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5HVHDUFK ,QVWLWXWH IRU ,QIRUPDWLFV�

&HQWHU IRU $GYDQFHG 0RGHOLQJ DQG 2SWLPL]DWLRQ�

����� $YHUHVFX $YHQXH� %XFKDUHVW �� 5RPDQLD

(�PDLO� QDQGUHL#LFL�UR

$EVWUDFW� ,Q WKLV SDSHU ZH LQWURGXFH DQ DFFHOHUDWLRQ RI JUDGLHQW GHVFHQW DOJRULWKP ZLWK EDFNWUDFNLQJ�

7KH LGHD LV WR PRGLI\ WKH VWHSOHQJWK �
N
E\ PHDQV RI D SRVLWLYH SDUDPHWHU θ

N
� LQ D PXOWLSOLFDWLYH

PDQQHU� LQ VXFK D ZD\ WR LPSURYH WKH EHKDYLRXU RI WKH FODVVLFDO JUDGLHQW DOJRULWKP� ,W LV VKRZQ WKDW WKH

UHVXOWLQJ DOJRULWKP UHPDLQV OLQHDU FRQYHUJHQW� EXW WKH UHGXFWLRQ LQ IXQFWLRQ YDOXH LV VLJQLILFDQWO\

LPSURYHG�

.H\ZRUGV� JUDGLHQW GHVFHQW PHWKRGV� EDFNWUDFNLQJ� DFFHOHUDWLRQ PHWKRGV

$06 VXEMHFW FODVVLILFDWLRQV� ��0��� ��.��� ��&��

�����	�����	
��
2QH RI WKH ILUVW DQG YHU\ ZHOO NQRZQ PHWKRG IRU XQFRQVWUDLQHG RSWLPL]DWLRQ

min f x( ) ���

ZKHUH f R Rn: → LV FRQYH[ DQG FRQWLQXRXVO\ GLIIHUHQWLDEOH� LV WKH JUDGLHQW GHVFHQW

PHWKRG� GHVLJQHG E\ &DXFK\ HDUO\ LQ ���� >�@� ,Q WKLV PHWKRG WKH QHJDWLYH JUDGLHQW GLUHFWLRQ

LV XVHG WR ILQG WKH ORFDO PLQLPL]HUV� 7KH DOJRULWKP VWDUWV ZLWK DQ LQLWLDO SRLQW

� ��� �
�
∈ DQG JHQHUDWHV D VHTXHQFH RI SRLQWV DFFRUGLQJ WR WKH IROORZLQJ LWHUDWLYH

SURFHGXUH�

� � � �
N N N N+ = +

�
� ���

ZKHUH �
N
LV WKH VWHSVL]H DQG � � � �

N N N
= − = −∇ � ��

7KH PHWKRG SURYHG WR EH HIIHFWLYH IRU IXQFWLRQV YHU\ ZHOO FRQGLWLRQHG� EXW IRU

IXQFWLRQV SRRUO\ FRQGLWLRQHG LW LV H[FHVVLYHO\ VORZ� WKXV EHLQJ RI QR SUDFWLFDO YDOXH� (YHQ IRU

TXDGUDWLF IXQFWLRQV WKH JUDGLHQW GHVFHQW PHWKRG ZLWK H[DFW OLQH VHDUFK EHKDYH LQFUHDVLQJO\

EDGO\ ZKHQ WKH FRQGLWLRQ QXPEHU RI WKH PDWUL[ GHWHULRUDWHV� (DUO\ DWWHPSWV WR LQFUHDVH WKH

SHUIRUPDQFH RI WKH PHWKRG KDYH EHHQ FRQVLGHUHG E\ +XPSKUH\ >�@� )RUV\WKH DQG 0RW]NLQ

>�@ DQG 6FKLQ]LQJHU >��@�

$V ZH NQRZ� DW WKH FXUUHQW SRLQW �
N
WKH GLUHFWLRQ RI WKH QHJDWLYH JUDGLHQW LV WKH EHVW

GLUHFWLRQ RI VHDUFK IRU D PLQLPL]HU RI IXQFWLRQ � � DQG WKLV LV WKH GLUHFWLRQ RI JUDGLHQW

GHVFHQW PHWKRG� +RZHYHU� DV VRRQ DV ZH PRYH LQ WKLV GLUHFWLRQ� LW FHDVHV WR EH WKH EHVW DQG

FRQWLQXH WR GHWHULRUDWH XQWLO LW EHFRPHV RUWKRJRQDO WR − ∇ � �
N

� �� 7KDW LV� WKH PHWKRG EHJLQ

WR WDNH VPDOO VWHSV ZLWKRXW PDNLQJ VLJQLILFDQW SURJUHVV WR PLQLPXP� 7KLV LV WKH PDMRU

GUDZEDFN RI WKH JUDGLHQW GHVFHQW PHWKRG� WKH VWHSV LW WDNHV DUH WRR ORQJ� L�H� WKHUH DUH VRPH

RWKHU SRLQWV �
N
RQ WKH OLQH VHJPHQW FRQQHFWLQJ �

N
DQG �

N+� � ZKHUH − ∇ � �
N

� � SURYLGHV D

EHWWHU QHZ VHDUFK GLUHFWLRQ WKDQ − ∇ +� �
N

� ��
�
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7KH SXUSRVH RI WKLV SDSHU LV WR SUHVHQW DQ DFFHOHUDWLRQ RI WKH JUDGLHQW GHVFHQW

PHWKRG� 7KH LGHD LV WR PRGLI\ WKH VWHSOHQJWK �
N
�FRPSXWHG E\ EDFNWUDFNLQJ� E\ PHDQV RI D

SRVLWLYH SDUDPHWHU θ
N
LQ D PXOWLSOLFDWLYH PDQQHU LQ VXFK D ZD\ WR LPSURYH WKH EHKDYLRXU RI

WKH FODVVLFDO JUDGLHQW DOJRULWKP� ,W LV VKRZQ WKDW WKH UHVXOWLQJ DOJRULWKP LV OLQHDU FRQYHUJHQW�

EXW WKH UHGXFLQJ LQ IXQFWLRQ YDOXH LV VLJQLILFDQWO\ LPSURYHG� 7KH VWUXFWXUH RI WKH SDSHU LV DV

IROORZV� ,Q VHFWLRQ WZR ZH SUHVHQW WKH OLQH VHDUFK ZLWK EDFNWUDFNLQJ DQG SURYH WKDW WKH

$UPLMR UXOH LQ D EDFNWUDFNLQJ VFKHPH JHQHUDWHV VWHSOHQJWKV ERXQGHG DZD\ IURP ]HUR�

6HFWLRQ � SUHVHQWV WKH DFFHOHUDWHG JUDGLHQW GHVFHQW DOJRULWKP� ,W LV VKRZQ WKDW WKH DFFHOHUDWHG

DOJRULWKP ZLWK EDFNWUDFNLQJ UHGXFHV WKH IXQFWLRQ YDOXHV ZLWK D IDFWRU WKDW LV VPDOOHU WKDQ WKH

FRUUHVSRQGLQJ IDFWRU RI WKH FDOVVLFDO JUDGLHQW GHVFHQW DOJRULWKP� 6RPH QXPHULFDO H[DPSOHV

DQG FRPSDULVRQV DUH JLYHQ LQ VHFWLRQ ��

 ��!
�����������
	��"���	����
��
)RU LPSOHPHQWLQJ WKH DOJRULWKP ��� RQH RI WKH FUXFLDO HOHPHQW LV WKH VWHSVL]H

FRPSXWDWLRQ� 0DQ\ SURFHGXUHV KDYH EHHQ VXJJHVWHG� ,Q WKH H[DFW OLQH VHDUFK WKH VWHS tk LV

VHOHFWHG DV�

�
�

� � ��
N N N

=
>

+����	
 � ��
�

���

,Q VRPH VSHFLDO FDVHV �IRU H[DPSOH TXDGUDWLF SUREOHPV� LW LV SRVVLEOH WR FRPSXWH WKH VWHS tk

DQDO\WLFDOO\� EXW LQ WKH PRVW FDVHV LW LV FRPSXWHG WR DSSUR[LPDWHO\ PLQLPL]H f DORQJ WKH UD\

{ }� �� �
N N
+ ≥� �� RU DW OHDVW WR UHGXFH f VXIILFLHQWO\� ,Q SUDFWLFH WKH PRVW XVHG DUH WKH

LQH[DFW SURFHGXUHV� $ ORW RI LQH[DFW OLQH VHDUFK PHWKRGV KDYH EHHQ SURSRVHG� *ROGVWHLQ >�@�

$UPLMR >�@� :ROIH >��@� 3RZHOO >��@� 'HQQLV DQG 6FKQDEHO >�@� )OHWFKHU >�@� 3RWUD DQG 6KL

>��@� /HPDUpFKDO >��@� 0RUp DQG 7KXHQWH >��@� DQG PDQ\ RWKHUV� ,Q SDUWLFXODU� RQH RI WKH

YHU\ VLPSOH DQG HIILFLHQW OLQH VHDUFK SURFHGXUH LV WKH EDFNWUDFNLQJ OLQH VHDUFK� 7KLV

SURFHGXUH FRQVLGHUV WKH IROORZLQJ VFDODUV 0 0 5< <α . � � < <β DQG

	 � � �
N N

7

N N
= − �

�

DQG WDNHV WKH IROORZLQJ VWHSV EDVHG RQ WKH $UPLMR©V UXOH�

%DFNWUDFNLQJ SURFHGXUH

6WHS �� &RQVLGHU WKH GHVFHQW GLUHFWLRQ dk IRU f DW SRLQW xk . 6HW � 	
N

= �

6WHS �� :KLOH f x td f x t f x dk k k k
T

k( ) ( ) ( ) ,+ > + ∇α VHW � �= β �

6WHS �� 6HW t tk = .

7\SLFDOO\� α = 0 0001. DQG β = � �� � PHDQLQJ WKDW ZH DFFHSW D VPDOO SRUWLRQ RI WKH

GHFUHDVH SUHGLFWHG E\ OLQHDU DSSUR[LPDWLRQ RI f DW WKH FXUUHQW SRLQW� 2EVHUYH WKDW� LI

� �
N N

= − � WKHQ 	
N

=�

3URSRVLWLRQ �� 6XSSRVH WKDW dk LV D GHVFHQW GLUHFWLRQ DQG ∇ � �� � VDWLVILHV WKH /LSVFKLW]

FRQGLWLRQ ∇ − ∇ ≤ −� � � 
 � � 
� � � � IRU DOO � � 
 LQ { }� � � � �� � � � �≤
�

� ZKHUH / LV D

SRVLWLYH FRQVWDQW� ,I WKH OLQH VHDUFK VDWLVILHV WKH $UPLMR FRQGLWLRQ� WKHQ

� ��
�

� �

�
N

N

7

N

N

≥
− −
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3URRI� 6HW { }� � � 	
N N�

= =� DQG { }� � � 	
N N�

= <� � 7KHQ IRU DOO � �∈
�
ZH KDYH

� � 	 � �
N N N N

7

N
− ≥ −+� α

DQG IRU DOO � �∈
�
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� � � � �
N N N N

7

N
− ≥ −+� α �

%\ $UPLMR UXOH VLQFH � 	
N N
� β ≤ IRU DOO � �∈

�
� ZH KDYH

� � �
�

�
�

� �
N N

N

N

N

N

7

N
− + < −� � �

β
α

β
IRU DOO � �∈

�
� 1RZ� XVLQJ WKH PHDQ YDOXH WKHRUHP RQ WKH OHIW VLGH RI WKLV LQHTXDOLW\� LW

IROORZV WKDW WKHUH H[LVWV ξ
N

∈ � � ���  VXFK WKDW

� �
�

� � � �
N

N

N N

7

N N

7

N
� � �+ >

β
ξ α

IRU DOO � �∈
�
�

+DYLQJ LQ YLHZ WKH /LSVFKLW] FRQGLWLRQ� IURP WKH DERYH LQHTXDOLW\� E\ &DXFK\�6FKZDUW]

LQHTXDOLW\� ZH KDYH�
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� � � �
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N N
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7

N N

7

N N

7

N
� � �

IRU DOO � �∈
�
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5HDUUDQJLQJ WKLV LQHTXDOLW\ DQG FRPELQLQJ LW ZLWK WKH LQHTXDOLW\ FRUUHVSRQGLQJ IRU

� �∈
�
ZH JHW WKH ERXQG ���� �6HH DOVR >��@�� �
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,Q WKLV VHFWLRQ ZH SUHVHQW DQ DFFHOHUDWHG JUDGLHQW GHVFHQW DOJRULWKP IRU VROYLQJ

XQFRQVWUDLQHG RSWLPL]DWLRQ SUREOHP ���� &RQVLGHULQJ WKH LQLWLDO SRLQW �
�
ZH FDQ FRPSXWH

� � �
� �

= � � � � � �
� �

= ∇ � � DQG E\ EDFNWUDFNLQJ SURFHGXUH �VHH VHFWLRQ �� GHWHUPLQH �
�
�

:LWK WKHVH� WKH QH[W LWHUDWLRQ LV FRPSXWHG DV � � � �
� � � �
= − ZKHUH DJDLQ �

�
DQG �

�
FDQ EH

LPPHGLDWHO\ FRPSXWHG� 1RZ� DW WKH LWHUDWLRQ � = �� �� ZH NQRZ �
N
� �

N
DQG �

N
� 8VLQJ

WKH EDFNWUDFNLQJ SURFHGXUH WKH VWHSVL]H �
N
FDQ EH GHWHUPLQHG ZLWK ZKLFK WKH IROORZLQJ SRLQW

� � � �
N N N

= − LV FRPSXWHG� %\ EDFNWUDFNLQJ SURFHGXUH ZH JHW D �
N

∈ � � ��  VXFK WKDW�

� � � � � � � � � � �
N N N N N N

7

N
� � � � � � �= − ≤ −α

:LWK WKHVH� OHW XV LQWURGXFH WKH DFFHOHUDWHG JUDGLHQW GHVFHQW DOJRULWKP E\ PHDQV RI WKH

IROORZLQJ LWHUDWLYH VFKHPH�

� � � �
N N N N N+ = −

�
θ � ���

ZKHUH θ
N

> � LV D SDUDPHWHU ZKLFK IROORZV WR EH GHWHUPLQHG LQ VXFK D PDQQHU WR LPSURYH

WKH EHKDYLRXU RI WKH JUDGLHQW GHVFHQW DOJRULWKP�

1RZ� ZH KDYH�

( )� � � � � � � � � � � � � � � � �
N N N N N N

7

N N N

7

N N N N
� � � � � � �− = − + ∇ +



�
� �

�

2Q WKH RWKHU KDQG� IRU θ > ��ZH KDYH�

( )� � � � � � � � � � � � � � � � �
N N N N N N

7

N N N

7

N N N N
� � � � � � �− = − + ∇ +θ θ θ θ



�
� � �

�

:H FDQ ZULWH�

� � � � � � � �
N N N N N N N

� � � � � ��− = − +θ θΨ ���

ZKHUH
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Ψ
N N N

7

N N N

7

N N
� � � � � � � �� � � � � � � �θ θ θ= − − − ∇



�
 � � �

                                 ( ) ( )+ −θ �
� �
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N N N N N N

� ���

/HW XV GHQRWH�

� � � �
N N N

7

N
= ≥ ��
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N N N

7

N N
= ∇� � � � �

( )ε = � � �
N N

�

�

2EVHUYH WKDW IRU FRQYH[ IXQFWLRQV �
N

≥ ��

7KHUHIRUH

Ψ
N N N N N

� � � �� � � � � � �θ θ θ θ ε ε= − − − + −


�
 � �

���

1RZ� ZH VHH WKDW ′ = + −Ψ
N N N N

� � �� � � �θ ε θ� DQG ′ =Ψ
N P
� � �θ � ZKHUH

θ
εP

N

N N

�

� �
=

+ �
�

2EVHUYH WKDW ′ = − <Ψ
N N

�� � �� � 7KHUHIRUH� Ψ
N
� �θ LV D FRQYH[ TXDGUDWLF IXQFWLRQ ZLWK

PLQLPXP YDOXH LQ SRLQW θ
P

DQG

Ψ
N P

N N N

N N

� � �

� �
� �

� � ��

� �
�θ

ε
ε

= −
− +

+
≤

�

� �
�

�

&RQVLGHULQJ θ θ=
P

LQ ���� DQG �
N

≥ �� ZH VHH WKDW IRU HYHU\ �

� � � � � � � �
� � �

� �
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N P N N N N N

N N N

N N

N N N
� � � �

� � ��

� �
� ��− = − −

− +
+

≤ −θ
ε

ε
�

� �

�

ZKLFK LV D SRVVLEOH LPSURYHPHQW RQ WKH YDOXHV RI IXQFWLRQ � � �ZKHQ � � �
N N N
− + ≠� �� �ε ��

7KHUHIRUH� XVLQJ WKLV VLPSOH PXOWLSOLFDWLYH PRGLILFDWLRQ RI WKH VWHSVL]H �
N
DV θ

N N
� �

ZKHUH θ θ ε
N P N N N

� � �= = +� � ��� ZH JHW�
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� � �

� �N N N N N N N N

7

N

N N N

N N
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� �+ = − ≤ − −
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ε
ε
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+
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+
≥
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2EVHUYH WKDW� LI � �
N N

< WKHQ
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� �

� �� � �

� �

� �

�

N N N

N N

N N

N

− +
+

>
−�

� � �

� �ε
ε

DQG IURP ��� ZH JHW�
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� � �

� �N N N

N N N

N N
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− +
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N N

N N

N

N
� �

� �
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�

�

7KHUHIRUH� LQ WKLV FDVH QHJOHFWLQJ WKH FRQWULEXWLRQ RI ε ZH VWLOO JHW DQ LPSURYHPHQW RI WKH

IXQFWLRQ YDOXHV�
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1RZ� LQ RUGHU WR HVWDEOLVK WKH DOJRULWKP ZH PXVW GHWHUPLQH D ZD\ IRU

�
N
FRPSXWDWLRQ� )RU WKLV� DW SRLQW � � � �

N N N
= − ZH KDYH�

� � � � � � � � � � � � � � � �
N N N N N N

7

N N N

7

N N
� � � � � � �� � �= − = − + ∇



�
� �

ZKHUH ��
N
LV D SRLQW RQ WKH OLQH VHJPHQW FRQQHFWLQJ �

N
DQG �� 2Q WKH RWKHU KDQG� DW SRLQW

� � � �
N N N

= + ZH KDYH�

� � � � � � � � � � � � � � � �
N N N N ]

7

N N N

7

N N
� � � � � � � � �= + = + + ∇
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� �

ZKHUH � � �
]
= ∇ � � DQG �

N
LV D SRLQW RQ WKH OLQH VHJPHQW FRQQHFWLQJ �

N
DQG ��

+DYLQJ LQ YLHZ WKH ORFDO FKDUDFWHU RI VHDUFKLQJ DQG WKDW WKH GLVWDQFH EHWZHHQ �
N
DQG � LV

HQRXJK VPDOO� ZH FDQ FRQVLGHU � �� � �
N N N

= = :LWK WKHVH� DGGLQJ WKH DERYH HTXDOLWLHV ZH

JHW�

�
N
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 �

N N

7

N N N N

7

N

� �∇ = −� � � ����

ZKHUH 
 � �
N ] N
= − �

$V ZH VDLG DERYH� VLQFH DORQJ WKH LWHUDWLRQV RI JUDGLHQW GHVFHQW DOJRULWKP �
N

→ �

ZH FDQ QHJOHFW WKH FRQWULEXWLRQ RI ε DQG FRQVLGHU LQ RXU DOJRULWKP θ θ
N P N N

� �= = � � :LWK

WKLV ZH FDQ SUHVHQW RXU DOJRULWKP�

$FFHOHUDWHG *UDGLHQW 'HVFHQW $OJRULWKP �$*'�

6WHS �� &RQVLGHU D VWDUWLQJ SRLQW � ��� �
�
∈ DQG FRPSXWH� � � �

� �
= � � DQG

� � �
� �

= ∇ � � � 6HW � = ��

6WHS �� 8VLQJ WKH OLQH VHDUFK ZLWK EDFNWUDFNLQJ IURP VHFWLRQ � GHWHUPLQH WKH

VWHS OHQJWK �
N
�

6WHS �� &RPSXWH� � � � �
N N N

= − � � � �
]
= ∇ � � DQG 
 � �

N ] N
= − �

6WHS �� &RPSXWH� � � � �
N N N

7

N
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 �

N N N

7

N
= − DQG θ

N N N
� �= � �

6WHS �� 8SGDWH WKH YDULDEOHV� � � � �
N N N N N+ = −

�
θ DQG FRPSXWH �

N+� DQG �
N+� �

6WHS �� 7HVW D FULWHULRQ IRU VWRSSLQJ WKH LWHUDWLRQV� ,I WKH WHVW LV VDWLVILHG� WKHQ VWRS�

RWKHUZLVH FRQVLGHU � �= + DQG JR WR VWHS �� �

7KH JUDGLHQW GHVFHQW �*'� DOJRULWKP FDQ EH LPPHGLDWHO\ SDUWLFXODUL]HG IURP $*' E\

VNLSSLQJ VWHSV � DQG � DQG FRQVLGHULQJ θ
N

= LQ VWHS � ZKHUH YDULDEOHV DUH XSGDWHG�

2EVHUYH WKDW LI � �
N N

> � WKHQ θ
N

>� ,Q WKLV FDVH θ
N N N
� �> DQG LW LV SRVVLEOH WKDW

θ
N N
� ≤  RU θ

N N
� >� L�H� LW LV SRVVLEOH WKDW WKH VWHSOHQJWK θ

N N
� WR EH JUHDWHU WKDQ �� 2Q WKH

RWKHU KDQG� LI � �
N N

≤ � WKHQ θ
N

≤ � ,Q WKLV FDVH θ
N N N
� �≤ ≤ � L�H� WKH VWHSOHQJWK θ

N N
� LV

UHGXFHG� 7KHUHIRUH� LI � �
N N

≠ � WKHQ θ
N

≠  DQG WKH VWHSOHQJWK �
N
FRPSXWHG E\ EDFNWUDFNLQJ

ZLOO EH PRGLILHG� E\ LWV LQFUHDVLQJ RU UHGXFLQJ WKURXJK IDFWRU θ
N
� WKXV DYRLGLQJ WKH

DOJRULWKP WR WDNH RUWKRJRQDO VWHSV DORQJ WKH LWHUDWLRQV�

1HJOHFWLQJ ε � IURP ���� ZH VHH WKDW LI � �
N N

≤ � �� WKHQ Ψ
N N N

� �� � �� � �= − ≤
DQG θ

N
<� )RU DQ\ θ ∈ � � ��  � Ψ

N
� � �θ ≤ � $V D FRQVHTXHQFH IRU DQ\ θ ∈ � � ��� 

� � � � � �
N N N N

� � � ��− <θ ,Q WKLV FDVH� IRU DQ\ θ ∈ � � ��  � θ
N N N
� �≤ � +RZHYHU� LQ RXU

DOJRULWKP ZH VHOHFWHG θ θ
N P

= DV WKH SRLQW DFKLHYLQJ WKH PLQLPXP YDOXH RI Ψ
N
� ��θ

3URSRVLWLRQ �� 6XSSRVH WKDW � LV D VWURQJO\ FRQYH[ IXQFWLRQ RQ WKH OHYHO VHW

{ }� � � � � �= ≤� � � � � �
�

7KHQ WKH VHTXHQFH �
N
JHQHUDWHG E\ $*' FRQYHUJHV OLQHDUO\ WR

� �
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3URRI� )URP ��� ZH KDYH WKDW � � � �
N N

� � � ��+ ≤
�

IRU DOO �� 6LQFH � LV ERXQGHG EHORZ� LW

IROORZV WKDW

( )�	� � � � � �
�

� � � �
N N→∞

− =+� �

6LQFH � LV VWURQJO\ FRQYH[ WKHUH DUH SRVLWLYH FRQVWDQWV � DQG 0 VXFK WKDW

�� � � ��≤ ∇ ≤� � � RQ WKH OHYHO VHW 6� 6XSSRVH WKDW � �� �
N N
− ∈ DQG

� �� �
N P N
− ∈θ � IRU � �< ≤W �

6XSSRVLQJ WKDW � �
N N

< ZH KDYH

� � �� � � ��
� �

�N P N N N

N N

N

� � � �
� �

�− ≤ − −
−

θ
�

�

%XW� IURP VWURQJ FRQYH[LW\ ZH KDYH WKH IROORZLQJ TXDGUDWLF XSSHU ERXQG RQ � � ��
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� ��−

� � �� � � � �
��

�
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� � � � �− ≤ − +
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�
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�

2EVHUYH WKDW IRU � ≤ ≤� �� � − + ≤ −� �� �� � �� � ZKLFK IROORZV IURP WKH FRQYH[LW\ RI

− +� �� � �� � 8VLQJ WKLV UHVXOW ZH JHW�

� � �� � � � �
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�
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� �
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α
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7KH EDFNWUDFNLQJ WHUPLQDWHV HLWKHU ZLWK W =�RU ZLWK D YDOXH � �≥ β � � 7KLV SURYLGHV D

ORZHU ERXQG RQ WKH GHFUHDVH LQ WKH IXQFWLRQ � � )RU W =�ZH KDYH�

� � �� � � �
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�
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�
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�

7KHUHIRUH� IRU � ≤ ≤� �� � ZH DOZD\V KDYH

� � �� � � ��
�

�
N N N N
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&RQVLGHULQJ ���� WRJHWKHU ZLWK ���� ZH JHW�
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N
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N
FRQYHUJHV WR � �

+DYLQJ LQ YLHZ WKDW � �
N

� � LV D QRQLQFUHDVLQJ VHTXHQFH� LW IROORZV WKDW � �
N
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DQG VXEWUDFW � 
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7KHUHIRUH� � �
N

� � FRQYHUJHV WR � 
DW OHDVW DV IDVW DV D JHRPHWULF VHULHV ZLWK D IDFWRU WKDW

GHSHQGV RQ WKH EDFNWUDFNLQJ SDUDPHWHUV DQG WKH FRQGLWLRQ QXPEHU ERXQG � �� � 7KHUHIRUH�

WKH FRQYHUJHQFH LV DW OHDVW OLQHDU� �

$W HYHU\ LWHUDWLRQ � � VHOHFWLQJ θ θ
N P

= LQ ���� WKH $*' DOJRULWKP UHGXFHV WKH

IXQFWLRQ YDOXHV DFFRUGLQJ WR ���� ZKHUH � LV JLYHQ E\ ����� 6LQFH *' DOJRULWKP DFKLHYHV

���� ZLWK

� �� �
�

�
= −









< �
�

α
α β

� � ����

LW IROORZV WKDW� LI θ
P

≠  � WKH $*' DOJRULWKP LV DQ LPSURYHPHQW� L�H� DQ DFFHOHUDWLRQ� RI *'�

$�������
���������	������������
����
,Q WKLV VHFWLRQ ZH UHSRUW VRPH QXPHULFDO UHVXOWV REWDLQHG ZLWK D )RUWUDQ

LPSOHPHQWDWLRQ RI WKH DERYH JUDGLHQW GHVFHQW DOJRULWKPV� $OO FRGHV DUH ZULWWHQ LQ )RUWUDQ

DQG FRPSLOHG ZLWK I�� �GHIDXOW FRPSLOHU VHWWLQJV� RQ D :RUNVWDWLRQ ,QWHO 3HQWLXP �� ���

*+]� :H VHOHFWHG �� ODUJH�VFDOH XQFRQVWUDLQHG RSWLPL]DWLRQ WHVW SUREOHPV �VRPH IURP

&87( OLEUDU\ >�@� LQ H[WHQGHG RU JHQHUDOL]HG IRUP� )RU HDFK WHVW IXQFWLRQ ZH KDYH

FRQVLGHUHG �� QXPHULFDO H[SHULPHQWV ZLWK QXPEHU RI YDULDEOHV Q =��� ��� ����� � � ��

,Q WKH IROORZLQJ ZH SUHVHQW WKH QXPHULFDO SHUIRUPDQFH RI $*' DQG *' FRGHV� LQ

ZKLFK ZH VWRSSHG WKH LWHUDWLRQV DV VRRQ DV RQH RI WKH IROORZLQJ FULWHULD LV VDWLVILHG�

∇ ≤+ ∞
� �

N J� �
�

ε RU � � � � �N N

7

N I N≤ +ε � � �
�

ZLWK ε J = −� �
DQG ε I = −� �� � ,Q DOO QXPHULFDO H[SHULPHQWV WKH EDFNWUDFNLQJ SURFHGXUHV

XVHV α = � ����� DQG β = � �� �

7DEOH � SUHVHQWV WKH JOREDO FKDUDFWHULVWLFV� FRUUHVSRQGLQJ WR WKHVH ��� WHVW SUREOHPV�

UHIHULQJ WR WKH WRWDO QXPEHU RI LWHUDWLRQV� WRWDO QXPEHU RI IXQFWLRQ HYDOXDWLRQV DQG WRWDO FSX

WLPH IRU WKHVH DOJRULWKPV�
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7DEOH �� *OREDO FKDUDFWHULVWLFV RI $*' DQG *'�

��� SUREOHPV

*OREDO FKDUDFWHULVWLFV $*' *'

7RWDO QXPEHU RI LWHUDWLRQV ������ �������

7RWDO QXPEHU RI IXQFWLRQ HYDOXDWLRQV �������� ��������

7RWDO FSX WLPH �VHFRQGV� ������� ��������

7DEOH � VKRZV WKH QXPEHU RI SUREOHPV� RXW RI ���� IRU ZKLFK $*' DQG *' DFKLHYHG

WKH PLQLPXP QXPEHU RI LWHUDWLRQV� PLQLPXP QXPEHU RI IXQFWLRQ HYDOXDWLRQV DQG WKH

PLQLPXP FSX WLPH� UHVSHFWLYHO\�

7DEOH �� 3HUIRUPDQFH RI $*' DQG *' DOJRULWKPV� ��� SUREOHPV

3HUIRUPDQFH FULWHULRQ � RI SUREOHPV

$*' DFKLHYHG PLQLPXP � RI LWHUDWLRQV LQ ���

*' DFKLHYHG PLQLPXP � RI LWHUDWLRQV LQ ��

$*' DQG *' DFKLHYHG WKH VDPH � RI LWHUDWLRQV LQ ��

$*' DFKLHYHG PLQLPXP � RI IXQFWLRQ HYDOXDWLRQV LQ ���

*' DFKLHYHG PLQLPXP � RI IXQFWLRQ HYDOXDWLRQV LQ ��

$*' DFKLHYHG PLQLPXP FSX WLPH LQ ���

*' DFKLHYHG PLQLPXP FSX WLPH LQ ��

$*' DQG *' DFKLHYHG WKH VDPH FSX WLPH LQ ��

7KH SHUIRUPDQFH RI WKHVH DOJRULWKPV KDYH EHHQ HYDOXDWHG XVLQJ WKH SURILOHV RI 'RODQ

DQG 0RUp >�@� 7KDW LV� IRU HDFK DOJRULWKP� ZH SORW WKH IUDFWLRQ RI SUREOHPV IRU ZKLFK WKH

DOJRULWKP LV ZLWKLQ D IDFWRU RI WKH EHVW QXPEHU RI LWHUDWLRQV� WKH EHVW QXPEHU RI IXQFWLRQ

HYDOXDWLRQV� RU WKH EHVW FSX WLPH� UHVSHFWLYHO\� 7KH OHIW VLGH RI WKHVH )LJXUHV JLYHV WKH

SHUFHQWDJH RI WKH WHVW SUREOHPV� RXW RI ���� IRU ZKLFK DQ DOJRULWKP LV PRUH SHUIRUPDQW� WKH

ULJKW VLGH JLYHV WKH SHUFHQWDJH RI WKH WHVW SUREOHPV WKDW ZHUH VXFFHVIXOO\ VROYHG E\ HDFK RI

WKH DOJRULWKPV� 0DLQO\� WKH ULJKW VLGH UHSUHVHQWV D PHDVXUH RI DQ DOJRULWKP©V UREXVWQHVV�

,Q )LJXUH �� � DQG � ZH GLVSOD\ WKH SHUIRUPDQFH SURILOHV RI 'RODQ DQG 0RUp�

FRUUHVSRQGLQJ WR $*' DQG *'� UHIHULQJ WR WKH QXPEHU RI LWHUDWLRQV� QXPEHU RI IXQFWLRQV

HYDOXDWLRQV DQG FSX WLPH� UHVSHFWLYHO\�

)LJ� �� 3HUIRUPDQFH EDVHG RQ QXPEHU RI LWHUDWLRQV� ��� SUREOHPV�
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)LJ� �� 3HUIRUPDQFH EDVHG RQ QXPEHU RI IXQFWLRQ HYDOXDWLRQV� ��� SUREOHPV

)LJ� �� 3HUIRUPDQFH EDVHG RQ FSX WLPH PHWULF� ��� SUREOHPV

2EVHUYH WKDW $*' RXWSHUIRUPV *' LQ WKH YDVW PDMRULW\ RI SUREOHPV� DQG WKH

GLIIHUHQFHV DUH VXEVWDQWLDO� )URP WDEOH � ZH VHH WKDW UHIHULQJ WR FSX WLPH $*' LV DERXW WZLFH

IDVWHVW WKDW *'� :H H[SODLQ WKLV GLIIHUHQFH LQ EHKDYLRXU RI WKHVH DOJRULWKPV E\ UHFDOOLQJ WKDW

DV WKH VWDWLRQDU\ SRLQW LV DSSURDFKHG� *' PHWKRG WDNHV VPDOO� QHDUO\ RUWKRJRQDO VWHSV� 7KLV

SRRU FRQYHUJHQFH RI WKH *' DOJRULWKP DW WKH ODWHU LWHUDWLRQV FDQ EH H[SODLQHG E\ FRQVLGHULQJ

WKH IROORZLQJ H[SUHVVLRQ RI IXQFWLRQ � �

� � � � � � � � � �
N N N N N N N N N

� � � � �− = − +
�

�
�

�
γ ����

ZKHUH γ
N
� � �≅ ∇ � � � LV D VFDODU DSSUR[LPDWLRQ RI WKH +HVVLDQ DW WKH SRLQW � ZKLFK EHORQJV

WR WKH OLQH VHJPHQW FRQQHFWLQJ �
N
DQG �

N+� � 2EVHUYH WKDW LI �
N
LV FORVH WR D VWDWLRQDU\ SRLQW

ZLWK ]HUR JUDGLHQW� DQG � LV FRQWLQXRXVO\ GLIIHUHQWLDEOH� WKHQ �
N

�

ZLOO EH VPDOO� 7KHUHIRUH�

� �
N N

�

LQ ���� LV RI D VPDOO RUGHU RI PDJQLWXGH� LWV FRQWULEXWLRQ WR UHGXFH WKH IXQFWLRQ

YDOXHV EHLQJ DOPRVW LQVLJQLILFDQW� 6LQFH WKH JUDGLHQW GHVFHQW PHWKRG XVHV RQO\ WKH OLQHDU
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DSSUR[LPDWLRQ RI � WR ILQG WKH VHDUFK GLUHFWLRQ� LJQRULQJ FRPSOHWHO\ WKH VHFRQG RUGHU WHUP

� � � �� �
N N N

�
�

� γ ZH H[SHFW WKDW WKH GLUHFWLRQ JHQHUDWHG ZLOO QRW EH YHU\ HIIHFWLYH� LI WKH

LJQRUHG WHUP FRQWULEXWHV VLJQLILFDQWO\ WR WKH GHVFULSWLRQ RI � � HYHQ IRU UHODWLYHO\ VPDOO

YDOXHV RI �
N
� ,Q $*' WKLV LV FRPSHQVDWHG E\ PRGLI\LQJ WKH VWHSOHQJWK LQ RUGHU WR GHVWUR\ WKH

RUWKRJRQDOLW\ RI WKH VXFFHVVLYH VHDUFK GLUHFWLRQV JLYLQJ WKXV WKH SRVVLELOLW\ IRU D VXEVWDQWLDO

SURJUHVV WRZDUGV PLQLPXP�

%��&������
���
,Q WKLV SDSHU ZH KDYH LQWURGXFHG DQ DFFHOHUDWLRQ RI WKH JUDGLHQW GHVFHQW DOJRULWKP E\

PHDQV RI D VLPSOH PXOWLSOLFDWLYH PRGLILFDWLRQ RI WKH VWHSOHQJWK JLYHQ E\ D EDFNWUDFNLQJ

SURFHGXUH LQ WKH FODVVLFDO JUDGLHQW GHVFHQW DOJRULWKP� 7KH DFFHOHUDWHG DOJRULWKP LV OLQHDU

FRQYHUJHQW ZLWK D IDFWRU ZKLFK LV VPDOOHU WKDQ WKH IDFWRU FRUUHVSRQGLQJ WR WKH FODVVLFDO

JUDGLHQW GHVFHQW DOJRULWKP�
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�� /� $UPLMR� ¦0LQLPL]DWLRQ RI IXQFWLRQV KDYLQJ /LSVFKLW] FRQWLQXRXV ILUVW SDUWLDO GHULYDWLYHV§�

3DFLILF -RXUQDO RI 0DWKHPDWLFV� YRO� �� SS� ���� �����

�� ,� %RQJDUW]� $�5� &RQQ� 1�,�0� *RXOG DQG 3�/� 7RLQW� ¦&87(� FRQVWUDLQHG DQG

XQFRQVWUDLQHG WHVWLQJ HQYLURQPHQWV§� $&0 7UDQV� 0DWK� 6RIWZDUH� YRO� ��� SS� ��������

�����

�� $� &DXFK\� ¦0pWKRGHV JpQpUDOHV SRXU OD UpVROXWLRQ GHV V\VWpPHV GpTXDWLRQV VLPXOWDQpHV§�

&�5� $FDG� 6FL� 3DU�� YRO� ��� SS� �������� �����

�� -�(� 'HQQLV DQG 5�%� 6FKQDEHO� 1XPHULFDO 0HWKRGV IRU 8QFRQVWUDLQHG 2SWLPL]DWLRQ DQG

1RQOLQHDU (TXDWLRQV� (QJOHZRRGV &OLIIV� 1�-��3UHQWLFH�+DOO� �����

�� (�'� 'RODQ� -�-� 0RUp� ¦%HQFKPDUNLQJ RSWLPL]DWLRQ VRIWZDUH ZLWK SHUIRUPDQFH SURILOHV§�

0DWK� 3URJUDPPLQJ� YRO� ��� SS� �������� �����

�� 5� )OHWFKHU� 3UDFWLFDO 0HWKRGV RI 2SWLPL]DWLRQ� -RKQ :LOH\ DQG 6RQV� 1HZ <RUN� �����

�� *�(� )RUV\WKH DQG 7�6� 0RW]NLQ� ¦$V\PSWRWLF SURSHUWLHV RI WKH RSWLPXP JUDGLHQW PHWKRG§�

%XOO� $PHULFDQ 6RFLHW\� YRO� ��� SS� ���� �����

�� $�$� *ROGVWHLQ� ¦2Q VWHHSHVW GHVFHQW§� 6,$0 -RXUQDO RQ &RQWURO� YRO� �� SS� �������� �����

�� :�(� +XPSKUH\� ¦$ JHQHUDO PLQLPLVLQJ URXWLQH � PLQIXQ§� LQ 5HFHQW $GYDQFHV LQ

2SWLPLVDWLRQ 7HFKQLTXHV� $� /DYL� DQG 7�3� 9RJO� �(GV��� -RKQ :LOH\� �����

��� &� /HPDUpFKDO� ¦$ YLHZ RI OLQH VHDUFK§� LQ 2SWLPL]DWLRQ DQG 2SWLPDO &RQWURO� $�

$XVODQGHU� :� 2HWWOL DQG -� 6WRHU �(GV�� 6SULQJHU 9HUODJ� SS� ������ �����

��� -�-� 0RUp DQG '�-� 7KXHQWH� ¦2Q OLQH VHDUFK DOJRULWKPV ZLWK JXDUDQWHHG VXIILFLHQW GHFUHDVH§�

0DWKHPDWLFV DQG &RPSXWHU 6FLHQFH 'LYLVLRQ 3UHSULQW 0&6�3��������� $UJRQQH 1DWLRQDO

/DERUDWRU\� $UJRQQH� �����

��� )�$� 3RWUD DQG <� 6KL� ¦(IILFLHQW OLQH VHDUFK DOJRULWKP IRU XQFRQVWUDLQHG RSWLPL]DWLRQ§�

-RXUQDO RI 2SWLPL]DWLRQ 7KHRU\ DQG $SSOLFDWLRQV� YRO� ��� SS� �������� �����

��� 0�-�'� 3RZHOO� ¦6RPH JOREDO FRQYHUJHQFH SURSHUWLHV RI D YDULDEOH�PHWULF DOJRULWKP IRU

PLQLPL]DWLRQ ZLWKRXW H[DFW OLQH VHDUFKHV§� 6,$0�$06 3URFHHGLQJV� 3KLODGHOSKLD� YRO� ��

SS� ������ �����

��� 5� 6FKLQ]LQJHU� ¦2SWLPL]DWLRQ LQ HOHFWURPDJQHWLF V\VWHP GHVLJQ§� LQ 5HFHQW $GYDQFHV LQ

2SWLPLVDWLRQ 7HFKQLTXHV� $� /DYL� DQG 7�3� 9RJO �(GV��� -RKQ :LOH\� �����

��� 6KL =KHQ�-XQ� ¦&RQYHUJHQFH RI OLQH VHDUFK PHWKRGV IRU XQFRQVWUDLQHG RSWLPL]DWLRQ§�

$SSOLHG 0DWKHPDWLFV DQG &RPSXWDWLRQ� YRO� ���� SS� �������� �����

��� 3� :ROIH� ¦&RQYHUJHQFH FRQGLWLRQV IRU DVFHQW PHWKRGV§� 6,$0 5HYLHZ� YRO� ��� SS� ����

���� �����

$SULO ��� ���� � -DQXDU\ ��� ����


