� �����

��� +(67(16� 0�5�� DQG 67,()(/� (� ¦0HWKRGV RI FRQMXJDWH JUDGLHQWV IRU VROYLQJ

OLQHDU V\VWHPV§� -� 5HVHDUFK 1DW� %XU� 6WDQGDUGV 6HF� %� ��� SS� �������� �����
��� /,8� '�&�� DQG 12&('$/� -� ¦2Q WKH OLPLWHG PHPRU\ %)*6 PHWKRG IRU ODUJH VFDOH
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RSWLPL]DWLRQ§� 0DWK� 3URJUDPPLQJ� ��� SS��������� �����
��� 12&('$/� -� ¦8SGDWLQJ TXDVL�1HZWRQ PDWULFHV ZLWK OLPLWHG VWRUDJH§� 0DWK�

&RPS�� ��� SS��������� �����
��� 25(1� 6�6� ¦6HOI�VFDOLQJ YDULDEOH PHWULF DOJRULWKP� 3DUW ,,§� 0DQDJHPHQW 6FL�� ���

SS��������� �����
��� 25(1 6�6�� DQG /8(1%(5*(5� '�*� ¦6HOI�VFDOLQJ YDULDEOH PHWULF DOJRULWKP� 3DUW

,§� 0DQDJHPHQW 6FL�� ��� SS��������� �����
��� 25(1� 6�6�� DQG 63(',&$72� (� ¦2SWLPDO FRQGLWLRQLQJ RI VHOI�VFDOLQJ YDULDEOH

PHWULF DOJRULWKPV§� 0DWK� 3URJUDPPLQJ� ��� SS������� �����
��� 3(55<� -�0� ¦$ FODVV RI FRQMXJDWH JUDGLHQW DOJRULWKPV ZLWK D WZR VWHS YDULDEOH

PHWULF PHPRU\§� 'LVFXVVLRQ SDSHU ���� &HQWHU IRU 0DWKHPDWLFDO 6WXGLHV LQ
(FRQRPLFV DQG 0DQDJHPHQW 6FLHQFH� 1RUWKZHVWHUQ 8QLYHUVLW\� �����

��� 32/$.� (�� DQG 5,%,¹5(� *� ¦1RWH VXU OD FRQYHUJHQFH GH PHWKRGV GH GLUHFWLRQV

FRQMXJUHV§� 5HYXH )UDQFDLVH ,QIRUPDW� 5HVHUFKH 2SpUDWLRQQHOOH ��� SS� ������ �����
��� 32/<$.� %�7� ¦7KH FRQMXJDWH JUDGLHQW PHWKRG LQ H[WUHPH SUREOHPV§� 8665

&RPS� 0DWK� 0DWK� 3K\V�� �� SS�������� �����
��� 32:(//� 0�-�'� ¦5HVWDUW SURFHGXUHV IRU WKH FRQMXJDWH JUDGLHQW PHWKRG§� 0DWK�

3URJUDPPLQJ� ��� SS��������� �����
��� 5$<'$1� 0� ¦7KH %DU]LODL DQG %RUZHLQ JUDGLHQW PHWKRG IRU WKH ODUJH VFDOH

XQFRQVWUDLQHG PLQLPL]DWLRQ SUREOHP§� 6,$0 -� 2SWLP�� �� ������ �����
��� 6+$112� '�)� ¦&RQMXJDWH JUDGLHQW PHWKRGV ZLWK LQH[DFW VHDUFKHV§� 0DWKHPDWLFV

RI 2SHUDWLRQV 5HVHDUFK� YRO� �� SS��������� �����
��� 6+$112� '�)� ¦2Q WKH FRQYHUJHQFH RI D QHZ FRQMXJDWH JUDGLHQW DOJRULWKP§� 6,$0

-� 1XPHU� $QDO� YRO� ��� SS����������� �����
��� 6+$112� '�)�� DQG 3+8$� .�+� ¦$OJRULWKP ���� 0LQLPL]DWLRQ RI XQFRQVWUDLQHG

PXOWLYDULDWH IXQFWLRQV >(�@§� $&0 7UDQV� RQ 0DWK� 6RIW�� �� SS������� �����
��� :$1*� &�� +$1� -�� DQG :$1*� /� ¦*OREDO FRQYHUJHQFH RI WKH 3RODN�5LELqUH DQG

+HVWHQV�6WLHIHO FRQMXJDWH JUDGLHQW PHWKRGV IRU WKH XQFRQVWUDLQHG QRQOLQHDU

RSWLPL]DWLRQ§� 25 7UDQVDFWLRQV� �� SS����� �����
��� :2/)(� 3� ¦&RQYHUJHQFH FRQGLWLRQV IRU DVFHQW PHWKRGV§� 6,$0 5HY�� ��� SS�����

���� �����
��� :2/)(� 3� ¦&RQYHUJHQFH FRQGLWLRQV IRU DVFHQW PHWKRGV ,,� VRPH FRUUHFWLRQV§�

6,$0 5HY� ��� SS��������� �����

-XQH ��� ����
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