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5HVHDUFK ,QVWLWXWH IRU ,QIRUPDWLFV�

&HQWHU IRU $GYDQFHG 0RGHOLQJ DQG 2SWLPL]DWLRQ�

����� $YHUHVFX $YHQXH� %XFKDUHVW �� 5RPDQLD

(�PDLO� QDQGUHL#LFL�UR

2QH RI WKH EHVW NQRZQ PHWKRG IRU VROYLQJ V\VWHPV

RI QRQOLQHDU DOJHEUDLF HTXDWLRQV RU IRU

XQFRQVWUDLQHG RSWLPL]DWLRQ LV WKH 1HZWRQ PHWKRG�

7KH LPSRUWDQFH RI WKLV PHWKRG GRHV QRW FRQVLVWV RI

RQO\ LQ LWV H[FHOOHQW FRQYHUJHQFH SURSHUWLHV ZKHQ

LW LV LQLWLDOL]HG LQ D SRLQW VXIILFLHQWO\ FORVH WR WKH

VROXWLRQ� EXW LW LV RQH RI WKH PRVW LPSRUWDQW

LQJUHGLHQW LQ EXLOGLQJ XS XQFRQVWUDLQHG DQG

FRQVWUDLQHG RSWLPL]DWLRQ PHWKRGV� )RU H[DPSOH�

WKH LQWHULRU SRLQWV PHWKRGV IRU VROYLQJ ODUJH�VFDOH

OLQHDU SURJUDPPLQJ SUREOHPV� RU PRUH JHQHUDOO\

QRQOLQHDU SURJUDPPLQJ DUH EDVHG RQ 1HZWRQ

PHWKRG� ,Q WKLV ZRUN ZH VKDOO FRQVLGHU VRPH

DVSHFWV RI WKLV PHWKRG UHIHULQJ WR LWV TXDGUDWLF

FRQYHUJHQFH IRU QRQOLQHDU DOJHEUDLF V\VWHPV RI

HTXDWLRQV VROYLQJ� Isaac Newton (1642-1727)

/HW XV FRQVLGHU D V\VWHP RI QRQOLQHDU HTXDWLRQV H[SUHVVHG LQ WKH IRUP � �� � �= � ZKHUH

� � �Q Q� → LV D YHFWRU¤YDOXHG� FRQWLQXRXVO\ GLIIHUHQWLDEOH� IXQFWLRQ RI YDULDEOH �� ZLWK

FRPSRQHQWV � � � �
L
� �� � ����=� � VFDODU IXQFWLRQV� :H DUH LQWHUHVWHG LQ ILQGLQJ �

VXFK WKDW

� �� � � = � /HW� DV XVXDOO\� J x( ) EH WKH -DFRELDQ RI ) DW �� 7KHQ� JLYHQ DQ HVWLPDWLRQ

�
N

RI WKH VROXWLRQ �
� WKH 1HZWRQ©V PHWKRG FRPSXWH WKH QH[W HVWLPDWLRQ �

N+� E\ VHWWLQJ

WKH ORFDO OLQHDU DSSUR[LPDWLRQ WR ) DW �
N
� L�H�

� � � � � �
N N N

� � � �� � � �+ = �

$VVXPLQJ WKH -DFRELDQ � �
N

� � LV QRQVLQJXODU IRU HYHU\ � � WKHQ �
N+� LV GHILQHG DV�

� � � � � �
N N N N+ =

�
� � � � ��¤�

� = � � 	� � �� ���

,I - LV VLQJXODU� WKHQ 7KH 1HZWRQ PHWKRG LV XQGHILQHG� DQG VRPH WUDQVIRUPDWLRQV RI WKH

PHWKRG PXVW EH FRQVLGHUHG LQ RUGHU WR VNLS RYHU WKLV VLWXDWLRQ� ,Q WKH IROORZLQJ ZH DVVXPH

WKDW � �� � LV QRQVLQJXODU� WKDW PHDQV WKDW WKH FRQWLQXLW\ RI - ZLOO HQVXUH WKDW � �
N

� � LV

QRQVLQJXODU IRU DQ\ �
N
HQRXJK FORVH WR �

�
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:H VHH WKDW IRU VROYLQJ � �� � �= � ZH QHHG WR FRQVLGHU DQ LQLWLDO SRLQW �
�
IURP

	
� �
L

� � � IRU DOO L Q=�� �� � DQG WR LWHUDWH ��� XQWLO D FULWHULD IRU VWRSSLQJ WKH LWHUDWLRQV LV

VDWLVILHG� /HW XV FRQVLGHU DQ H[DPSOH ZKLFK LOOXVWUDWH WKH PHWKRG�

([DPSOH �� /HW ) EH GHILQHG DV�
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$SSO\LQJ WKH 1HZWRQ PHWKRG ZLWK WKH LQLWLDO SRLQW [ ]�
�

�  � �= � � � WKH IROORZLQJ UHVXOWV DUH

REWDLQHG� DV VKRZQ LQ WDEOHV � DQG ��

7DEOH �� 6ROXWLRQ RI WKH V\VWHP E\ 1HZWRQ PHWKRG

� �
N

� �
N

�

0 .1400000000000E+01 .8000000000000E+00
1 .1070918449595E+01 .1000892713209E+01
2 .1002402519583E+01 .9999422607128E+00
3 .1000002882268E+01 .9999999985242E+00
4 .1000000000004E+01 .1000000000000E+01
5 .1000000000000E+01 .1000000000000E+01

Table 2. Evolution of � �
N

 −  and � �
N

� �

� � �
N

 − � �
N

� �

0 .447213595499958E+00 .9157627488965E+00
1 .709240680574689E-01 .1654342180140E+00
2 .240321330115156E-02 .5302195270017E-02
3 .288226844402807E-05 .6442977199172E-05
4 .415378842433256E-11 .9288153280959E-11
5 .000000000000000E+00 .0000000000000E+00

:H VHH WKDW VL[ LWHUDWLRQV DUH VXIILFLHQW WR JHW WKH VROXWLRQ� ,Q $QGUHL >����D� S� ���@ LW VKRZQ

WKDW WKH FRPSOH[LW\ RI 1HZWRQ PHWKRG LV GHSHQGHQW RQ D QXPEHU RI FRQVWDQWV DQG WKH LQLWLDO

SRLQW� EHLQJ JUHDWHU WKDQ RU HTXDO ZLWK �� )URP WDEOH � ZH VHH WKDW
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LV DVV\PSWRWLFDOO\ FRQVWDQW DV � → ∞ � 6LQFH WKH HUURUV UHGXFH YHU\ TXLFNO\ WR ]HUR� WKLV

FDQQRW EH YHULILHG QXPHULFDOO\� ,Q WXUQ WKH IROORZLQJ WKHRUHP� ZKLFK LV WKH PDLQ UHVXOW RQ WKH

1HZWRQ PHWKRG VKRZLQJ LWV TXDGUDWLF FRQYHUJHQFH� FDQ EH SURYHG�
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7KHRUHP �� /HW � � �Q Q� → EH D FRQWLQXRXVO\ GLIIHUHQWLDEOH YHFWRU¤YDOXHG

IXQFWLRQ DQG � �� � � = � ,I�

L� 7KH -DFRELDQ � �� � RI ) DW �
LV QRQVLQJXODU�

LL� 7KH -DFRELDQ - LV /LSVFKLW] FRQWLQXRXV RQ D QHLJKERUKRRG RI �
�

WKHQ� IRU DOO �
�
VXIILFLHQWO\ FORVH WR �

� WKH 1HZWRQ PHWKRG GHILQHG E\ ��� JHQHUDWHV D

VHTXHQFH � �
� �
� �� WKDW FRQYHUJHV TXDGUDWLFDOO\ WR �

�

%HIRUH SURYLQJ WKLV WKHRUHP VRPH FRPPHQWV DUH LQ RUGHU�

)LUVWO\ ZH FKDUDFWHUL]H WKH /LSVFKLW] FRQGLWLRQ RI - � :H VD\ WKDW � � �Q Q Q� → ×
LV

/LSVFKLW] FRQWLQXRXV RQ � � Q⊂ LI WKHUH H[LVWV D SRVLWLYH FRQVWDQW /� NQRZQ DV /LSVFKLW]

FRQVWDQW� VXFK WKDW

� � �  � � � � � � � �≤ IRU DOO [ \ 6� �∈

5RXJKO\ VSHDNLQJ� WKH GLIIHUHQFH � � � � � � � � LV SURSRUWLRQDO LQ VL]H ZLWK � � � :H

QRWLFH WKDW WKH /LSVFKLW] FRQGLWLRQ RQ - LV D VWURQJHU FRQGLWLRQ WKHQ WKDW RI FRQWLQXLW\ RI - �

EXW ZHDNHU WKHQ WKH FRQGLWLRQ ) WR EH WZLFH FRQWLQXRXVO\ GLIIHUHQWLDEOH�

7KH TXDGUDWLF FRQYHUJHQFH LV LPSRUWDQW LQ WZR UHVSHFWV� 2Q RQH KDQG� LW JXDUDQWHHV

WKDW LI WKH 1HZWRQ PHWKRG FDQ EH LQLWLDOL]HG LQ D SRLQW FORVH WR WKH VROXWLRQ� WKHQ LW LV UDSLGO\

FRQYHUJHQW WR WKH VROXWLRQ� 2Q WKH RWKHU KDQG� WKH 1HZWRQ PHWKRG KDV D YHU\ FRQYHQDEOH

VWRSSLQJ FULWHULRQ DV � �
N N
�

¤�
< ε � ZKHUH ε LV D SUHVSHFLILHG HUURU WROHUDQFH�

7R SURYH WKH TXDGUDWLF FRQYHUJHQFH RI WKH 1HZWRQ PHWKRG LW LV QHFHVVDU\ WR SUHVHQW

VRPH UHVXOWV IURP FDOFXOXV� DV IROORZV�

3URSRVLWLRQ �� /HW � � �Q P� → EH FRQWLQXRXV GLIIHUHQWLDEOH DQG � � � Q� �∈ 7KHQ

( )� � � � � � � � � � � �� � � � � � ��� � � �= + +∫
�

�

�

ZKHUH - LV WKH -DFRELDQ RI ) �

3URSRVLWLRQ �� /HW � � � Q� → EH LQWHJUDEOH RYHU WKH LQWHUYDO � � ��� � WKHQ

� � 	� � � �
D

E

� � � � �∫ ∫≤
D

E

�

3URSRVLWLRQ �� /HW � � �P Q Q� → ×
EH D FRQWLQXRXV PDWUL[�YDOXHG IXQFWLRQ� ,I

� �� � LV QRQVLQJXODU� WKHQ WKHUH H[LVWV δ > � VXFK WKDW IRU DOO � �P∈ ZLWK � �− < �δ
� �� � LV QRQVLQJXODU DQG

� � � �� � � � �− −<� �	

7KH SURSRVLWLRQ � VKRZV WKDW WKH VHW RI QRQVLQJXODU PDWULFHV LV DQ RSHQ VHW� 7KH VHFRQG SDUW

RI WKH SURSRVLWLRQ IROORZV IURP WKH IDFW WKDW� LI WKH DSOLFDWLRQ � � �→ � � LV FRQWLQXRXV� WKHQ

� � �→ −
� � �

LV DOVR FRQWLQXRXV� DV VRRQ DV LW LV GHILQHG� :LWK WKHVH SUHSDUDWLYHV ZH FDQ

SURYH WKH WKHRUHP ��



                                                                                             ♦   1HFXODL $QGUHL � 6FULHUL 0DWHPDWLFH � ♦188

3URI RI WKHRUHP �� /HW XV DVVXPH WKDW WKH HVWLPDWLRQ �
N
LV HQRXJK FORVH WR WKH

VROXWLRQ �
DQG � �

N
� � LV QRQVLQJXODU� DQG FRQVLGHU WKH LWHUDWLRQ

� � � � � �
N N N N+

−= −
�

�� � � ��

1RZ� VXEVWUDFW �
IURP ERWK VLGHV� WR REWDLQ

� � � � � � � �
N N N N+

−− = − −
�

�  � � � ��

%XW� � �� � � = � VR ZH FDQ ZULWH

( )� � � � � � � � � �
N N N N+

−− = − − −
�

�  � � � � � � �

1RZ� XVLQJ WKH SURSRVLWLRQ � ZH ZLOO HVWLPDWH WKH GLIIHUHQFH � � � �
N

� � � �− DV IROORZV�

� � � � � � � � � � � �
N N N

� � � � � � ��� �   − = + − −∫ �
�

�

( )= − + + − − −∫ ∫� � � � � � � � � � � � � � �
N N N

� �� � � � �� � � � �     � �
�

�

�

�

( )= − + + − − −∫� � � � � � � � � � � � � �
N N N

� �� � � � �� � � � � �      �
�

�

7KHUHIRUH�

� � � � � � � �
N N

� � � � � �� �  − − −

( )= + − − −∫ � � � � � � � � � �
N N

� � �� � � � �    �
�

�

( )≤ + − − −∫ � � � � � � � � � �
N N

� � �� � � � �    �
�

�

≤ + − − −∫ � � � � � � � � � �
N N

� � �� � �   

�

�

�

≤ − = −∫ �� � � �
�

� �
N N

  �
� �

�

�

	
�

1RZ ZH KDYH�

( )� � � � � � � � � �
N N N N+

−− = − − −
�

�  � � � � � �

( )= − − − + − − −−
� � � � � � � � � � � � � � � �
N N N N N

     � � � �� � � � � � � �� ��

( ) ( )= − − − − − −− −
� � � � � � � � � � � � � � � � �

N N N N N
� � � � � � � � � � � � � �� � �    � �

7KHUHIRUH�

( )� � � � � � � � �
N N N+

−− ≤ − − +
�

�  � � � � � �

( )� � � � � � � � � �
N N N

� � � � � � � �� �  − − − −�

≤ − − +−� � � � � � �
N N

� � � � �

� � � � � � � � � �
N N N

� � � � � � � �� �  − − − −�
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≤ − − + −− −
� � � � � � �

�
� � � �

N N N N
� � � � � � �  � �

�

	

8VLQJ DJDLQ WKH /LSVFKLW] FRQWLQXLW\ WKH IROORZLQJ HVWLPDWLRQ FDQ EH REWDLQHG�

( )� � � � � � � � � � �
N N N

− = −− −
� � � � � � � � � � � �

≤ − ≤ −− −� � � � � � � � � � �
N N N N

� � � � � � � � � � �

,W IROORZV WKDW

� �
�

� � � �
N N N+

−− ≤ −
�

�
��

	

 � � �

1RZ XVLQJ WKH SURSRVLWLRQ �� IRU DOO �
N
HQRXJK FORVH WR �

ZH VHH WKDW � � �
N

� � �− ≤� 	

ZKHUH � � �= −
� � � �

,W IROORZV WKDW� IRU �
N
VXIILFLHQWO\ FORVH WR �

�

� � �� � �
N N+ − ≤ −

�

�

�  �

SURYLQJ WKH TXDGUDWLF FRQYHUJHQFH RI WKH 1HZWRQ PHWKRG� �

:H VHH WKDW LI � �
��N

− ≤ �
�

�
WKHQ � � � �

N N+ − ≤ −
�

�

	
  � VKRZLQJ WKH

SURJUHVV RI WKH PHWKRG QHDU VROXWLRQ�

([DPSOH � �FRQWLQXHG� &RQVLGHULQJ GLIIHUHQW LQLWLDO SRLQWV LQ WKH DUHD

> � @ > � @� � � �× WKH QXPEHU RI LWHUDWLRQV QHHGHG E\ WKH 1HZWRQ PHWKRG LV VKRZQ LQ ILJXUH �� :H

VHH WKDW QHDU VROXWLRQ LW WDNHV D UHODWLYHO\ VPDOO QXPEHU RI LWHUDWLRQV�

Fig. 1. The number of iterations for solving the system in example 1
when the Newton method is initialized in different points from area [1,3]x[1,3].
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7KH 1HZWRQ PHWKRG KDV H[FHOOHQW ORFDO FRQYHUJHQFH SURSHUWLHV� %XW� IDU DZD\ IURP

VROXWLRQ WKHUH LV QR JXDUDQWHH WKDW LWV TXDGUDWLF FRQYHUJHQFH SURSHUW\ LV FRQVHUYHG� 7KH

DOJRULWKP PD\ QRW HYHQ EH GHILQHG LQ WKH VHQVH WKDW WKHUH LV DQ HVWLPDWH �
N

ZKHUH WKH

-DFRELDQ � �
N

� � LV VLQJXODU� ,Q WKHVH FLUFXPVWDQFHV LW LV QHFHVVDU\ WR PRGLI\ WKH 1HZWRQ©V

PHWKRG LQ RUGHU WR REWDLQ LWV JOREDO FRQYHUJHQFH� WKDW LV WKH PHWKRG LV FRQYHUJHQW ZKHQ LW LV

LQLWLDOL]HG LQ D SRLQW IDU DZD\ IURP VROXWLRQ�

��
�������
$QGUHL� 1�� �����D� 3URJUDPDUHD 0DWHPDWLFm $YDQVDWm � 7HRULH� 0HWRGH FRPSXWDÒLRQDOH� $SOLFDÒLL�

(GLWXUD 7HKQLFm� %XFXUH�WL� �����
$QGUHL� 1�� �����E� 3URJUDPDUHD 0DWHPDWLFm� 0HWRGH GH 3XQFW ,QWHULRU� (GLWXUD 7HKQLFm� %XFXUH�WL�

�����
$QGUHL� 1�� �����D� &RQYHUJHQÒD $OJRULWPLORU GH 2SWLPL]DUH� (GLWXUD 7HKQLFm � %XFXUH�WL� �����
$QGUHL� 1�� �����E� 7HRULH YHUVXV (PSLULVP vQ $QDOL]D $OJRULWPLORU GH 2SWLPL]DUH� (GLWXUD 7HKQLFm �

%XFXUH�WL� �����
%D]DUDD� 6�0�� 6KHUDOL� +�'�� 6KHWW\� &�0�� ������ 1RQOLQHDU 3URJUDPPLQJ� 7KHRU\ DQG $OJRULWKPV�

-RKQ :LOH\ 	 6RQV� ,QF�� 1HZ <RUN� �����

%R\G� 6�� 9DQGHQEHUJKH� /�� ������ &RQYH[ RSWLPL]DWLRQ� 7H[ERRN 6WDQIRUG 8QLYHUVLW\� �����

>KWWS���ZZZ�VWDQIRUG�HGX�aER\G�FY[ERRN�KWPO@

'HQQLV� -�(�� 6FKQDEHO� 5�%�� ������ 1XPHULFDO PHWKRGV IRU XQFRQVWUDLQHG RSWLPL]DWLRQ DQG QRQOLQHDU

HTXDWLRQV� 3UHQWLFH +DOO� (QJOHZRRGV &OLIIV� 1�-�� �����

*LOO� 3K�(�� 0XUUD\� :�� :ULJKW� 0�+�� ������ 3UDFWLFDO 2SWLPL]DWLRQ� $FDGHPLF 3UHVV� /RQGRQ � 1HZ

<RUN� �����

/XHQEHUJHU� '�*�� ������ ,QWURGXFWLRQ WR /LQHDU DQG 1RQOLQHDU 3URJUDPPLQJ� $GGLVRQ�:HVOH\�

0HQOR�3DUN� �����

1HVWHURY� <�� 1HPLURYVNLL� $�� ������ ,QWHULRU�SRLQW SRO\QRPLDO DOJRULWKPV LQ FRQYH[ SURJUDPPLQJ�

YRO� �� RI 6WXGLHV LQ $SSOLHG 0DWKHPDWLFV� 6,$0 3XEOLFDWLRQV� 3KLODGHOSKLD� 3$� �����

1RFHGDO� -�� :ULJKW� 6�-�� ������ 1XPHULFDO RSWLPL]DWLRQ� 6SULQJHU 6HULHV LQ 2SHUDWLRQV 5HVHDUFK�

6SULQJHU 9HUODJ� %HUOLQ� �����

'HFHPEHU �� ����


